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Preface

Ever since its invention in 1929 the Dirac equation has played a fundamental
role in various areas of modern physics and mathematics. Its applications are
so widespread that a description of all aspects cannot be done with sufficient
depth within a single volume. In this book the emphasis is on the role of the
Dirac equation in the relativistic quantum mechanics of spin-1/2 particles. We
cover the range from the description of a single free particle to the external
field problem in quantum electrodynamics.

Relativistic quantum mechanics is the historical origin of the Dirac equation
and has become a fixed part of the education of theoretical physicists. There
are some famous textbooks covering this area. Since the appearance of these
standard texts many books (both physical and mathematical) on the non
relativistic Schrodinger equation have been published, but only very few on the
Dirac equation. I wrote this book because I felt that a modern, comprehensive
presentation of Dirac's electron theory satisfying some basic requirements of
mathematical rigor was still missing.

The rich mathematical structure of the Dirac equation has attracted a lot of
interest in recent years. Many surprising results were obtained which deserve to
be included in a systematic exposition of the Dirac theory. I hope that this text
sheds a new light on some aspects of the Dirac theory which to my knowledge
have not yet found their way into textbooks, for example, a rigorous treatment
of the nonrelativistic limit, the supersymmetric solution of the Coulomb prob
lem and the effect of an anomalous magnetic moment, the asymptotic analysis
of relativistic observables on scattering states, some results on magnetic fields,
or the supersymmetric derivation of solitons of the mKdV equation.

Perhaps one reason that there are comparatively few books on the Dirac
equation is the lack of an unambiguous quantum mechanical interpretation.
Dirac's electron theory seems to remain a theory with no clearly defined range
of validity, with peculiarities at its limits which are not completely understood.
Indeed, it is not clear whether one should interpret the Dirac equation as a
quantum mechanical evolution equation, like the Schrodinger equation for a
single particle. The main difficulty with a quantum mechanical one-particle
interpretation is the occurrence of states with negative (kinetic) energy. Inter
action may cause transitions to negative energy states, so that there is no hope
for a stability of matter within that framework. In view of these difficulties
R. Jost stated, "The unquantized Dirac field has therefore no useful physical
interpretation" ([Jo 65], p. 39). Despite this verdict we are going to approach
these questions in a pragmatic way. A tentative quantum mechanical interpre-
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tation will serve as a guiding principle for the mathematical development of the
theory. It will turn out that the negative energies anticipate the occurrence of
antiparticles, but for the simultaneous description of particles and antiparticles
one has to extend the formalism of quantum mechanics. Hence the Dirac theory
may be considered a step on the way to understanding quantum field theory
(see Chapter 10).

On the other hand, my feeling is that the relativistic quantum mechanics of
electrons has a meaningful place among other theories of mathematical physics.
Somewhat vaguely we characterize its range of validity as the range of quantum
phenomena where velocities are so high that relativistic kinematical effects are
measurable, but where the energies are sufficiently small that pair creation
occurs with negligible probability. The successful description of the hydrogen
atom is a clear indication that this range is not empty. The main advantages
of using the Dirac equation in a description of electrons are the following: (1)
The Dirac equation is compatible with the theory of relativity, (2) it describes
the spin of the electron and its magnetic moment in a completely natural
way. Therefore, I regard the Dirac equation as one step further towards the
description of reality than a one-particle Schrodinger theory. Nevertheless, we
have to be aware of the fact that a quantum mechanical interpretation leads to
inconsistencies if pushed too far. Therefore I have included treatments of the
paradoxes and difficulties indicating the limitations of the theory, in particular
the localization problem and the Klein paradox. For these problems there is
still no clear solution, even in quantum electrodynamics.

When writing the manuscript I had in mind a readership consisting of theo
retical physicists and mathematicians, and I hope that both will find something
interesting or amusing here. For the topicscovered by this book a lot of math
ematical tools and physical concepts have been developed during the past few
decades. At this stage in the development of the theory a mathematical lan
guage is indispensable whenever one tries to think seriously about physical
problems and phenomena. I hope that I am not too far from Dirac's point of
view: "00. a book on the new physics, if not purely descriptive of experimen
tal work, must be essentially mathematical" ([Di 76]' preface). Nevertheless,
I have tried never to present mathematics for its own sake. I have only used
the tools appropriate for a clear formulation and solution of the problem at
hand, although sometimes there exist mathematically more general results in
the literature. Occasionally the reader will even find a theorem stated without
a proof, but with a reference to the literature.

For a clear understanding of the material presented in this book some fa
miliarity with linear functional analysis - as far as it is needed for quantum
mechanics - would be useful and sometimes necessary. The main theorems in
this respect are the spectral theorem for self-adjoint operators and Stone's the
orem on unitary evolution groups (which is a special case of the Hille-Yoshida
theorem). The reader who is not familiar with these results should look up
the cited theorems in a book on linear operators in Hilbert spaces. For the
sections concerning the Lorentz and Poincare groups some basic knowledge
of Lie groups is required. Since a detailed exposition (even of the definitions
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alone) would require too much space, the reader interested in the background
mathematics is referred to the many excellent books on these subjects.

The selection of the material included in this book is essentially a matter of
personal taste and abilities; many areas did not receive the detailed attention
they deserved. For example, I regret not having had the time for a treatment
of resonances, magnetic monopoles, a discussion of the meaning of indices and
anomalies in QED, or the Dirac equation in a gravitational field. Among the
mathematical topics omitted here is the geometry of manifolds with a spin
structure, for which Dirac operators playa fundamental role. Nevertheless, I
have included many comments and references in the notes, so that the interested
reader will find his way through the literature.

Finally, I want to give a short introduction to the contents of this book.
The first three chapters deal with various aspects of the relativistic quantum
mechanics of free particles. The kinematics of free electrons is described by
the free Dirac equation, a four-dimensional system of partial differential equa
tions. In Chapter 1 we introduce the Dirac equation following the physically
motivated approach of Dirac. The Hamiltonian of the system is the Dirac op
erator which as a matrix differential operator is not semibounded from below.
The existence of a negative energy spectrum presents some conceptual prob
lems which can only be overcome in a many particle formalism. In the second
quantized theory, however, the negative energies lead to the prediction of an
tiparticles (positrons) which is regarded as one of the greatest successes of the
Dirac equation (Chapter 10). In the first chapter we discuss the relativistic
kinematics at a quantum mechanical level. Apart from the mathematical prop
erties of the Dirac operator we investigate the behavior of observables such as
position, velocity, momentum, describe the Zitterbewegung, and formulate the
localization problem.

In the second chapter we formulate the requirement of relativistic invari
ance and show how the Poincare group is implemented in the Hilbert space
of the Dirac equation. In particular we emphasize the role of covering groups
("spinor representations") for the representation of symmetry transformations
in quantum mechanics. It should become clear why the Dirac equation has four
components and how the Dirac matrices arise in representation theory. In the
third chapter we start with the Poincare group and construct various unitary
representations in suitable Hilbert spaces. Here the Dirac equation receives its
group theoretical justification as a projection onto an irreducible subspace of
the "covariant spin-1/2 representation".

In Chapter 4 external fields are introduced and classified according to their
transformation properties. We discuss some necessary restrictions (Dirac oper
ators are sensible to local singularities of the potential, Coulomb singularities
are only admitted for nuclear charges Z < 137), describe some interesting re
sults from spectral theory, and perform the partial wave decomposition for
spherically symmetric problems. A very striking phenomenon is the inability of
an electric harmonic oscillator potential to bind particles. This fact is related
to the Klein paradox which is briefly discussed.
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The Dirac operator in an external field - as well as the free Dirac operator
_ can be written in 2 x 2 block-matrix form. This feature is best described
in the framework of supersymmetric quantum mechanics. In Chapter 5 we
give an introduction to these mathematical concepts which are the basis of
almost all further developments in this book. For example, we obtain an espe
cially simple (and at the same time most general) description of the famous
Foldy-Wouthuysen transformation which diagonalizes a supersymmetric Dirac
operator. The diagonal form clearly exhibits a symmetry between the positive
and negative parts of the spectrum of a "Dirac operator with supersymme
try". A possible breaking of this "spectral supersymmetry" can only occur at
the thresholds ±mc2 and is studied with the help of the "index" of the Dirac
operator which is an important topological invariant. We introduce several
mathematical tools for calculating the index of Dirac operators and discuss the
applications to concrete examples in relativistic quantum mechanics.

In Chapter 6 we calculate the nonrelativistic limit of the Dirac equation
and the first order relativistic corrections. Again we make use of the supersym
metric structure in order to obtain a simple, rigorous and general procedure.
This treatment might seem unconventional because it does not use the Foldy
Wouthuysen transformation - instead it is based on analytic perturbation the
ory for resolvents.

Chapter 7 is devoted to a study of some special systems for which ad
ditional insight can be obtained by supersymmetric methods. The first part
deals with magnetic fields which give rise to very interesting phenomena and
strange spectral properties of Dirac operators. In the second part we determine
the eigenvalues and eigenfunctions for the Coulomb problem (relativistic hy
drogen atom) in an almost algebraic fashion. We also consider the addition of
an "anomalous magnetic moment" which is described by a very singular poten
tial term but has in fact a regularizing influence such that the Coulomb-Dirac
operator becomes well defined for all values of the nuclear charge.

Scattering theory is the subject of Chapter 8; we give a geometric, time
dependent proof of asymptotic completeness and describe the properties of
wave and scattering operators in the case of electric, scalar and magnetic fields.
For the purpose of scattering theory, magnetic fields are best described in the
Poincare gauge which makes them look short-range even if they are long-range
(there is an unmodified scattering operator even if the classical motion has no
asymptotes). The scattering theory of the Dirac equation in one-dimensional
time dependent scalar fields has an interesting application to the theory of soli
tons. The Dirac equation is related to a nonlinear wave equation (the "modified
Korteweg-de Vries equation") in quite the same way as the one-dimensional
SchrOdinger equation is related to the Korteweg-de Vries equation. Supersym
metry can be used as a tool for understanding (and "inverting") the Miura
transformation which links the solutions of the KdV and mKdV equations.
These connections are explained in Chapter 9.

Chapter 10 finally provides a consistent framework for dealing with the
negative energies in a many-particle formalism. We describe the "second quan
tized" Dirac theory in an (unquantized) strong external field. The Hilbert space
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of this system is the Fock space which contains states consisting of an arbitrary
and variable number of particles and antiparticles. Nevertheless, the dynamics
in the Fock space is essentially described by implementing the unitary time
evolution according to the Dirac equation. We investigate the implementation
of unitary and self-adjoint operators, the consequences for particle creation
and annihilation and the connection with such topics as vacuum charge, index
theory, and spontaneous pair creation.

For additional information on the topics presented here the reader should
consult the literature cited in the notes at the end of the book. The notes
describe the sources and contain some references to physical applications as
well as to further mathematical developments.

This book grew out of several lectures I gave at the Freie Universitat
Berlin and at the Karl-Franzens Universitat Graz in 1986-1988. Parts of the
manuscript have been read carefully by several people and I have received many
valuable comments. In particular I am indebted to W. Beiglbock, W. Bulla,
V. Enss, F. Gesztesy, R. Grosse, B. Relffer, M. Klaus, E. Lieb, L. Pittner,
S. N. M. Ruijsenaars, W. Schweiger, S. Thaller, K. Unterkofler, and R. Wiist,
all of whom offered valuable suggestions and pointed out several mistakes in
the manuscript.

I dedicate this book to my wife Sigrid and to my ten-year-old son Wolfgang,
who helped me to write the computer program producing Fig. 7.1.

Graz, October 1991 Bernd Thaller
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1 Free Particles

The free Dirac equation describes a relativistic electron or positron which moves freely as if
there were no external fields or other particles. Nevertheless this equation is important for the
asymptotic description of interacting particles because in the limit of large times interacting
particles tend to behave like free ones, provided their mutual separation increases.

In Sect. 1.1 we "derive" the Dirac equation for a free particle following Dirac's original
approach. In order to obtain a quantum mechanical interpretation we consider the Dirac
equation as an evolution equation in a suitable Hilbert space whose vectors are related to
the physical states via a statistical interpretation. We identify certain self-adjoint operators
with physical observables in correspondence to nonrelativistic quantum mechanics (Sect. 1.3).
Next we prove self-adjointness of the Dirac operator (energy observable) and determine its
spectral properties in Sect. 1.4. The time evolution is described in Sect. 1.5. In particular we
derive the evolution kernel (Feynman propagator) and show that it vanishes outside the light
cone. This implies a causal propagation of wavefunctions. We also investigate the temporal
behavior of position, velocity, spin and orbital angular momentum (Sect. 1.6).

By writing the Dirac equation as a quantum mechanical initial value problem we arrive at
a one particle interpretation which, if pushed too far, leads to some inconsistencies - even at
the level of free particles. The origin of all problems is the fact that the Dirac operator is not
semibounded. Therefore a free electron can be in a state with negative energy. Via a charge
conjugation these negative energy solutions can be identified as positive energy solutions of a
positron Dirac equation. There remains, however, the problem that there are superpositions
of electron and positron solutions in the original Hilbert space. The resulting interference
effects lead to a paradoxical behavior of free wavepackets ("Zitterbewegung", see Sect. 1.6).

Since for free particles the sign of the energy is a conserved quantity one might think of
restricting everything to the subspace of positive energies, and choosing observables which
leave this subspace invariant. This procedure leads to the quantum analog of the classical rel
ativistic relation between energy and velocity without Zitterbewegung (Sect. 1. 7). But again
there is an unexpected difficulty. This is the localization problem described in Sect. 1.8:
Since the standard position operator (multiplication by x) mixes positive and negative ener
gies one is forced to look for a new position operator (i.e., to reinterpret the wavefunction).
But choosing any other position observable in the positive energy subspace leads inevitably
to the possi bility of an instantaneous spreading of initially localized states and therefore to
an acausal behavior. On the other hand, we could keep 1.,p12 as the usual expression for the
position probability density. But then there are no localized states at all with positive en
ergy, and hence there is no position observable in the usual sense. This problem indicates
either that the usual quantum mechanical interpretation (which is basically a one-particle
interpretation modelled on the nonrelativistic theory) is insufficient, or that "localization in
a finite region" is not a property that one single relativistic particle can have.

In Sect. 1.9 we describe an approximate localization by the "method of (non-)stationary
phase" (Sect. 1.9). In particular we estimate the probability of finding the particle at large
times outside the "classically allowed" region. This is the region of space where a particle
with a certain momentum distribution and initial localization is expected to be according to
classical mechanics. We find that the tails of the wavefunction in the classically forbidden
region decay rapidly in time. These results are needed for scattering theory in Chapter 8.
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1.1 Dirac's Approach

In this section we follow closely Dirac's original arguments which led to the
discovery of his famous equation describing the relativistic motion of a spin-1/2
particle in ]R3. A deeper understanding of the origin of the Dirac equation will
be obtained on a group theoretical basis in Chapter 3.

Formally, the transition from classical to quantum mechanics can be ac
complished by substituting appropriate operators for the classical quantities.
Usually, these operators are differential or multiplication operators acting on
suitable wavefunctions. In particular, for the energy E and the momentum p
of a free particle the substitution

E ------; in %t' p ------; -inV', (n = Planck's constant) (1.1 )

is familiar from the nonrelativistic theory. Moreover, (1.1) is formally Lorentz
invariant. If applied to the classical relativistic energy-momentum relation,

(1.2)

(1.1) gives the square-root Klein-Gordon equation

where 6. = {)2 / {)xi + {)2 / {)x~ + {)2 / {)x~ is the Laplace operator. The square
root of a differential operator can be defined with the help of Fourier-trans
formations, but due to the asymmetry of space and time derivatives Dirac
found it impossible to include external electromagnetic fields in a relativistically
invariant way. So he looked for another equation which can be modified in order
to describe the action of electromagnetic forces. This new equation should also
describe the internal structure of the electrons, the spin. The Klein-Gordon
equation

(1.4)

with a scalar wavefunction 1/J was not able to do so. Moreover, a quantum
mechanical evolution equation should be of first order in the time derivative. So
Dirac reconsidered the energy-momentum relation (1.2) and before translating
it to quantum mechanics with the help of (1.1), he linearized it by writing

3

E = C L QiPi + {3mc2 == Co:· p + {3mc2
,

i=l

(1.5)

where 0: = (Ql,Q2,Q3) and {3 have to be determined from (1.2). Indeed, (1.2)
can be satisfied if one assumes that 0: and {3 are anticommuting quantities
which are most naturally represented by n x n matrices ("Dirac matrices").
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Comparing E 2 according to Eqs. (1.2) and (1.5) we find that the following
relations must hold

o.d3 + {3o.i = 0, i = 1,2,3,

{32 = 1,

where 8ik denotes the Kronecker symbol (8ik = 1 if i = kj 8ik = 0 if i -# k), 1
and 0 are the n-dimensional unit and zero matrices. The n x n-matrices 0: and
{3 should be Hermitian so that (1.5) can lead to a self-adjoint expression (which
is necessary for a quantum mechanical interpretation, d. the next section). The
dimension n of the Dirac matrices can be determined as follows. From (1.6) we
conclude

(1.7)

where tr denotes the trace of a matrix. On the other hand, in view of a.; = 1,
the eigenvalues of o.i are either +1 or -1. This together with (1.7) shows that
the dimension n of the matrices has to be an even number. For n = 2 there are
at most three linearly independent anticommuting matrices: For example, the
Pauli matrices

(01) (0 -i)
0"1 = 1 0 ' 0"2 = i 0 ' (1.8)

together with the unit matrix 1 form a basis in the space of Hermitian 2 x 2
matrices. Hence there is no room for a "rest energy" matrix (3 in two dimensions.
In four dimensions (1.6) can be satisfied, if we choose

O"i)
o ' i = 1,2,3. (1.9)

This "standard representation" was introduced by Dirac. Some other frequently
used representations are listed in the appendix. If one now "translates" Eq. (1.5)
to quantum mechanics one obtains the Dirac equation

H o is given explicitly by the matrix-valued differential expression

(1.10)

• 2 ( mc
2

1H o = -lnco:' Y' + {3mc = 'n ~
-1 ClF' v

(1.11 )

where 0: = (0.1,0.2,0.3), IF = (0"1,0"2,0"3) are triplets of matrices. Ho acts on
vector-valued wavefunctions

(1.12)
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If m = 0 ("neutrinos"), then the mass term in (1.5) vanishes and only three
anticommuting quantities Qi are needed. fu this case it is sufficient to use 2 x 2
matrices. Indeed, E = C IF • P satisfies the condition E 2 = c2p2 with the Pauli
matrices defined above. The corresponding two component equation

in :t 1/J(t) = ClF' p1/J(t) (1.13)

(1.14)

is called the Weyl equation. It is not invariant under space reflections and was
therefore rejected until the discovery of parity violation in neutrino experi
ments.

If the space-dimension is one or two, then again we can use Pauli matrices
instead of Dirac matrices. In this case the Dirac equation has the form (1.10)
with

.to (a a) 2Ho = -InC 0"1 aX! + 0"2 aX2 + 0"3 mc .

It is commonly accepted that the free Dirac operator, apart from some
peculiarities, describes free relativistic electrons. Chapter 1 is devoted to a
detailed description of (1.11) and the solutions to (1.10). In the following we
shall always use units with n= 1.

1.2 The Formalism of Quantum Mechanics

fu this section we give an outline of the basic ideas which will guide us in our
attempt to put the Dirac equation into a quantum mechanical framework.

1.2.1 Observables and States

According to the basic principles of quantum mechanics one defines a Hilbert
space 5) for each quantum mechanical systemI. Every measurable quantity or
"observable" (e.g., energy, momentum, etc.) has to be represented by a self
adjoint operator. The "state" of the system at time to is given by a vector
1/J(to) E 5). We assume that 1/J(to) is normalized, i.e., multiplied by a scalar
constant such that

(1.15)

where "(', .)" denotes the scalar product in 5).

1 For the basic principles of linear functional analysis in Hilbert spaces (the mathematical
background of quantum mec1Ianics), the reader is referred to the literature, e.g [Ka 80J,
[RS 72], or [We 80J. Here we assume some basic knowledge about linear operators, their
domains and adjoints, self-adjointness, spectrum and so on.
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1.2.2 Time Evolution

If the system at time to is in the state '¢(to), then at time t its state is given
by

'¢(t) = e- iHt '¢(to), (1.16)

where the self-adjoint operator H ("Hamiltonian") represents the energy of the
system. According to Stone's theorem (see [RS 72]) '¢(t) is the unique strong
solution of the Cauchy problem

.d
1 dt '¢(t) = H ,¢(t), '¢(to) E 1:>(H) c Sj. (1.17)

If Sj is a function space, then '¢ is often called "wavefunction". The unitary
time evolution exp(-iHt) induces a transformation of the observables. Let A
be self-adjoint on a domain of definition 1:>(A). Then

A(t) == eiHt Ae-iHt

is self-adjoint on 1:>(A(t)) = exp( -iHt) 1:>(A).

1.2.3 Interpretation

(1.18)

(1.19)

The usual interpretation linking these mathematical objects with the results
of measurements is obtained as follows. For any self-adjoint operator A we can
find, according to the spectral theorem, a "spectral measure" X(A E B) of a
(Borel measurable) set B.

X(A E B) = l X(,\ E B) dEA ('\) =1dEA (,\),

where E A ('\) is the spectral family of A (see [RS 72]), and X(,\ E B) is the
characteristic function of B, i.e.,

{
I ,\ E B,

X('\EB)= 0 '\f-B. (1.20)

The operator X(A E B) is an orthogonal projection operator2
• If II'¢II = 1, then

(,¢, X(A E B) '¢) is a probability measure on R

Definition (Born's statistical interpretation). If a quantum mechanical system
is (at some time) in the state described by ,¢, then

(1.21 )

2 An orthogonal projection P is a self-adjoint operator with p 2 = P, its range Ran P is a
closed subspace of the Hilbert space, 1 - P projects onto the orthogonal complement of
RanP



6 Free Particles

(where B is some Borel set in lR) is the probability for a measurement of the
observable represented by A to give a result in B.

Thus the only possible results of measurements are the (real) numbers con
tained in the spectrum u(A). Eq. (1.21) predicts the probability zero for any
value which is not in u(A), because EA(A) is constant on any interval which
contains no points of u(A). If the system is in a state '¢ which is an eigenvector
of A belonging to the eigenvalue Ao, then the probability of finding the value
Ao in a measJ,U'ement of A is 1.

From (1.18) and the unitarity of the time evolution we find

('¢,X(A(t) E B)'¢) = ('¢(t),X(A E B)'¢(t)), for all t, (1.22)

and if '¢(t) = exp(-iHt) '¢ is in ::D(A) for all t, then we can define the "expec
tation value"

(,¢, A(t) '¢) = ('¢(t), A '¢(t)). (1.23)

According to our probabilistic interpretation this is the mean value of the
results of many measurements which are all performed on systems identically
prepared to be in the state '¢.

The projection operator E = 4>(4), .) is the observable determining whether
or not a system is in the state 4>. The only possible results of single measure
ments of E are 0 ("system is not in 4>") or 1 ("system is in the state 4>"). If the
system is prepared to be in the state ,¢, then the expectation value of E (Le.,
the probability of finding this system in the state 4> is given by

(1.24)

and is called the "transition probability" from '¢ to 4>.

1.3 The Dirac Equation and Quantum Mechanics

Here we make some of the identifications which are necessary for a quantum
mechanical interpretation of the Dirac equation. We need a Hilbert space and
some operators representing basic observables.

1.3.1 A Hilbert Space for the Dirac Equation

If we compare (1.10) and (1.17) we see that it is most natural to interpret Ho
as the Hamiltonian for a free electron. H o is a 4 x 4-matrix differential operator
which acts on {(:4-valued functions of:v E lR3

• We choose the Hilbert space3

3 The various notations in Eq. (1.25) are explained, e.g., in [RS 72J, Sects. ILl and 11.4



The Dirac Equation and Quantum Mechanics 7

(1.25)

It consists of 4-component column4 vectors W= (Wl,W2,W3,W4)T, where each
component Wi is (a Lebesgue equivalence class of) a complex valued function
of the space variable :c. The scalar product is given by

(1.26)

(The bar denotes complex conjugation).
In this Hilbert space we want to define the free Dirac operator

HoW== -ic 0: . V' W+ (3mc2W, for all WE 1J(Ho), (1.27)

on a suitable domain 1J(Ho). We shall prove in Sect. 1.4.4 that Ho is self-adjoint
on

(1.28)

the first Sobolev space5 , which is a natural domain for first order differential
operators. Now, by Stone's theorem, Eq. (1.10) becomes a well posed initial
value problem in the Hilbert space ,fj.

1.3.2 Position and Momentum

Having identified Ho as the operator for the energy of a free electron, it remains
to define self-adjoint operators for the other observables. Of course, this cannot
be done without ambiguity and we know that any particular choice causes prej
udices concerning the interpretation of the theory. This is indeed a subtle point
of the Dirac theory, as we shall see in later sections. The following definitions
are motivated mainly by the analogy to the nonrelativistic quantum mechanics
of an electron.

The operator :c = (x 1, X2, X 3) of multiplication by :c is called "standard
position operator". In fact, :c consists of the three self-adjoint operators Xi
which are defined by

4

1J(Xi) == { WE £2(]R3)41 JL !XiWk(:c)12
d3x < oo}, i = 1,2,3, (1.29)

k=l

(1.30)for Win this domain, and i = 1,2,3.(XiW)(:C) = (XiW~(:C))
XiW4(:C)

Remember that the spectral measure X(Xi E B i ) of Xi is just multiplication
with the characteristic function of the Borel set B i C lR. We define a projection
operator valued measure on ]R3 by setting

4 We write the column vector as a transposed row vector (superscript "T,,).
5 [RS 78], p. 253
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(1.31)

for each B = B l X B 2 X B 3 • Then the probability of finding the particle in the
region B C 1R3 is

4

11/1(~)12 == L l1/1k(~)12,
k=l

(1.32)

and 11/1 (~Wcan be interpreted as a "position probability density". (There are
other possible interpretations which we shall discuss in Sect. 1.7).

The differ~ntial operator p == - iV' = -i (a / aXl, 0/aX2, 0/aX3) (acting
component-wise on the vector 1/1 is called "momentum operator". Mathemati
cally, it can be defined as the Fourier transformation of the standard position
operator. One obvious motivation for this choice is that p generates the space
translations

(1.33)

1.3.3 Some Other Observables

Furthermore we define the "angular momentum operators"

S == - ~ 0: /\ 0: (spin angular momentum), (1.34)

L == ~ /\ P (orbital angular momentum), (1.35)

J == L + S (total angular momentum). (1.36)

By 0: /\ 0: we denote the three matrices L:k I fjklQkQI, j = 1,2,3, where f is the
totally antisymmetric tensor '

{

1,
fjkl == -1,

0,

if (jkl) is an even permutation of (123),
if (jkl) is an odd permutation of (123),
if at least two indices are equal.

(1.37)

The spin operator S is bounded, everywhere defined and self-adjoint. In the
standard representation,

S=~(U 0).
2 0 u

(1.38)

u /2 is just the spin operator of nonrelativistic quantum mechanics. Also the
operator L is well known from nonrelativistic quantum mechanics, except that
it acts now on 4-component wavefunctions. Finally, we define the "center-of
energy operator"

N = ~ (Ho~ + ~Ho) , (1.39)

which will play an important role as the generator of Lorentz boosts in Chap
ter 2. All the operators H o, p, J, and N are essentially self-adjoint on CO'(1R3)4
(see also Sect. 2.2.4).
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1.4 The Free Dirac Operator

Next we describe the most important mathematical properties of the Dirac
operator H o. We prove its self-adjointness and analyze the spectrum which
consists of all possible values resulting from an energy measurement. It will
turn out that according to the Dirac equation a free particle can have negative
energies.

1.4.1 The Free Dirac Operator in Fourier Space

The free Dirac operator H o is most easily analyzed in the Fourier space. The
Fourier transformation

(1.40)

defined for integrable functions extends to a uniquely defined unitary opera
tor (which is again denoted by :F) in the Hilbert space £2(1R3)4. Occasionally
we shall write :F£2 (1R3, d3x)4 = £2 (1R3, d:P)4 to distinguish between the vari
ables. The Hilbert space £2(1R3 , d:P)4 is often called momentum space. Any
matrix differential operator in £2 (1R3 , d3x)4 is transformed via :F into a matrix
multiplication operator in £2 (1R3

, d:P)4. For the Dirac operator one obtains

(:FH, :F- 1)( ) = h( ) == (me
2

1 elF' p ) .
o P P elF' P -me2 1 (1.41)

For each p, this is a Hermitian 4 x 4-matrix which has the eigenvalues (p == Ipl)

(1.42)

The unitary transformation u(p) which brings h(p) to the diagonal form is
given explicitly by

( ) _ (me2 + >..(p)) 1 +f3eo.·p _ ()1+ ()~o..pup - - a+ p a~ P fJ --,

J2>..(p)(me2 +>..(p)) p

where

1
a±(p) == J2V1 ± me2

/ >..(p) .

It may be checked that

u(p) h(p) U(p)~1 = 13 >..(p) ,

where

(1.43)

(1.44)

(1.45)

(1.46)



10 Free Particles

(In all these expressions 0: and ,B denote the Dirac matrices in the standard
representation (1.9), 1 is the 4 X 4 unit matrix).

From Eqs. (1.41) and (1.45) it is clear that the unitary transformation

W=uF (1.47)

converts the Dirac operator H o into an operator of multiplication by the diag
onal matrix

(1.48)

in the Hilbert space £2(JR3,d1J)4, If ¢ = Ww is integrable, then we can write

.I,()- 1 r rip.", ( )-1A.( )d3 A.E£1(JR3)4 n £2(JR3)4. (1.49)
,+,:v - (21T )3/2 JITI.3 e u p 'f' p p, 'f'

Note that U(p)-l ¢(p) is a linear combination of the four eigenvectors of the
matrix h(p).

These eigenvectors can be chosen as simultaneous eigenvectors of the helicity
S· p, see Appendix 1.F.

1.4.2 Spectral Subspaces of H o

In the Hilbert space W £2 (JR3)4 where the Dirac operator is diagonal, see
Eq. (1.48), the upper two components of wavefunctions belong to positive en
ergies, while the lower components correspond to negative energies. Hence we
define the subspace of positive energies S'Jpos C £2 (JR3)4 as the subspace spanned
by vectors of the type

(1.50)

Similarly, the vectors

(1.51)

span the negative energy subspace S'Jneg. Since S'Jpos is orthogonal to S'Jneg, we
can write

S'J = S'Jpos EB S'Jneg (orthogonal direct sum). (1.52)

Every state W can be uniquely written as a sum of Wpos and Wneg. Obviously,
Ho acts as a positive operator on 1tpos because with ¢± = ~(1 ± ,B)WW we
have

(1.53)

Similarly, H o is negative on S'Jneg. The orthogonal projection operators onto the
positive/negative energy subspaces are given by

-1 1 _ 1 ( H o )
p~~: =W 2(1±,B)W- 2" 1± IHol . (1.54)
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Here the operator IHol is given as

(1.55)

(1.56)

The square root operator may be defined as the inverse Fourier transformation
of the multiplication operator JC2p2 + m 2c4 in L2(lR3 , d1J). Obviously we have

HoW po• = ±IHolw p o"
neg neg

With sgnHo == Ho/IHol we have Ho = IHolsgnHo (polar decomposition of Ho,
see also Sect. 5.2.3 below).

1.4.3 The Foldy-Wouthuysen Transformation

The transformation

(1.57)

is usually called the Foldy- Wouthuysen transformation. Obviously it transforms
the free Dirac operator into the 2 X 2-block form

U Jl, U- I = (vi-c
2
6 + m

2
c

4

FW 0 FW 0 J 2~+ 24)=,8I Ho l.- -c m C
(1.58)

This should be compared to (1.3). We see that the free Dirac equation is unitar
ilyequivalent to a pair of (two component) square-root Klein-Gordon equations.

1.4.4 Self-Adjointness and Spectrum of H o

An operator is called essentially self-adjoint, if it has a unique extension to a
larger domain, where it is self-adjoint (see [RS 72]' Sect. VIII.2).

Theorem 1.1. The free Dirac operator is essentially self-adjoint on the dense
domain ego (lR3 \ {O})4 and self-adjoint on the Sobolev space

(1.59)

Its spectrum is purely absolutely continuous and given by

(1.60)

Proof. From (1.53) we see that Ho is unitarily equivalent to the operator
,8.\(.) of multiplication by a diagonal matrix-valued function of p, and hence is
self-adjoint on

(1.61)

We have used that U(p)-I is multiplication by a unitary matrix and does not
change the domain of any multiplication operator. The Sobolev space HI (JR3)4
is defined as the inverse Fourier transform of the set
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{f E L 2 (lR3 ,d3p)41 (1 + IpI 2)1/2 f E L 2 (lR3 ,d1J)4}. (1.62)

By the definition of ,x, Eq. (1.42), this set equals 1)(,X(.)) (for m :j:. 0). The
spectrum of H o equals the spectrum of the multiplication operator j3,X which
is simply given by the range of the functions 'x;(p), i = 1, ... ,4.

In order to prove the essential self-adjointness we first consider the free Dirac
operator on the set S(1R3)4 of (4-component) functions of rapid decrease6 . The
Dirac operator with this domain will be denoted by Ho, i.e.,

The set S(1R3 )4 is invariant with respect to Fourier transformations,

FS(1R3)4 = S(1R3)4.

(1.63)

(1.64)

Therefore, Ho is unitarily equivalent to the restriction of h(p) to S(1R3)4. Since
the restricted multiplication operator is essentially self-adjoint (its closure is
the self-adjoint multiplication operator h(p)), the same is true for Ho, and its
closure is H o, the self-adjoint Dirac operator. The Dirac operator on the domain
ego (1R3 \ {O})4 will be denoted by fIo. We want to show that the closure7 of
fIo equals Ho. Since we have 1)(fIo) C 1)(Ho), and the same relation holds for
the closures of the operators, it is sufficient to prove

1)(Ho) C 1)(closure of fIo). (1.65)

For every '¢ E S(1R3 )4, we have to find a sequence '¢n E ego(1R3 \ {O})4 with

lim '¢n = '¢,
n--->oo

lim fIo'¢n = Ho'¢.
n--->oo

(1.66)

Choose f E eOO (1R3 ) with f(~) = 1 for I~I ::; 1, f(~) = 0 for I~I 2 2, and let
0::; f(~) s 1 for all ~. For '¢ E S(1R3 )4 define

'¢n(~) = f(n-l~) (1 - f(n~)) '¢(~). (1.67)

Clearly, '¢n E ego(1R3 \ {O} )4, and '¢n ----+ '¢. Next we calculate

fIo'¢n(~) - Ho'¢(~) = -ic'¢(~) (1 - f(n~)) n-1 (0:' V' f) (n-l~) (1.68)

+ ic'¢(~) f(n-l~) n (0:' V' f) (n~) (1.69)

+ [J(n-l~) (1- f(n~)) -l]Ho'¢(~). (1.70)

The norm of the first summand can be estimated by const.n-111'¢11, the second
summand (1.69) is bounded in norm by const.n- 1/ 2 sup I,¢(~)I because

(1. 71)

(1. 70) vanishes in norm, as n ----+ 00 by our assumptions on f. This proves
Eq. (1.66) and hence Eq. (1.65). 0

6 [RS 72], Sect. V.3, p.133.
7 The closure of an operator is explained, e.g., in [RS 72], Sect. VIILl.
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1.4.5 The Spectral Transformation

The spectral transform Usp of H o is defined as the unitary transformation to
a Hilbert space .R where Usp H oUs"';,1 acts as a multiplication operator. This
Hilbert space .R is given by

.R = L2(CT(Ho),L2(82)2( (1.72)

It consists of two-component functions (gl (E), g2(E)) of one single real variable
E which can only take values in CT(Ho). For any E, the values gi(E) lie in
the Hilbert space L 2 (82)2. This means that (for each i and E) gi (E) is a
(two-component) square integrable function on the unit sphere 8 2

• The scalar
product in L2(82)2 is

2

(¢,'¢)s= 1 dwL¢a(W)'¢a(W), all¢,'¢EL2 (82?,
S2 a=1

where W = ({), r.p) E 8 2 , and dw = sin {) d{)dr.p. For elements 9 and h in .R the
scalar product is defined as

2

(g,h)n = 1 dEL(9i(E),hi(E))s'
u(Hal i=1

Next we introduce a unitary transformation

JC:L2 (1R3 ,d3p)4 ......... .R.

For ¢ E L2 (1R3 , d:P)4 we use polar coordinates and write

¢(p) = f(p, w), p == Ipl·

(1.75)

(1. 76)

Then the vector JC¢ E .R is defined by its values [JC¢](E) as follows (remember
that [JC¢](E) is a two-component function of wE 8 2

).

[JC¢](E,w)

= J/2 {E2(E2 - m 2c4)}1/4 ~(1 + sgn(E),8) f(~(E2 - m 2c4)1/2,w)

= 3~2 {E2(E2 _ m2c4)}1/4 { (~~~:::D, E> 0, (1.77)

c (13( ...)), E < O.
f4(" .)

(For the last expression we have chosen the standard representation of Dirac
matrices). The operator JC is essentially a variable substitution composed with
a projection onto upperflower components of f. It is easy to check that JC
is unitary, thanks to the complicated factor in (1.77). Now we can define the
"spectral transform" of H o by

Usp = JCW: L 2 (1R3 ,d3
x)4 ......... .R, (1.78)

and verify that UspH oUs;1 = multiplication by E, Le.,

(1. 79)
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1.4.6 Interpretation of Negative Energies

According to Sect. 1.3.1 the free Dirac operator represents the energy of the
system described by the Dirac equation. Since the spectrum of the Dirac op
erator has a negative part, this system can be in a state with negative energy.
Originally our intention was to describe a single free electron, for which the
occurrence of negative energies is a most peculiar fact. Moreover, the unbound
edness of the Dirac operator provides us with an infinite energy reservoir. In
spite of various attempts there is still no commonly accepted solution for some
of the interpretational problems with negative energies.

A better understanding of the negative energy solutions can perhaps be
obtained if we consider for a moment the Dirac equation in an external field,
and the operation of charge conjugation. The Dirac operator for a charge e in
an external electromagnetic field (¢el, A) is given by

H(e) = en· (p - ~A(t, :c)) + j3mc2 + e¢el(t, :c).

Now consider the antiunitary transformation

C'¢ = Uc'¢.

(1.80)

(1.81 )

where Uc is a unitary 4 x 4 matrix with j3Uc = -Uc/3, and akUc = Ucak, for
k = 1,2,3. In the standard representation we take Uc = ij3a2 (in the Majorana
representation, d. Appendix lA, one simply has Uc = 1). A short calculation
shows that if '¢(t) is a solution of the Dirac equation with Hamiltonian H(e),
then C'¢(t) is a solution of the Dirac equation with Hamiltonian H( -e). This
motivates the name charge conjugation for the operator C. Moreover,

C H(e) C- 1 = -H(-e). (1.82)

Thus, the negative energy subspace of H(e) is connected via a symmetry trans
formation with the positive energy subspace of the Dirac operator H (-e) for
a particle with opposite charge (antiparticle, positron). For C'¢ in the positive
energy subspace of H(-e) we can interpret IC'¢(:cW as a position probability
density. Then the equation

(1.83)

shows that the motion of a negative energy electron state '¢ is indeed indistin
guishable from that of a positive energy positron. This suggests the following
interpretation: A state '¢ E S'Jneg describes an antiparticle with positive energy.

The problem now is that the Hilbert space S'J = £2 (1R3)4 contains states
which are superpositions of positive and negative energy states. But a sin
gle particle state can hardly be imagined as a superposition of electrons and
positrons. So one might try to modify the theory by restricting everything to
the Hilbert space S'Jpos with the help of the projection operator Ppos defined in
(1.54). This projection operator commutes with Ho and hence with exp(-iHot)
so that an initial state with positive energy has positive energies for all times,
Le.,
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(1.84)

For free particles this point of view has indeed some attractive features. The
main problem with it is that some observables do not leave S'Jpos invariant. One
might even think of interactions which, say in a scattering experiment, turn an
initial state with positive energy into a final state which has negative energy
admixtures.

1.5 The Free T~me Evolution

The time evolution operator exp(-iHot) is an integral operator in the Hilbert
space £2 (1R3 , d3x)4. In this section we determine the integral kernel.

If at time t = 0 the system described by the free Dirac equation is in the
state '¢ = W-1tj>, then its time evolution is given by

(1.85)

(see Sect. 1.4.1 for notation). Writing the inverse Fourier transform as an inte
gral and expressing ¢± with the help of (1.47) again in terms of'¢ we obtain
the time evolution in form of an integral operator. As in Sect. 1.4.4, S(l~3)4 de
notes the space of 4-component functions of rapid decrease, the test-functions
for tempered distributions.

Theorem 1.2. Assume'¢ E S(1R3)4. Then for t -I- 0

'¢(t,:v) = ( S(t,:v - y) '¢(y) d3 y,
11ft'

where

S(t,:v) = i(i %t - ico:· V' + (3mc2 )6(t, :v).

6(t,.) is a distribution of the form

(1.86)

(1.87)

(1.88)

where the remainder is continuous (8 denotes the Dirac delta function, and ()
the Heaviside step function). For l:vl -I- cltl we have

(1.89)

(J1 is the first Bessel function8).

8 For the definition of the Bessel functions J", modified Bessel functions K" and Hankel
functions H~1.2) see the book of Gradshteyn and Ryzhik [GR 80]
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Proof. We consider separately the action of exp(-iHot) on the positive and
negative energy parts of the wavefunction. Define t± = t =f if. We have

(1.90)

(1.92)

Next consider

(e- iHot± Ppo, '¢) (:v) = (F- 1 e=fL\t± ! (1 ± ~) F'¢) (:v)
neg 2 .x

1 J{ ±1 J e'FL\(p)t± }
= (211")3/2 (211")3/2 eip.(",-y) (±.x(p) + h(p)) 2.x(p) d

3
p '¢(y) d

3
y

== JS±(t±,:V- y)'¢(y)d
3
y. (1.91)

The imaginary part of t± has been chosen such that the integral in curly paren
thesis exists, as long as f > O. Hence

S±(t±,:v) = i(i :t - iC:' V' + ,Bmc2)6±(t±,:v),

with

Introducing polar coordinates and writing r == l:vl, p == Ipl, we obtain

=fi 100
• e'Fi~(p)t±

6±(t±,:v) = -2- psm(pr) () dp.
411" r 0 .x p

Inserting the definition (1.42) of.x we can write this as9

-im2c }(1(mc(r2 - c2t~)1/2)

6+(t+,r) =~ mc(r2 _ c2t~)1/2

Next we apply the formulas

(1.93)

(1.94)

(1.95)

• " 11" (1)
}(1(e-· 2 z) = -2H1 (z),

• " 11" (2)
}(1(e'2 z) = -2H1 (z),

and note that

11"
-1I"<argz<2'

11"
--<argz<1I"

2 '

(1.96)

(1.97)

J c2t2 - r 2 if ct < -r, (1.98)

e-i;-(r2_c2t~)1/2 ~ Jc2t2 -r2 ifet>r, (1.99)

(where "v''' denotes the positive square root of a positive real number). From
this we obtain for cltl =1= r in the limit f ----+ 0 the following expression,

9 [GR 80], Eq. 3.961.1
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Using

Ili1
) (~Cvlc2t2 - r2)

~cvlc2 t2 - r 2

_~ K 1 (~cvlr2 - c2t2)

1r ~cvlr2 - c2t2

+Hi2) (~cvlc2t2 - r2)
~Cvlc2t2 - r 2

if ct < -r,

if cltl < r,

if ct > r.

(1.100)

(1.101)

we finally arrive at Eq. (1.89).
Next we calculate the behavior of the kernel S(t,~) at the light cone cltl =

Izi. From (1.94) we obtain

6+(t+,~)+ 6_(t_,~)

-1 100

= -22 2 sgn(t) sin(p(A)r) sin(Altl) e-,x, dA,
1r C r me2

where p(A) = ~vlA2 - ~2C4. Next we expand

Ar ~2c3r Ar 1
sin(p(A)r) = sin(~ ) - 2"":\ cos (~ ) + o( A2)

(1.102)

(1.103)

and insert this in (1.102). The last summand is of order 1/A2 and hence inte
grable, therefore we can perform the limit f ----+ 0 to obtain a function which is
continuous in r and t. The remaining expressions can be evaluated explicitly
if we replace the lower bound of the integral in (1.102) by O. This replacement
again produces a continuous error term in the limit f ----+ O. The first summand
giveslO

-1 100

Ar-22 2 sgn(t) sin(-) sin(Altl)e-,x'dA =
1rcr 0 c

_-_i_ sgn(t) ( 1 _ -;:-;:-------;:------;;:1----;:-_--::-:--:-)
41r2 c c2t2-r2-c2f2+2ic2Itlf c2t2-r2-c2f2-2ic2lt1e'

In the limit f ----+ 0 this expression becomes

= _ sgn(U 6(C2t2 _ r2).
21rc

From the second term in the expansion (1.103) we obtainll

lO[GR 80], Eq. 3.895.12
l1[GR 80], Eq. 3.947.3

(1.104)

(1.105)



(1.107)

(1.106)
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m
2
c 100

(Ar) ( ) ,\, dA-2 sgn(t) COS - sin Altl e- \
4~ 0 C A

m
2
c (1 2Eltl ~ 2 2 2 2))

=-2 sgn(t) -arctan 2 2 2/2+-0(Ct -r -I' .
4~ 2 I' - t + r C 2

From

. 2Eltl __ {~/2 ifc2 t2 -r2
=0

hm arctan 2 2 2/ 2 2 2 2
,--->0 E - t + r cOifc t - r =1= 0

we conclude that the limit E ----+ 0 of the distribution (1.106) is simply given by

1 m 2c2
2 2 2

2~c sgn(t) -4- O(c t - r ).

This finally proves (1.88).

(1.108)

o

Remark. The theorem states that S(t,~) vanishes for cltl < I~I. This shows
that wavefunctions propagate at most with the speed of light: If a spinor '¢
at time t = 0 has compact support in a sphere with radius r, then '¢(t) still
vanishes outside a sphere of radius r + ct.

In the Foldy-Wouthuysen representation the time evolution of positive en
ergy states is given by

(1.109)

The integral kernel K (t, ~ - y) of this operator does not vanish outside the
light cone:

This implies an acausal behavior for the wavefunctions (UFW,¢)(t). We shall
discuss these problems further in Sect. 1.8.

1.6 Zitterbewegung

It is only for very special initial states that the time evolution can be deter
mined explicitly with the methods of the previous section (Le., by evaluating
Eq. (1.86)). In order to get a qualitative description of the behavior ofrelativis
tic particles, it is useful to investigate the temporal behavior (cf. Eq (1.18)) of
some selected observables.
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1.6.1 The Velocity Operator

For free particles the velocity operator is usually defined as the time derivative
of the position operator ;c(t) == exp(iHot) ;c exp( -iHot). If ;c is chosen as the
standard position operator (1.30), we obtain the standard velocity operator

:t ;c(t) = i [Ho, ;c(t)] = eiHot i [Ho,;c] e-iHot

(1.111)

(1.112)

(A domain for the commutators in Eq. (1.111) is given below, see the remark
in Sect. 1.6.2). The matrix co: has the eigenvalues +c, -c, i.e., a purely dis
crete spectrum. The operator co:(t) is unitarily equivalent to co:, therefore also
a-(co:(t)) = {+c, -c} for all t. We arrive at the somewhat paradoxical conclu
sion that a velocity measurement at any time yields c or -c as the only possible
values.

In classical relativistic kinematics one is accustomed to the relation v =
c2p/E, and by the correspondence principle one would have expected the op
erator c2 pHoi to be the correct velocity operator. This operator is bounded,
commutes with H o (which means that it is a constant of motion for free par
ticles) and has purely continuous spectrum in the interval [-c, c]. (Note that
HOI is a bounded operator since 0 is not in the spectrum of H o). We call
c2pHoi the classical velocity operator.

The time derivative of the standard velocity operator is

d 'H 'H
dt c o:(t) = e' ot i[Ho, co:] e- 1

ot = 2iHo F(t),

which shows that o:(t) is not a constant of motion. The operator F, defined as
the difference between co: and the classical velocity operator,

F - 2 H- I=co:-c Po,

is bounded. Since (each component of) F anticommutes with H o,

FHo = -HoF on 1)(Ho),

we easily obtain

i
t 1
F(t) dt = -.- e2iHot F.

o 2IHo

Integrating (1.112) and using c 0:(0) = co: we arrive at

(1.113)

(1.114)

(1.115)

(1.116)

Thus the velocity oscillates without damping around the conserved mean value
c2pHr;1 which is just the classical velocity operator. This phenomenon is usu
ally called "Zitterbewegung".
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1.6.2 Time Evolution of the Standard Position Operator

The formal time derivative of :c(t) in Eq. (1.111) implies

:c(t) = :c + it co:(t) dt.

Here the second summand is bounded for all finite t and thus 1J(:c(t)) = 1J(:C)
by a standard perturbation theoretic argument. This heuristic argument is
made precise in the following theorem. We mention that in nonrelativistic quan
tum mechanics the domain of:c is not invariant under the free time evolution.

Theorem 1.3. The domain 1J(:c) of the multiplication operator :c is left in
variant by the free time evolution,

1J(:c(t)) = e-iHot 1J(:c) = 1J(:c).

On this domain we have

(1.118)

(1.119)

Proof. Formally, (1.119) is easily verified by differentiating it with respect to t,
which gives (1.116) in accordance with (1.111). The integration constant comes
from the condition :c(0) = :c.

In order to prove the invariance of the domain we consider the regularization

:C,x == 1 + AI:c1 ' A > O. (1.120)

For A > 0, :C,x is a bounded multiplication operator which is defined everywhere
in the Hilbert space. A vector 'l/J is in the domain of :c if and only if 11:c,x'l/J11
remains bounded uniformly in A, as A ----+ O.

Since also the derivative of:c,x is bounded, we have :c,x'l/J E 1J(Ho), whenever
'l/J E 1J(Ho). On these states we can evaluate the time derivative of :c,x(t),

(1.121)

But the commutator extends to a bounded operator on all of ,fj. Integrating
from 0 to t and taking the norm gives for all'l/J E ,fj and A > 0,

II :c,x(t) 'l/J II = 11:c,x e-iHot 'l/J II

< 11:c 'l/J II + rII 0: - A(O:' :c/I:cl) :C,x e-iHot'l/J II ds.
_,x io 1 + AI:c1

(1.122)

If, in addition, 'l/J is in the domain of :c, then the right hand side remains
bounded uniformly, as A ----+ O. Hence also exp( -iHot)'l/J is in the domain of :c.
From this the equality of 1) (:c) with exp( -iHot)1)(:c) follows immediately. 0
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Remark. Eq. (1.111) makes sense if applied to vectors in the domain of the
commutator [Ho, a:(t)]. We show that the set

(1.123)

is dense, invariant under the free time evolution, and [Ho, a:(t)] is well defined
on 1). If 1) were not dense, then there would exist a nonzero vector f E ,fj for
which

(1.124)

Since 1)(a:) is dense, (1.124) implies H;;l f = 0 and hence f = HoH;;1 f = O.
This is a contradiction, therefore 1) is dense in ,fj. The inclusion 1) C 1)(a:) is
most easily seen in momentum space. Let '¢ E 1)(a:), i.e., :F'¢ E 1)(V'p). From

Fa:Ho1'¢ = iV'p h(p)-I:F'¢

we find H;;l'¢ E 1)(a:), because the derivative with respect to p of

h(p)-l = co: . p + (3mc
2

C2p2 + m 2c4

(1.125)

(1.126)

is bounded. This implies 1) C 1) (a:) and hence 1) C 1) (a:) n 1) (Ho), because the
inclusion 1) C 1)(Ho) is trivial. Finally, it is easily seen that the commutator
[Ho,a:(t)] is well defined on e-iHot H;;I1)(a:) = 1). On this domain the com
mutator can be evaluated to give co:(t). Since the result is bounded, it can be
extended uniquely to all of ,fj.

1.6.3 Evolution of the Expectation Value

Due to the third summand in (1.119) the expectation value of a:(t) contains an
oscillating part z",(t). We can show that this oscillation tends to zero, as t ----+ 00.

Writing (Usp'¢)('x) = g(,X) we obtain

z (t) == (.1, _1_ e2iHot F.I,) = (u .1, _1 e2L\t U F.I,)
'" 'I' , 2iHo 'I' sp'l' , 2i,X sp 'I'

= 1 2~'x e2L
\t L (gi('x), {Usp FUs;lg};(,X)). d'x, (1.127)

",(Ho) i=1,2

which is the (inverse) Fourier transform of an integrable function of 'x. The
Riemann Lebesgue-Lemma implies that z",(t) is a continuous function of t,
vanishing as t ----+ 00.

The Zitterbewegung is a consequence of the negative energies. Since F
anticommutes with Ho we obtain

F ppo. = po•• F.
neg pOll

(1.128)

Therefore the bounded operator F maps the positive energy subspace into the
SUbspace of negative energy and vice versa, in particular, PposFPpos = O. For
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any state 'l/Jpos E 5)pos, which is also in the domain of :v, we can form the
expectation value

(1.129)

and see, that it performs no Zitterbewegung at all. A similar conclusion holds
for the negative energy states. We summarize our results in the following the
orem.

Theorem 1.4. The expectation value of:v in the state 'ljJ(t) = e-iHot'ljJ, where
'ljJ E 1'(:v), is of the form

(1.130)

where z",(t), given by (1.127), is continuous in t and vanishes at infinity. If'ljJ
is an initial state with positive (negative) energy, then the expectation value of
:v in the state 'ljJ(t) performs no Zitterbewegung at all. In this case we have

(1.131)

The velocity of a negative energy particle is always antiparallel to its momentum
because c2pHi;1'ljJneg = -c2pIHol- 1'ljJneg.

1.6.4 Evolution of Angular Momenta

We want to stress that not only :v(t) shows the phenomenon of Zitterbewegung.
It is present also for example in the angular momentum operators Land S. A
little calculation shows that

L(t) = x(t) /\ P = L + 2i~o (e2iHot - l)F /\ p,

i 1 2' H tS(t) = --o:(t) /\ o:(t) = S - -.-(e I 0 - l)F /\ p.
4 21Ho

(1.132)

(1.133)

Thus we see that orbital and spin angular momentum are not conserved because
of Zitterbewegung. In the sum J = L +S, however, the time-dependent terms
cancel, and we obtain the important result

J(t) = J,

which can be also verified directly from

[J,HoJ = O.

(1.134)

(1.135)
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1.6.5 The Operators F and G

Eq. (1.116) gives the connection of the a-matrices with the classical velocity.
We now give a similar relation for the Dirac matrix /3 in order to shed some
light on its physical meaning. We first calculate

i[Ho,/3] = 2iHoG,

where

2

G=/3- me .
H o

G is a bounded operator which again anticommutes with H o, i,e.,

GHo + HoG = 0 on'i)(Ho).

G maps JJpos onto JJneg and vice versa. We see that

tG(t) dt = _._1_ e2iHot G.
Jo 2lHo

Therefore, also /3 performs a Zitterbewegung,

me2

/3(t) = H
o

+ G(t).

(1.136)

(1.137)

(1.138)

(1.139)

(1.140)

The operator G describes the difference between the Dirac matrix /3 and the
operator corresponding to the classical expression

m;2 = V1 - :~. (1.141)

The operators F and G are closely related. From Hg = C2p2 + m 2c4 we obtain
the relation

(1.142)

(1.143)

(i.e., the free Dirac operator is not changed if we replace co: by e2pHoi and /3
by me2 Hal). We finally note the relations

1
- 0: . F + /3G = 3
e '

(1.144)
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1.7 Relativistic Observables

The results of the previous section present some interpretational difficulties
which we try to overcome by choosing different sets of operators for the ob
servables of the theory.

1.7.1 Restriction to Positive Energies

The Zitterbewegung is mathematically well understood but presents some dif
ficulties for the interpretation of the theory. Why should a free relativistic
particle violate Newton's second law? The origin of this difficulty might well
be that the choice of relativistic observables in Sect. 1.3 has been incorrect.
We have chosen the standard position operator :v because of its simplicity.
But now we have learned that :v mixes up positive and negative energy states
in a very complex manner. This effect is the origin of the Zitterbewegung. It
would be absent if there were only positive (or only negative) energies. Also
the electron-positron interpretation in Sect. 1.4.6 suggests to consider the pos
itive and negative energy subspaces separately, 5Jpos for electrons, and 5Jneg

(or better C5Jneg, see Eq. (1.82)) for positrons. Therefore it seems to be more
natural to represent observables by operators which do not mix positive and
negative energies. So we try to replace :v by the part :i; which leaves 5Jpos and
5Jneg separately invariant. A little calculation shows that

(1.145)

~ is obtained from :v by subtracting

(1.146)

This is a bounded operator and hence ~ is self-adjoint on 1)(~) = 1)(:v). From
(1.111), (1.115) and (1.116) it is clear that on this domain (d. Theorem 1.3 in
Sect. 1.6.2)

(1.147)

Hence the corresponding velocity is just the operator expected from classical
relativistic mechanics. From (1.145) it is also clear that ~ satisfies the canonical
commutation relations with p, since p commutes with (2iHo)-1F.

In the same way one could restrict also the other operators which mix the
spectral subspaces:

co - c2pH-1
- 0'

j3 = mc2Ho1
,

- 1
L = L - 2iH

o
F /\ p,

(1.148)

(1.149)

(1.150)
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- 1 i 2
S=S+-----:--H Fl\p=--4 C FI\F. (1.151)

21 0

In (1.151) we have used the relation

iiI
S = --01\ 0 = --F 1\ F + --F 1\ p. (1.152)

4 4c2 2iHo

Of course the operators H o and p commute with the projectors Ppos and P neg ,

hence P = p, and

(1.153)

From (1.150) and (1.151) we see that also j = J = L + S, as expected.

1.7.2 Operators in the Foldy-Wouthuysen Representation

The operator ;X has the interesting property that its components do not com
mute,

(1.154)

where (i,k,l) is a cyclic permutation of (1,2,3). Eq. (1.154) is very unfa
miliar for position operators. It implies that localization in a finite region is
not a meaningful concept any longer (see Sect. 1.7.3). There is, however, an
other position operator leaving S'Jpos and S'Jneg invariant, which has commut
ing components and time derivative c2pHol

. This is the so called "Newton
Wigner position opemtor" :l:NW ' It can be obtained most easily in the Foldy
Wouthuysen (FW) representation (d. Sect. 1.4.3). Let :I: denote, as usual, the
operator of multiplication by :I: (acting now in the Hilbert space of the FW
representation). We define the Newton-Wigner position operator to be the in
verse FW-transformation of:l:

(1.155)

We see immediately that the components (XNW)i commute with each other and
that the positive/negative energy subspaces are left invariant by :l:NW , since

[:l:NW ' Ppo,] = U;~ [:1:, -2
1 (1 ± ,8)] UFW = O.

neg

Similarly, we obtain for the time dependence

:l:NW(t) = :l:NW + c2pHol t.

(1.156)

(1.157)

A less agreeable feature of the Newton-Wigner operator is its explicit form in
the standard representation, which is obtained from (1.155) and (1.57) after
SOme calculation.

,8 ( c
2

) c
2

:l:NW =:1: - 2iA co - A(A + mc2) c(o· p)p - A(A + mc2) S 1\ p, (1.158)
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where), = (C2p2 + m 2 c4 )1/2. Of course we can also define other observables
first in the FW-representation and then transform them to the standard rep
resentation.

The following list gives the FW-representation of some important operators.
For any observable A we denote AFW = UFW A UF-..1t.

(HO)FW = (3JC2p2 + m2c4,

(Ppos )FW = 4(1 ± (3),
n ••

C
GFW = -:xo:. p,

c2p
FFW = co: + ), 2GFW'

+mc

1 c2

XFW = X + 2iH
Fw

F FW - ),(), + mc2 ) S 1\ p,

SFW = S - (xFW - x) I\p,

J FW = J,

(xNwhw = x.

1.7.3 Notions of Localization

(1.159)

(1.160)

(1.161)

(1.162)

(1.163)

(1.164)

(1.165)

(1.166)

(1.167)

(1.168)

There are several possible choices for position operators, each having attrac
tive features but also disadvantages. So it seems worthwhile to describe some
requirements which are often regarded as fundamental for any position observ
able. We consider a single particle and assume (at least for the moment) that
it can have the property of being localized in some subset B of]R3 . If this prop
erty is indeed observable, then for each region B there must be a self-adjoint
operator E(B) in the Hilbert space of that particle which describes the two
possibilities of being localized either within B or outside B. Thus E(B) should
only have the eigenvalues 1 ("within B") and 0 ("outside B"). An operator
E(B) with these properties must be a projection operator. fudeed, any observ
able which describes whether or not a physical system has a certain property,
is a projection operator.

Our requirements are the following:

1. For every (Borel-measurable) set B C ]R3 there is a projection operator
E(B) such that ('ljJ, E(B)'ljJ) is the probability of finding the particle in B, if it
is currently in the state 'ljJ, II'ljJil = 1. The particle must be somewhere, hence

(1.169)
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2. If the system is at the same time localized in B l and in B 2 then it is localized
in B l n B 2 ,

(1.170)

3. The range of E(B l U B 2 ) is the subspace of states which are localized in
B l U B 2 • This subspace should be spanned by the vectors in E(Bd and those
in E(B2 ). Hence

E(B l U B 2 ) = E(Bd + E(B2 ) - E(B l n B 2 ) for all B l and B 2 . (1.171)

If B l , B 2 , ••• are disjoint then

00

E(B l U B 2 U ...) = L E(Bi ).

i=l

(1.172)

4. Let U(a, R), a E ]R3, R E 80(3), be a unitary representation (Sect. 2.2.4) of
the (covering group of the) Euclidean group in the Hilbert space of the particle.
For any Borel set B in ]R3 the set denoted by RB + a is obtained from B by a
rotation R and a translation with the vector a. Then

E(RB + a) = U(a, R)E(B)U(a, Rr. (1.173)

(1.174)

If E(B) satisfies the requirements 1-4 above, then it is the spectral measure of
a unique "position" operator q = (ql' q2, q3)' We can define spectral families
Eq;()") == E({x E]R3 I Xi ::; ).,}) and the operators

/

+00

qi = -00)., dEq; ().,), i = 1,2,3.

From (1.170) it is clear that

Eq; ().,) E qk ().,) = E qk ().,) EqJ).,) , i, k = 1,2,3, (1.175)

(1.176)

i.e., the components of q commute. Conversely, for any position operator with
commuting components we can define E(B) = X(q E B) via the spectral theo
rem. Here X denotes the characteristic function of B.

A spectral measure on ]R3 cannot be associated with the operator :i: of
(1.145) because its components do not commute. According to this operator
the notion of "localization in a region B" has no clear meaning.

For the standard position operator E(B) = X(x E B) is simply the operator
of multiplication by the characteristic function of the set B and hence the
requirements 1-4 are trivial (d. Sect. 1.3.2).

('ljJ, E(B)'ljJ) = LI'ljJ(x)1 2 d3x

is the probability for finding the particle in B. According to this notion of
localization a particle is localized in B if and only if its wavefunction 'ljJ vanishes
almost everywhere outside B.
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For the Newton Wigner operator X NW , the spectral measure

(1.177)

satisfies 1-4 because these statements are not affecL~d by the unitary transfor
mation U;~. If ('l/J, E(B)'l/J) = 1, then the particle is localized in B, but this
does not mean that the wavefunction 'l/J has to be localized in B. There is a
remarkable theorem of Newton, Wigner and Wightman, which we state here in
the form needed for the Dirac theory.

Theorem 1.5. Let q = (Ql,Q2,Q3) be a set of self-adjoint operators in S'J =

L2(JR3)4 such that E(B) = X(q E B) fulfils requirements 1-4 and in addition

5. Eq(B) leaves S'Jpos and S'Jneg invariant, Le.,

(1.178)

Then q is the Newton Wigner operator.

Therefore, if "localization in a region B" is a meaningful concept, then the
theorem above is a strong argument in favor of the Newton Wigner operator.
There are, however, some a priori arguments against the possibility of a strict
localization in a region for particles with a definite sign of energy. These are
considered in the next section.

1.8 Localization and Acausality

The restriction to operators leaving the positive/negative energy subspaces
invariant solves the problem of Zitterbewegung. But there is another, more
subtle difficulty. This is the localization problem.

1.8.1 Superlurninal Propagation

The Einstein causality requires a finite propagation speed for all physical par
ticles. Indeed, any solution of the Dirac equation (1.10), whether it has posi
tive energy or not, cannot propagate faster than with the velocity of light (d.
Sect. 1.5). On the other hand, in the Foldy-Wouthuysen representation, we ex
pect a possible superluminal spreading of the wavepackets in the corresponding
Hilbert space UFWS'J. Thus, if we take the Newton Wigner operator (which is
just multiplication by x in the FW-representation) as a position observable,
then we have to live with an acausal propagation of initially localized particles.
This problem, which we already mentioned in Sect. 1.5, comes with all position
operators commuting with the sign of energy. This is the content of the next
theorem.
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Theorem 1.6. Let S) be a Hilbert space. For every Borel set B C ]R3 let F(B)
be a bounded, self-adjoint operator in S) such that for all 't/J E S) with 11't/J11 = 1,
('t/J,F(B)-t/J) is a probability measure with the following properties:

i) ('t/J,F(B)'t/J) = 1 and (¢,F(B)¢) = 0 implies (¢,'t/J) = o.
il) There is a self-adjoint operator p (the generator of space translations) such

that for all a E ]R3

(e- ip
.a 't/J, F(B + a) e-ip

.
a 't/J) = ('t/J, F(B)'t/J). (1.179)

Furthermore, define H == ),(p), where), is a continuous function, positive, and
not identically constant. Let 't/J E S) with 11't/J11 = 1.

Then for all nonempty open sets B C ]R3 and for all f > 0 there is a time
t E (0, f) such that

Proof. We give an indirect proof. Assume that

(e-iHt't/J, F(B) e- iHt 't/J) == II F(B)1/2 e-iHt 't/J 11 2 = 0

(1.180)

(1.181)

for all t E (0, f). From (1.181) we see that F(B) e- iHt 't/J = O. Next define for
arbitrary ¢ E S) the complex function

g(z) = (¢, F(B)e- iHz 't/J) = (¢B ,e-iHz 't/J),

where ¢B = F(B)¢. Since

(1.182)

(1.183)

exists for Im(z) < 0, 9 is analytic in the lower half plane. Since moreover 9 is
continuous by the strong continuity of exp( -iHz), we can apply the Schwarz
reflection principle. 9 can thus be analytically continued to a holomorphic func
tion on C. Since it is zero on the interval (0, f) of the real axis, it must vanish
everywhere,

g(z) = 0 for all z E C.

Now for all 't/J satisfying (1.181) and all ¢ E S) we have

1 J -(¢B,x(a S H < b)-t/J) = V21r dtg(t)x(t) = 0,

(1.184)

(1.185)

where X(t) is the Fourier transform of the characteristic function of the interval
(a,b). Thus F(B)x(a S H < b)'t/J = O. Now let B' be an open subset of B such
that the distance d of the boundaries of Band B' is nonzero. We have for
lal < d

F(B') e-ia
.
p x(aSH<b) 't/J = e-ia

.
p F(B' -a) x(aSH<b) 't/J = 0, (1.186)
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since B' - a C B. Next we consider for all a E ]R.3 the function

h(a) = (cPB' ,e-ia,px(a:::; H < b)'ljJ)

= je-ia·qx(a:::; ,X(q) < b) d(cPB',Ep(q)'ljJ) == je-ia·qdp,(q), (1.187)

where Ep(q) is the spectral family of p. The support of the measure dp,(q) is
contained in {q E ]R.3 I a :::; ,X(q) :::; b} which is compact. According to the Paley
Wiener-Schwartz theorem, it's Fourier transform h(a) is an analytic function.
Since h(a) = 0 for laI < d, we have h(a) = 0 for all a. Choose a partition of
the interval [0,(0) into subintervals ['xk -1, 'xk) of finite length. Then

for all cP and a. Hence we must have F(B' - a) 'ljJ = 0 for all a, which is only
possible for 'ljJ = o. 0

In the Hilbert space 5) = 5)pos the assumptions of the theorem are easily verified
for F(B) = X(xNW E B) (the spectral measure of the Newton-Wigner operator)
and ,X(p) = (c2p 2 + m 2c4 ?/2. The generator of translations is the momentum
operator p = -iV', we have eip

.a X NW e- ip' a = xNW+a. Assumption i) is implied
by (1.170), ii) by (1.173).

1.8.2 Violation of Einstein Causality

Let us discuss a special case of Theorem 1.6. Take F(B) as the spectral measure
of some position operator in 5) = 5)pos' As we have discussed in Sect. 1.7.3 there

are states 'ljJ E 5), 11'ljJ11 = 1, satisfying ('ljJ,F(B)'ljJ) == IIF(B)'ljJ11 2 = 1, because
F(B) is a projection. One calls these states "localized in B". Now, take a state
'ljJ localized in a proper subset Bo of ]R.3. Let B be another subset located far
away from Bo. If d is the distance between Bo and B then we would expect
that 'ljJ is localized outside B at least for the time d/c (the time a light signal
needs to get from Bo to B). But the probability of finding the system in B at
time t is just given by (1.180), if H is the Hamiltonian of the system. Since this
probability is nonzero for some arbitrarily small t, we have to admit that the
system has a (small) probability of getting from B o to B in an arbitrary short
time, thereby propagating with a superluminal speed.

Of course we expect the effects of this "instantaneous spreading" to be im
measurably small in physically reasonable situations. Nevertheless, we cannot
neglect it in a discussion of localization properties because according to our
quantum mechanical interpretation the accuracy of measurements of one single
observable is not limited a priori. We may conclude that the notion of local
ization as defined, e.g., in Sect. 1.7.3 is in contradiction to the principles of the
theory of relativity.



(1.190)
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1.8.3 Support Properties of Wavefunctions

If we restrict the operator X(x E B) as in Sect. 1.7.1,

X(x E B) == Ppos X(x E B) Ppos + Pneg X(x E B) Pneg , (1.189)

then the result would not be a projection operator because X( x E B)2 i- X( x E
B). Consequently, X( x E B) is not the spectral measure of any self-adjoint
operator. We have

('l/J,x(x E B)'l/J) = k{II'l/Jpos(x)11 2 + II'l/Jneg(x)11
2
}d

3
x,

which in general is different from JBd3xll'l/J(x)112, unless B = ]R.3. However,

(1.191 )

(1.192)

and similar for Wneg' Therefore, also X(x E B) satisfies the assumptions of the
theorem.

Now, assume that (Wpos> X(x E B)Wpos) = 1 for some proper subset B of]R.3.
Because of (1.191), 'l/Jpos vanishes almost everywhere outside of Bo. According
to the Dirac equation the wavefunction 'l/Jpos spreads according to

'l/Jpos( t, x) = (21r~3/2 k3 S(t, X - y) 'l/Jpos(Y) d
3
y

with finite speed, because the integral kernel S is zero for Ix - yl > cltl.
This is clearly a contradiction to the infinite propagation speed required by
Theorem 1.6.

Therefore it is impossible for a wavefunction with positive energy to be
initially localized in a proper subset of ]R.3. Any wavefunction with positive
energy has to be spread over all of space for all times. Of course, a similar
consideration is also valid for Wneg. Thus we have proven

Corollary 1.7. Let 'l/J be an arbitrary state in S'Jpos (or S'Jneg). Then

supp('l/J) == closure of {x E]R.3 I 'l/J(x) i- O} = ]R.3. (1.193)

(1.194)

Part of this corollary can easily be shown directly. Ppos'l/J = 'l/J implies for
the Fourier transform cP = F'l/J of any positive energy wavefunction a relation
between upper and lower components, namely

(
cP3(P)) Ct7· P (cP1(P))
cP4(P) - Ve?p 2 + m 2c4 + me? cP2(P) .

Now if 'l/J had support in a compact subset Bo of]R.3 then, according to the Paley
Wiener-Schwartz theorem cPl, ... ,cP4 all had to be entire analytic functions in
P, which is impossible because of the square root in (1.194).
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1.8.4 Localization and Positive Energies

We may summarize the results obtained so far as follows. If we choose 5)pos to
be the Hilbert space of a free electron the observables have to be represented by
operators which leave this Hilbert space invariant. Then there are essentially
two possibilities:

a) We can retain the interpretation of 1'ljJ( x) 12 as a position probability density
even after restriction to the positive energy subspace. But then the position
is not a quantum mechanical observable in the usual sense. This is because
by Corollary 1.7 there are no strictly localized states and consequently
there is no self-adjoint operator in SJpos whose spectral measure is related
with the position probability. The probability of finding the particle in a
set B is still a well defined concept, although there are no states for which
this probability is 1 if B -=I- ]R3.

b) On the other hand, we could insist on a quantum mechanical position
observable (i.e., a self-adjoint operator which leaves SJpos invariant). But
then we have to face the violation of Einstein causality as predicted by
Theorem 1.6.

Obviously, for particles with positive energy there is no possibility of having a
relativistic notion of position, which is analogous to the nonrelativistic concept
and satisfies the causality requirements of a relativistic theory.

Fortunately, to most of the mathematical results obtained below - as well
as to practical measurements - it seems to be irrelevant which interpretation
is preferred. For the purpose of this book we keep calling 1'ljJ(x)1 2 a position
probability density.

Difficulties with the strict localization of an electron are not quite unex
pected. Restricting an electron to a finite region, which is necessary in order to
prepare a localized state, would require an infinite potential barrier and thus a
lot of energy so that pair production is likely to happen. But this effect cannot
be described by the Dirac equation alone.

1.9 Approximate Localization

For most purposes in quantum mechanics the strict localization properties are
irrelevant. It is often sufficient to specify an approximate localization region and
to estimate the probability of finding the particle outside. The mathematical
results of this section will be needed for Chapter 8.
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1.9.1 The Non-Stationary Phase Method

The time evolution of a free particle with positive energy >.(p) = JC2p2+ m 2c4

can be written as

'l/;(t, z) = (27r~3/2 J ei(Z'P-A(p)t) (F'l/;)(p) d1J

== _1_ JeiW¢(P) (F'l/;)(p) d3p
(21r)3/2 '

where we have introduced

(1.195)

W = Izl + cltl, ¢(p) = w- 1 (z. P - >.(p) t). (1.196)

We want to estimate (1.195) for large values of Izl and/or [tl. Note that the
estimate 1¢(p)1 ::; 2>'(p)/c is independent of w. If w is very large, small variations
of p will eventually cause the exponential function exp(iw¢(p)) to oscillate very
rapidly, so that due to frequent cancellations there is only a small contribution
to the integral. Only in the neighborhood of points with V'¢(p) = 0 ("points of
stationary phase") the function ¢ changes slowly with p and hence there are no
oscillations. For large w, the main contributions to the integral come from these
points. If we want the integral to decay with increasing w, we have to exclude
these points by requiring that V'¢ i- 0 on supp ¢. The following theorem makes
these ideas precise.

Theorem 1.8. Let K be a compact subset of lR.n , and ¢ : lR.n -7 lR. be k + 1
times differentiable on a neighborhood of K, with IV'¢I ~ f> 0 on K. Let ~
be k times differentiable with suPpJ C K. Then there exists a constant C,
depending on r, ¢ and J, such that for arbitrary wE lR.

Proof. By partial integration we find

J eiW¢(P)~(p)~p= ~J(V'eiW¢(P)). V'¢(p) ~(p)d1J
lW 1V'¢(p)[2

= -~ J eiw¢(p) (V~) (p) d3p,
lW

where V~ == V'. (~V'¢/1V'¢12).Repeating this procedure gives

The function vr~ is a sum of products of the factors

!V'¢1-2, D"'¢, D{3~, where lal < r + 1,1.81 < r.

(1.197)

(1.198)

(1.199)

(1.200)
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We use the multiindex notation, a = (al,"" an), where ai are nonnegative
integers, lal = Li ai, and

alai
DO = a01 aOn

1 ••. n
(1.201)

Since 4> and "fJ are continuously differentiable, their derivatives are bounded
uniformly on K. By assumption, 1V'4>1 ?: f on K, hence any finite product of
the expressions (1.200) is bounded on K. We conclude that (1.199) is bounded
by const.lwl- r . Since the integral is regular for w = 0, the result follows. 0

1.9.2 Propagation into the Classically Forbidden Region

With the help of the preceding theorem we can control the propagation of
the wavefunction 'ljJ(x, t). For our phase function 4> defined in Eq. (1.196) the
stationary points are given by

x - u(p)t = 0, (1.202)

Note that u(p) is just the velocity of a classical relativistic particle with energy
),(p). For a particle with negative energy everything is analogous, only u(p) =
-c2pl),(p). Let K be a subset of]R.3. The set

{x E]R.3 Ixlt = u(p) for some p E K} (1.203)

describes the region in which a particle is localized according to the classical
relativistic kinematics, provided its velocity is in the set

{ u E ]R3 I u = u(p) with p E K}. (1.204)

Therefore, the set (1.203) is called the "classically allowed region" for particles
with momenta in K. In the classically forbidden region the condition xlt i
u(p) for all p E supp F'ljJ avoids the points of stationary phase for (1.195).
Theorem 1.8 states that the wave function decays fast in this region:

Corollary 1.9. Let 'ljJ be a wavefunction with Fourier transform"fJ == F'ljJ E Co
satisfying

supp"fJ C {p E]R.3 10 < Uo ::; lu(p)I}. (1.205)

Then for each N > 0 there is a constant eN depending only on 'ljJ such that

(1.206)

Proof. The situation here is different from Theorem 1.8 because the phase
function 4> depends also on w, cf. Eq. (1.196). But for x in the balllxl ::; uoltl/2
we have
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cltl ::; w ::; (c + uo/2)1t1, (1.207)

and hence for P in supp~,

I(V'<I»(p) I ?> lu(p)tl-Ixl > Uo > o.
Ixl + cit I - Uo + 2c

(1.208)

Moreover, <I>(p) is infinitely differentiable on supp~ and all derivatives are
bounded uniformly in Itl. Hence the proof of Theorem 1.8 applies to this situ
ation as well. For Ixl ::; uot/2 and each r we can estimate 'ljJ(t, x) by

const const'
(1 + IwlV ::; --;-:-(l-+--;-:-;ltl~V

Finally, the estimate

II x(lxl ::; uoltl/2) e- iHot 'ljJ 11
2

1 6 Itl 3

= 1'ljJ(t xW d3x < ..,..,----N-;'-~
Izl':::uoltl/2' - (1 + It l)2r

proves the corollary.

(1.209)

(1.210)

o

Remark. If a particle is in a state with minimum velocity larger than uo, then
after some time it will move away from the origin and the points Ixl ::; uoltl/2
will belong to the classically forbidden region. According to Corollary 1.9, the
probability of finding the particle in this region decays rapidly in time. This
result is very useful in scattering theory, d. Chapter 8.

Appendix

l.A Alternative Representations of Dirac Matrices

Most calculations with Dirac matrices can be done without referring to a par
ticular representation. For some considerations, however, an explicit form is
useful. Here we list the most prominent representations. By (7 = (0"1,0"2,0"3) we
denote the three Pauli matrices

0"1 = (~ ~), 0"2 = (~ ~i), 0"3 = (~ ~1)'
which satisfy the properties

3

{O"i,O"d = 28;k, [O";,O"k] = 2i L f;kmO"m.

m=1

(1.211)

(1.212)

The following matrices are written in 2 x 2-block form, each entry is itself a
2 x 2-matrix.
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1. Standard (or Dirac-Pauli) representation.

{3 = (~ ~1)' 0 = (~ ~), 'Y5 = (~ ~).

2. Supersymmetric representation.

(1.213)

(
0 -i)

{3. = i ° ' (1.214)

(1.215)

This representation is related to the standard representation via the unitary
matrix

T·=~C D'
i.e., {3. = T.{3T.-\ etc.

3. Weyl (or spinor) representation.

{3w = (~ ~), Ow = (~ _Ou) , (-r5)w = (~ ~1)'
and the matrix giving the relation to the standard representation is

1(1
Tw = J2 1

4. Majorana representation.

(1.216)

(1.217)

(amh'3=(~01,3 0),
-~1,3

(1.218)

(amh = (~ ~), (-r5)m = (~2 ~~). (1.219)

Again, the Majorana representation is related to the standard representation
by a unitary similarity transformation with

Tm = ( 1.+ i~2 ~ - i~2) .
-1 + ~2 1 + ~2 (1.220)

Sometimes also the representation with {3m replaced by

(1.221)

is referred to as the Majorana representation, corresponding to Majorana's
original choice. In any case, the Majorana representation is characterized by the
fact that the a-matrices are real, while 73 = -{3. Hence, in this representation,
the charge conjugation C can simply be chosen as complex conjugation (cf.
Sect. 1.4.6).
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I.B Basic Properties of Dirac Matrices

{ai,ad = 2bik, {ai,(3} = 0, (32 = 1,

[ai,ak] = 2(aiak - bik) = 4iLmfikmSm,

Si = -* [ak, am] = -~ akam = -2iSkSm ,

where (i, k, m) is a cyclic permutation of (1,2,3),

[Si, Sk] = iLmfikmSm, {Si, Sd = ~ bik,

aiak = bik + 2ifikmSm = 4SiSk,

81\ A = ~ (A - (a· A)a),

(a· A)(a . B) = A· B + 2i8 . (A 1\ B) for any vectors A, B,

-iala2a3 -= 'Ys, ('I'S)2 = 1,

hs,(3} = 0, l'Ys,a] = 0, 'Ysa = 28.

(1.222)

(1.223)

(1.224)

(1.225)

(1.226)

(1.227)

(1.228)

(1.229)

(1.230)

I.C Commutators with H o

We denote

I
8 -= -a 1\ a, L -= x I\p, J -= L + 8,

4
(1.231)

(1.234)

(1.235)

(1.232)

(1.233)

2i 1
K-=(3(28.L+l), B o == -K8·p= -(38,(pI\L-Ll\p),

me me
F - 2 H- I G - (3 2H- I= ea - cPo, = - me 0'

1 ie ie
N -= 2(Hox + xHo) = Hox + 2"a = xHo - 2"a,

1
A -= 2 (Halp. x + x . pHa

l ) .

The following formal relations hold on a suitable dense domain, e.g., on
CO' (lR.3)4.

(1.236)

(1.237)

(1.238)

(1.239)

i[Ho, x 2
] = 2e a·x, (1.240)

(1.241)

(1.242)

i[Ho,p] = i[Ho, J] = 0, i[Ho, K] = i[Ho, B o] = i[Ho, 8· p] = 0,

i[Ho, a] = i[Ho, F] = 2iHoF, i[Ho,(3] = i[Ho, G] = 2iHoG,

i[Ho,ajak] = 2e(akPj - ajPk),

i[Ho,L] = -i[Ho,8] = 2i~o F I\p,

i[Ho,x] = ca, i[Ho,ea·x] = 3e2 +2iHoF.x,

i[Ho, N] = ~ (Haa + aHo) = c2 p,

i[Ho,A] = ~ (Hala. p+ a· pHa
l ) = c2p 2 Ha

2
•
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l.D Distributions Associated with the Evolution Kernel

With ),(p) = Vp2 + m 2, m > 0, we define

i J' e'fiA(p)t
6±(t, x) = =t= (271- )3 e'P'''' 2)'(p) d:P,

_ _ 1 Jip'''' sin(),(p)t) 3
6(t,X)-6+(t,X)+6_(t,X)--(21r)3 e ),(p) dp,

(1.243)

(1.244)

where the integrals are Fourier transforms of distributions. Furthermore we
define

6 ret (t, x) = 8(t) 6(t, x),

6 av (t,x) = -8(-t)6(t,x),

6r(t, x) = 8(t) 6+ (t, x) - 8( -t) 6_ (t, x),

6ro (t, x) = 8(t) 6_ (t, x) - 8( -t) 6+( t, x).

(1.245)

(1.246)

(1.247)

(1.248)

The tempered distributions 6k, where k = ret, av, f, or f*, are fundamental
solutions of the Klein-Gordon equation,

For a distribution 6(t, x) we define

2i(E, p) = Jei(Et-p.",) 6(t, x) d3x dt.

Then

(1.249)

(1.250)

(1.254)

(1.253)

(1.251)

(1.252)

2i±(E,p) = =t=21ri 8(±E)6(p2 - m 2),

2i(E, p) = =t=21ri sgn(E) 6(p2 - m 2),

- 1
6,:: (E,p) = - A(p)2 _ (E ± iO)2 '

- 1
6r(E,p) = 2 2"

r o p - m ± 10

Fundamental solutions of the free Dirac equation are obtained from the 6 's by
differentiation,

Sk(t, x) = i (i :t - io: . V' + 13m) 6k(t, x), k = ret, av, f, f*,

(i~ + io:· V' - 13m)Sk(t, x) = i6(t)6(x).

The distribution

(1.255)

(1.256)

(1.257)
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is usually called Feynman propagator (see, e.g., the book of Bjorken and
Drell [BD 64]. Feynman [Fe 61] uses the notation I+(t,x) == -Lif(t,x), and
K+(2, 1) = Sf(t2 - tl, X2 - xd,B). As we have seen in Sect. 1.5 the Schrodinger
picture evolution operator is given by the integral kernel

(1.258)

The distribution Sf(t, x) satisfies

(1.259)

from which we see that it is just the integral kernel of the operator

(1.260)

I.E Explicit Form of the Resolvent Kernel

The resolvent (Ho - z)-l of the free Dirac operator Ho IS defined for all
z E C \ G'(Ho),

((HO -z)-l1jJ)(x)= r K(x-y,z)1jJ(y)d3y. (1.261)
lIR3

The integral kernel K can be obtained from the well known resolvent kernel of
the Laplace operator p2 = -.1 because

(Ho - z)-l = (Ho + z)(H6 - z2)-1

= :2 (co:. p + ,Bmc2 + z) (p2 _ [;: _ m2c2]) -1.

We find

(1.262)

(1.263)

where k(z) = J z2 / c2 - m 2c2 , and the branch of the square root has been
chosen such that Imk(z) > o.

t.F Free Plane-Wave Solutions

For p E 1R3 with P = (PI + p~ + p~)1!2 -=I- 0 and P i- Ps we define

h+(p) = 1 (PI - iP2) ,
J2p(p - P3) P - P3

(1.264)
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h- (p) = 1 ( P3 -. P ) ,
V2p(p - P3) PI + IP2

For p = P3 we simply set h+(p) = (~), h_(p) = (~). Then we have

u· ph±(p) = ±ph±(p).

It is obvious from Sect. 1.4.1 that (with a± as in (1.44))

(1.264)

(1.265)

(1.266)

(1.267)

_ -1 (h±(P)) (a+(P) h±(p) )
wpos,±(p) = u(p) (g) = ±a_(p) h±(p) and

( ) _ ( )-1 ( (g)) (=t=a_(p) h±(P))
wneg,± P = u p h±(p) = a+(p) h±(p)

are eigenvectors of the matrix h(p) corresponding to the eigenvalues ±>.(p),
where >.(p) = (c2p2 + m 2c4)1/2. Hence

( ) _ ( ) ip·"
W po. ± p,:z: = W po. ± p e

neg I neg l

(1.268)

are generalized (i.e., not square-integrable) eigenfunctions of the free Dirac
operator H o with positive or negative energy ±>.(p). Moreover,

W (p) eip."-iA(p)t W (p) eip."+iA(p)t
pos,± 'neg,± , (1.269)

are "plane-wave solutions" of the Dirac equation.
The functions ware simultaneously eigenfunctions of the "helicity operator"

S· p/p which projects the spin into the direction of the momentum. The helicity
is conserved for free particles, because S . p commutes with H o. Using (1.265)
we find

S·p
-- W po• + (p) = ! W po• +(p),

p neg I neg'

S·p
-- W pas _ (p) = -! w po. _ (p),

p neg' neg'

Denoting the projections onto positive/negative helicity by P±, i.e.,

1 2S·p
p±. = -(1 ± --)

2 p

(1.270)

(1.271)

(1.272)

we can write the Hilbert space as an orthogonal direct sum of four subspaces

5) pas ± = P po• P± 5).
neg l neg

(1.273)

It is clear from (1.49) that the plane-wave solutions can be used to form
square-integrable wavepackets. For example, with f E £1 (lR3 ) n £2 (lR3 ),

.1,( ) - _1_ r ip·,,-iA(p)t ( ) f( ) d3 c;
'I-' t,:Z: - (27r)3/2 ira. e Wpos,- P P P E ~Jpos,- (1.274)
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is a square integrable solution of the free Dirac equation with positive energy
and negative helicity.

If we let the mass m tend to zero, then a±(p) --> 1/V2, and the w's be
come eigenvectors of the "chirality matrix' /5 == -iQIQ2Q3 which for m = 0
commutes with the free Dirac operator

Ho(m=O) = co: . p = 2Cf5S . p,

(m = 0).

(1.275)

(1.276)



2 The Poincare Group

In Chapter 1 the Dirac equation was defined in such a way that it automatically satisfies
the energy-momentum relation as required by classical relativistic mechanics - at least in
a particular inertial frame. According to the principles of relativity, different inertial frames
are related by Poincare transformations (Sect. 2.1). In this chapter we are going to prove
that the Dirac equation - and the quantum theory developed in Chapter 1 - is invariant
under Poincare transformations. This is perhaps obscured by the fact that the position is
represented by an operator, whereas time remains a parameter. After all, this is not quite
in the spirit of the theory of relativity, where space and time coordinates are mixed up by
Lorentz transformations.

A quantum mechanical theory is relativistically invariant if the Poincare group has a rep
resentation by symmetry transformations. The pure states of a quantum system are uniquely
described by the one-dimensional subspaces ("rays") of the Hilbert space. The set of all rays
forms a projective space and symmetry transformations are to be defined in this space. Hence
we are looking for a "projective representation" of the Poincare group.

By the Wigner-Bargmann theorem any symmetry transformation in the projective space
of states can be described as a unitary or antiunitary operator in the Hilbert space of the
system. The connectedness of the proper Poincare group implies that it has a projective
unitary representation. Antiunitary operators can only appear in representations of the dis
crete Lorentz transformations (Sect. 2.2). Any unitary representation of a Lie group also
defines a projective representation, but it is not true that a projective representation is al
ways given by a unitary representation (problem of lifting representations). The analysis in
Sect. 2.4 shows that under suitable assumptions (which we show to be fulfilled for the proper
Poincare group) the projective representations of a connected Lie group can be derived from
the unitary representations of the universal covering group.

A representation of the Poincare covering group is obtained as follows: On the basis of
Chapter 1 it is easy to obtain a representation of the Lie algebra of the Poincare group
in the Hilbert space of a Dirac particle. The infinitesimal generators are simply given by
the Dirac operator, the momentum and angular momentum operators and the center of
energy operator (Sect. 1.3). Exponentiating this Lie algebra representation we obtain with
the help of Nelson's theorem a unitary representation of the simply connected Poincare
covering group. It is interesting to note that in the Hilbert space of the Dirac electron we
cannot obtain a unitary representation of the Poincare group itself (Sect. 2.3). Nevertheless,
the existence of a unitary representation of the Poincare covering group provides us with the
desired projective representation of the Poincare group and is therefore sufficient to prove
the relativistic invariance of the Dirac theory.

These results motivate a detailed investigation of the Poincare covering group. We de
scribe its 4-dimensional representations which are most important for the Dirac theory in
Sect. 2.5. It turns out that 4 dimensions are indeed necessary for a linear representation of
the parity transform. In this context the Dirac matrices arise in a natural way.
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2.1 The Lorentz and Poincare Groups

This is a preparatory section where we define the relativistic symmetry groups
and describe some of their properties which are needed later.

2.1.1 The Minkowsky Space

An "event" is something that happens at a definite time at a definite place
(e.g., the emission of a photon, the detection of a particle, etc.). Events in
space-time are described with respect to an "inertial frame" by coordinates l

x = (xO, x) T E ]R4, where x = (xl, x2, x 3)T are the space coordinates, and
xO = ct is the time coordinate of the event. The factor c denotes the velocity
of light. It gives xO the dimension of a length. The principle of relativity states
that all inertial frames are equivalent for the description of nature. The coor
dinate transformations I ---> I' between all possible inertial frames are called
Poincare transformations.

In the vector space ]R4 we define the "Lorentz metric"

(y,x) = yOxO - ylxl - y2x 2 - y3 x3, all x,y E ]R4. (2.1)

The bilinear form (".) is symmetric and nondegenerate2 , but not positive def
inite. With the 4 x 4 matrix

g = (gl'v) = (gI'V) = (1 aT)a -1 3

(where ais the three-dimensional zero column vector) we can write (2.1) in the
form

4

(y,x) = YT gx = L gl'vYI'XV.
I',V=O

(2.3)

The vector space ]R4 endowed with the Lorentz metric is called "Minkowsky
space" .

Remark. With the help of the Lorentz metric we can associate a unique el
ement y' of the dual space of ]R4 with a given vector y E ]R4 by writing
y' (x) = (y, x), for all x. The components of the linear form y' with respect
to the canonical basis in the dual space are (yO, _yl, _y2, _y3). Usually one
denotes by yl' the components of the vector y in the Minkowsky space and by
YI' the components of the linear form y' in the dual space. By the summation
convention one automatically takes the sum over an index which appears twice
in an expression, once as a lower index and once as an upper index, e.g.,

Yl' = gl'vYV, (y, x) = yl'xl' = Yl'xl'. (2.4)

1 "Tn denotes the transposed of a vector or a matrix. We would like to consider x a column
vector.

2 Le., for all y =1= 0 there exists an x such that (y, x) =1=0.
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2.1.2 Definition of the Lorentz Group

Definition 2.1. A (homogeneous) Lorentz transformation of ]R4 is a linear map
A : ]R4 ---t]R4 with

(Ay,Ax) = (y,x) for all x, y E ]R4.

The elements of the matrix of A are denoted by Allv'

Eq. (2.5) is obviously equivalent to

(2.5)

(2.6)

which consists of ten independent quadratic equations for the components of
A, e.g.,

(2.7)

This implies for all Lorentz transformations

(2.8)

The composition of two Lorentz transformations is again a Lorentz transfor
mation. We find

1 = -detg = -detAT gA = -detAT detg detA = (detA)2 (2.9)

and hence det A = ±1 for any Lorentz transformation A. Therefore A is in
vertible and the set of all Lorentz transformations forms a group, the "Lorentz
group", denoted by

.c = 0(3,1). (2.10)

Eq. (2.6) shows that only six of the 16 matrix elements of A can be chosen
independently. Therefore, six real numbers suffice to characterize any Lorentz
transformation uniquely. The set of all Lorentz transformations forms a six
dimensional manifold. By (2.6), .c is a closed subgroup of the general linear
group and hence is a Lie group. Eq. (2.8) shows that the group manifold is not
connected.

2.1.3 Examples of Lorentz Transformations

Example 2.2. Rotations. Let R E 80(3), the group of orthogonal real 3 x 3
matrices with determinant +1. Then

(lOT)
A= 0 R ' (2.11)

is a Lorentz transformation. The rotation R = (Rik) can be most intuitively
characterized by the rotation vector e.p = r.pn where the parameter r.p E [0,71")
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specifies the angle of the rotation, and the unit vector n gives the axis (the
sense of rotation is determined by the right-hand rule),

3

Rik = bik cos <.p + ni n k(l - cos <.p) - L fikmnm sin <.p.

m=I
(2.12)

The set of all rotations is a subgroup of the Lorentz group. It is obviously
isomorphic to 80(3).

Remark. The group manifold of the Lie group 80(3) is connected, but not
simply connected3 • This can be understood as follows. By the association of
cp to each rotation the Lie group 80(3) is mapped homeomorphically to the
ball B with radius 1r in ~3. However, we must identify antipodal points on
the surface of B, because they correspond to the same rotation. Obviously,
the resulting manifold is connected, but not simply connected, because there
are closed paths which cannot be continuously shrunk to a point. Take, for
example, any diameter joining two antipodal points.

The rotations around a fixed axis form a one-parameter subgroup. If we
choose the rotation angle as the parameter, then the composition of two rota
tions is described by addition (mod 21r) of the angles.

Example 2.3. Boosts. With v E ~3 (column vector), v=lvl < 1, define

1
,(v) = v'1"=V2'

Then one can check that

(2.13)

(

,(v)
A-

,(v)v

,(v)vT )

1 + -y(v)-I T
3 -v-2-vv

(2.14)

is a Lorentz transformation. Here (vvT)ik = ViVk.

Eq. (2.14) describes an "active" velocity transformation in the following
sense. Consider a free classical particle which is at rest in some inertial frame.
Thus for subsequent times t I, t2 it has the coordinates (t I, a: ), (t2, a: ). The boost
A applied to these points gives (SI'YI)' (S2'Y2)' Using (2.14) we find that the
velocity of the particle after the transformation is just v.

The subset of boosts is not a subgroup of £, but it forms a submanifold of £.
Nevertheless, the set of boosts in a fixed direction v Ilvl forms a one-parameter
subgroup. If we choose the parametrization

v=tanh(w)v/lvl, wE [0,00), (2.15 )

then the composition of two boosts with parameters WI and W2 gives a boost
in the same direction with parameter WI + W2. Similar to the rotation vector

3 [Ch 46], Chapter II, Sects. IV and XI.
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c,o we may define a boost vector w = wv / IvI E ]R3. Therefore the manifold of
boosts is homeomorphic to ]R3 and hence simply connected and noncompact.

For m > 0 define the hyperboloid

Mpos == {p E]R4 I (p,p) = m 2 , pO> O}

= {( Jp2 + m 2 ,p) E ]R4 Ip E ]R3}. (2.16)

which is usually called the "mass shell". It contains in particular the point
q = (m, 0, 0, 0). We associate to each p E Mpos a boost Ap which is uniquely
determined by the condition Apq = p. The transformation A p is given by (2.14)
where v is uniquely determined by p,

p = m,(v)v.v= pJp 2+ m 2'

Hence the mass shell can be identified with the submanifold of boosts.

Example 2.4. Discrete transformations. The matrices

(2.17)

p= (~ (
-1

T= o (2.18)

define the "discrete" Lorentz transformations. P is called "space inversion" or
"parity transform", T "time reversal". Together with the 4 x 4 unit matrix 14

the discrete transformations form a subgroup of the Lorentz group.

2.1.4 Basic Properties of the Lorentz Group

The Lorentz group I:, = 0(3,1) is a Lie group with a six dimensional group
manifold consisting of four connected components

I:,~ == {A E I:, IAOo 2': l,detA = +1},

I:,~ = {A E I:, IAOo 2': l,detA = -I} = PI:,~,

I:,~ ={A E I:, IAOo ::::; l,detA = -I} =TI:,~,

I:,~ == {A E I:, I AOo ::::; l,detA = +1} = PTI:,~.

(2.19)

(2.20)

(2.21)

(2.22)

The connected component of the identity I:,~ is a Lie subgroup, called the
proper Lorentz group. It is noncompact, because it contains the subset of boosts
which is homeomorphic to ]R3. It is not simply connected, because the subgroup
of rotations is not simply connected. Indeed, all group elements of I:,~ can be

obtained from boosts and rotations: For any A E I:,~ we can write

A = A(v) A(c,o), (2.23)

where A(v) is a boost with velocity v and A(c,o) is a rotation with rotation
vector c,o. We find
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(2.24)

and a little calculation gives the rotation matrix R in A( e.p) in terms of the
matrix elements of A,

Other Lie subgroups of the Lorentz group are

(2.25)

£,+ == £,~ U £,~ = 80(3,1), (2.26)

Remark. The topological properties of £,~ are of central importance in quan
tum mechanics. The multiple connectedness will force us to use representations
of the simply connected covering group ("spinor representations") and can
be regarded as the group theoretical reason for half-integer angular momenta
(spin-1/2). The noncompactness prevents the existence of nontrivial unitary
representations in a finite dimensional space. As a consequence, the spinor
components of Dirac wavefunctions have to be transformed with the help of
non-unitary matrices.

2.1.5 The Poincare Group

The Poincare group is obtained by combining Lorentz transformations and
space-time translations.

Definition 2.5. A Poincare transformation II = (a, A), where A E £, and
a E 1R4 , is a mapping from 1R4 to 1R4 which is defined as

II(x) = Ax + a. (2.27)

The set P of all Poincare transformations is a group with the composition law

(2.28)

Hence the Poincare group P is the semidirect product of the Lorentz group
and the group of space-time translations (i.e., the additive group 1R4 )

P = 1R4 G£'.

The subgroup of translations is an abelian normal subgroup of P.

(2.29)

R.emark 1. The semidirect product of two arbitrary Lie groups ('It,.) and
(T, 0) can be defined if there is an action of 'It on T. We say that a group 'It
acts on a set T, if for every h E 'It there is a bijective map A h : T --->T, which
satisfies
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a) Ae = idr (e is the neutral element of 1t),
b) Ag(Ah(t)) = Ag.h(t), for all g, h E 1t, and all t E T.

Furthermore we assume that each Ah is a Lie group automorphism of T, i.e.,

c) Ah : T ---+T is analytic,
d) Ah(8 0 t) = Ah(s) 0 Ah(t), for all h E 1t, and all 5, t E T.

Then the "semidirect product" of T and 1t is the Lie group T 01t which as a
set is the cartesian product

Tx1t={(t,h) ItET, hE1t},

and on which the group multiplication is defined as

(8,g)(t,h) = (80 Ag(t),g. h).

(2.30)

(2.31)

Note that in a "direct product" T I8i 1t one would have the multiplication law

(8,g) X (t, h) = (80 t,g' h). (2.32)

Remark 2. The connected component of the identity of P is called the proper
Poincare group

-nT _ 111>4 JOT
r+ - ~ 8.l..+. (2.33)

The proper Poincare group is regarded as the fundamental symmetry group of
physics. Different inertial systems are connected by Poincare transformations.
The principle of relativity states that all laws of nature are independent of the
inertial system chosen for their description.

2.1.6 The Lie Algebra of the Poincare Group

Since the Poincare group P is a Lie group, we can introduce local coordinates,
say

(2.34)

in a neighborhood of the identity element e, to which we associate the origin
o in jRIO. For our choice of coordinates on P the coordinate lines qj (t) =
(0, ... ,t, ... ,0) (with t on the j-th place) are in fact one-parameter subgroups
of the proper Poincare group P~, such that group multiplication is described
by addition of the parameters

(2.35)

There are ten one-parameter groups obtained in this way. The infinitesimal
generators, defined by



A· = ~ qo(t)1
1 dt 1 '

t=O

are denoted as follows:

- IH-PO=- C 0

PbP2,P3
- !N1 -!N2 -!N3c ' c , c

J 1 ,J2,J3
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generator of xO-translations,

generators of space translations,

generators of boosts,

generators of rotations.
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(2.36)

The sign convention is consistent with our quantum mechanical notation in
Chapter 1. We can use the following formula for the Lie bracket of A j and Ak

to determine the Lie algebra,

(2.37)

[Nj,Pk] = -8jkHo,

[Jj,Pk] = - :~::>jkmPm,
m

m

Here j, k, and m run from 1 to 3.

[Nj,Ho] = -C
2Pj,

[Jj, Jk ]= - :~::>jkmJm,
m

[Jj,Nk ]= - :~::>jkmNm.
m

(2.38)

Remark 1. The last three equations in (2.38) form the Lie-algebra of the
Lorentz group. For groups of matrices the infinitesimal generators are also
given by matrices and the Lie bracket (2.37) becomes the commutator. It is
interesting to note that the Pauli matrices Nk = !lTk, Jk = ~lTk satisfy the
Lorentz-Lie algebra, as can be seen immediately from Eq. (1.212).

Remark 2. The generators of symmetry transformations of a physical theory
are related to the basic observables of the theory (like energy, momentum,
center of energy, angular momentum). Conversely, the existence of self-adjoint
operators which represent the Poincare Lie algebra can be used to prove the
relativistic invariance of the Dirac theory. This strategy will be pursued in the
next sections.
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2.2 Symmetry Transformations in Quantum Mechanics

The principle of relativity states that the behavior of physical systems should
not depend on the inertial frame chosen for the preparation and description of
the experiment. The state of any physical system S is described with respect to
a given inertial frame] in terms of coordinates x E 1R4 • If we prepare a system
of the same kind identically with respect to another (equivalent) coordinate
system ]', then an observer in ]' would describe the system exactly as before,
but this time the numbers x refer to the new frame ]', From the point of
view of an observer in the old frame] the state of S is changed during that
procedure. We say that the system S is transformed. Hence the coordinate
transformation ] --> l' is reflected by a corresponding transformation in the
state space of the physical system. In the following sections we investigate, how
these transformations could be represented in the state space (Hilbert space) of
a quantum mechanical system. The predictions of a quantum theory are given
as transition probabilities (Sect. 1.2.3). Hence the basic requirement for the
invariance of a quantum mechanical theory with respect to the description in
different inertial frames is that the transition probability between two states ¢>
and 'ljJ should be the same as between the corresponding transformed states ¢>'
and'ljJ'.

2.2.1 Phases and Rays

It is clear that there is no one-to-one correspondence between states of a physi
cal system and vectors 'ljJ in a Hilbert space. 1f'ljJ and ¢> are unit vectors differing
only by a complex number of modulus one, then they obviously describe the
same state, because they lead to the same observable predictions (probability
measures, expectation values). Hence all vectors in the one-dimensional sub
space ("ray")

~ = {A'ljJ IA E C} (2.39)

correspond to the same state. The set of all ~ forms a projective space, denoted
by h.

Remark. Let 'ljJn, n = 0,1,2, ... , be an orthonormal basis in the Hilbert space
of a quantum mechanical system. Of course, for each n, the vectors 'ljJn and
An'ljJn (with IAnl = 1) represent the same state. However, the vectors 'ljJ and 'ljJ',
where

00

'ljJ' = L an An'ljJn ,
n=l

(2.40)

represent in general different states.

The ambiguity in the description of states complicates the description of
symmetry transformations which we are now going to define.
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2.2.2 The Wigner-Bargmann Theorem

The transition probability from a state ¢ to a state ~ is given by

(2.41 )

where ¢ and 1/J are arbitrary unit vectors in the subspaces ¢ and ~, respectively.

Definition 2.6. A bijective map T: h --> h is called a symmetry transformation,
if for all~, ¢

(T~, T¢) = (~, ¢). (2.42)

The set of all symmetry transformations forms a group with respect to com
position. Obviously, any unitary (or antiunitary4) operator U in Sj defines a
symmetry transformation Uby

U~ == (U1/J)".

The converse result is the following fundamental theorem.

(2.43)

Theorem 2.7 (Wigner-Bargmann). Every symmetry transformation T in his
of the form

T = U, with U unitary or antiunitary in Sj.

IT U1 and U2 are operators with T = U1 = U2 then

U2 =eH'U1 , for some () E [0,271").

(2.44)

(2.45)

In particular, the operators U satisfying (2.44) are either all unitary or all
antiunitary.

2.2.3 Projective Representations

Since inertial frames are linked by Poincare transformations, we expect that
any Poincare transformation should correspond to a symmetry transformation
of the quantum system. We call a quantum system "relativistically invariant", if
the Poincare group can be implemented as a group of symmetry transformations
in the projective space of states. We require this implementation to form a
"projective representation" .

Definition 2.8. Let 9 be a Lie group with unit element e. A projective represen
tation of 9 in h is a mapping p of 9 into the group of symmetry transformations
such that

.. An antiunitary transformation A is antilinear, A(a..p + (3</J) = aA(..p) + j3A(</J) , and satisfies
(A..p, A</J) = (</J, ,p), whereas a unitary transformation U is linear, and (U..p, U</J) = (..p, </J).
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a} p(gh) = p(g)p(h), for all g,h E Q,

b} p(e) = i (identity in fJ),
c} gn ---+ 9 in Q implies p(gn) ---+ p(g).

(We say that Un ---+ U if (Un'l/J)" ---+ (U'l/J)" for all 'l/J En). Each p(g), 9 E Q, is
of the form p(g) = ir(g) , where 1r(g) is either unitary or antiunitary and ir(g)
is the symmetry transformation associated with 1r(g) by (2.43). If, in addition,

d} 1r(g) is unitary for all1r(g) with p(g) = ir(g),

then p is called a projective unitary representation.

In order to prove the relativistic invariance of the Dirac theory, we have
to show that there is a projective representation of the Poincare group in fJ.
Any projective representation is given by a set of (anti)unitary operators in the
underlying Hilbert space which are only unique up to a phase. We are going
to investigate carefully the relations between projective group representations
and their possible realizations as operators 1r(g). As a first result we note

Theorem 2.9. Any projective representation of a connected Lie group is a
projective unitary representation.

Proof. Let p be an arbitrary projective representation of a connected Lie
group. Every element 9 of a connected Lie group is element of a one-parameter
subgroup {h(t) I t E lR}, Le., 9 = h(to). Hence 9 is the square of the element
h(to/2). By the Wigner-Bargmann Theorem p(g) = ir(g), where 1r(g) is the
square of a unitary or antiunitary operator. Hence 1r(g) is always unitary. 0

2.2.4 Representations in a Hilbert Space

Given a projective representation p we can choose operators 1r(g) with p(g) =

ir(g). Now Def. 2.8.a implies together with (2.45)

1r(g)1r(h) = w(g, h) 1r(gh), all g, hE Q, (2.46)

with some suitable phase factor w(g, h) E U(l) = {eill I () E lR}. The w's
cannot be chosen completely arbitrary, e.g., the associativity law of the group
multiplication [fg]h = f[gh] implies for all f,g,h E Q

{

w(f, gh) w(g, h), if 1r(f) is unitary,
w(fg, h) w(f, g) =

w(f,gh) w(g,h), if 1r(f) is antiunitary.
(2.47)

The w's are further restricted by the requirement that the operators 1r(g) should
depend continuously on g. It is a difficult problem to decide whether one can
choose the operators 1r(g) with all the w's being equal to one (Sect. 2.4.2). If
this is the case, then (2.46) becomes the usual representation property.
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Definition 2.10. A representation 1r of a Lie group 9 in a Hilbert space Sj is
a mapping 1r of 9 into the set of bounded linear (or antilinear) operators such

that

a) 1r(gh) = 1r(g)1r(h), for all g,h E g,
b) 1r(e) = 1 (identity in Sj),
c) gn -t 9 in 9 implies for all u E Sj that 1r(gn)u -t 1r(g)u in Sj (strong

continuity).

Each 1r(g) is bounded invertible by a) and b). If, in addition,

d) 1r(g)* = 1r(g-l) = 1r(g)-l,

then 1r is called a unitary representation.

Remark. It is well known that the Lorentz group has no finite dimensional
unitary representations except the trivial one 1r(g) = 1, all g.

Definition 2.11. A representation 1r of a group 9 is irreducible, if there are
no proper subspaces of Sj which remain invariant under all operators 1r(g).
Otherwise the representation is reducible.

Lemma 2.12 (Schur). A unitary representation 1r of a group 9 is irreducible
if and only if the only operators commuting with all 1r(g), 9 E g, are scalar
multiples of the identity operator.

Proof. Almost any book on representation theory, see for example [BR 86],
Chapter 5, Sect. 3. 0

2.2.5 Lifting of Projective Representations

It is clear that every representation of a group by unitary or antiunitary op
erators defines also a projective representation. Conversely, if for a projective
representation p there exists a representation 1r with -IT- = p, then we say that
p admits a lifting 1r (this means that all w(g, h) = 1). The following example
shows that the lifting of a projective representation is not always possible.

Example 2.13. Let 9 be the (abelian) subgroup of discrete Lorentz-transfor
mations id, P, T, and PT defined in Sect. 2.1.3, and let Sj = ([2. The projective
space of one-dimensional subspaces is the complex projective line f:J = Pc. It's
elements are of the form

(2.48)

We define a projective representation of 9 in f:J by

(2.49)

Where O"i are the Pauli matrices. Because of
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it is easy to verify Def. 2.8.a). The associated operators

1r(P) = 0"1, 1r(T) = 0"21 1r(PT) = 0"3, 1r(id) = 12,

do not form a representation in C2, instead we obtain from (2.50)

1r(P)1r(T) = i1r(PT), 1r(T)1r(P) = -i1r(PT), etc.,

(2.50)

(2.51 )

(2.52)

which violates the representation property Def. 2.1O.a. By Theorem 2.2 the
operators 1r are determined uniquely up to a phase by the given projective
representation p. Hence we could try to repair the representation property by
multiplying each O"k with a suitable chosen phase Ak E U(I), Le.,

(2.53)

It is clear that n-'(P) = n-(P) = p(P), etc. Now (2.52) can be replaced by

1r'(P)1r'(T) = iA1A2A311r'(PT), 1r'(T)1r'(P) = -iA1A2A311r'(PT). (2.54)

In order to obtain the representation property Def. 2.1O.a) for the operators 1r'
we have to require that both iA1A2A31 and -iA1A2A31 should be equal to one.
But this is clearly impossible. Hence this group has a projective representation
which cannot be lifted to a Hilbert space representation by a suitable choice of
phases.

Example 2.14. The proper Poincare group P~ is a connected (but not simply
connected) Lie group. By Theorem 1.2 any projective representation p is pro
jective unitary. In Sect. 2.3.4 we will find unitary operators 1r in L2 (lR3 )4 such
that 7r is a projective representation of P~. But as we shall see the operators

1r cannot be chosen to form a representation of P~ in this Hilbert space be

cause both 1r = 1 and 1r = -1 correspond to the identity transformation in P~.

Hence there is a projective unitary representation of P~ which does not admit
a lifting. (It can, however, be lifted to a representation of the simply connected
covering group, Sect. 2.4).

2.3 Lie Algebra Representations

In the previous section we have seen that a quantum theory could have a sym
metry group which is not represented by a group of (anti)unitary operators in
the Hilbert space of the system, because it is not possible to adjust the arbitrary
phases properly. Next, we are going to investigate the proper Poincare group
(the connected component of the identity) by "integrating" a representation
of of its Lie algebra. We will obtain a representation of the Poincare covering
group, but not a representation of the Poincare group itself.
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2.3.1 The Lie Algebra and the Garding Domain

We first show that a unitary representation of a Lie group defines a unique
representation of the Lie algebra in terms of self-adjoint operators.

Let 1r be a unitary representation of a Lie group 9 in a Hilbert space Sj.

Anyone-parameter subgroup h(t) = exp(At) corresponds to a strongly con
tinuous one parameter group of unitary operators 1r(h(t)). By Stone's theorem
(Sect. 1.2) we must have

1r(h(t)) = e- iAt
, (2.55)

where the operator A is self-adjoint. Clearly, the operator A corresponds to the
Lie algebra element A.

Theorem 2.15. There is a dense linear subspace ::Dc (the Giirding domain) of
Sj which is a common invariant domain for all generators, i.e.,

::Dc c ::D(A), A::Dc c ::Dc, (2.56)

whenever exp( -iAt) represents a one-parameter subgroup of g. On the Giirding
domain, the Lie bracket operation is represented by i times the commutator of
the corresponding (essentially) self-adjoint operators.

Proof. The construction of the Giirding domain uses the existence of a (left
invariant) Haar measure dg and the possibility of defining differentiable func
tions with compact support on the group manifold. For 'ljJ E Sj and f E Cgo (9)
define

(2.57)

(2.58)fn --+ 0,

where 1r is any representation of 9 in Sj. The integral may be considered a
Riemann integral. It extends only over the support of f. The Giirding domain
::Dc consists of all possible linear combinations of the vectors 'ljJf with 'ljJ E Sj

and f E Co(9). ::Dc is dense because for all 'ljJ E Sj we can find a sequence
'ljJfn E ::Dc which converges to 'ljJ, as n --+ 00: Simply choose fn E Co(Q) with

Jfn(g)dg = 1, for all n,

(2.59)

and such that supp(fn) shrinks to e E g, as n --+ 00. Furthermore, the Giirding
domain is an invariant domain for all generators of one-parameter subgroups.
Let h(t) be anyone-parameter subgroup of g, 1r(h(t)) = exp(-iAt), Le.,

A'ljJ = ilim 1r(h(t)) -1 'ljJ,
t--->o t

for all 'ljJ for which this limit exists. For 'ljJf in the Giirding domain we have

1r(h(t~) - 1 'ljJf = J~ f(g) {1r(h(t)g) - 1r(g)} 'ljJ dg
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= ! ~ {f(h(t)-lg) - f(g)}1r(g)7/Jdg,

where we have used the left-invariance of the Haar measure,

(2.60)

(2.61)

Let A denote the Lie algebra element corresponding to the one-parameter sub
group h(t) = exp(At). Then h(t)-l = h(-t) is generated by -A. The tangent
vector A acts as a derivation on differentiable functions f E C~(Q). Af is again
a differentiable function in C~(Q) and its value at 9 is given by

(-Af)(g) = dd f(h(t)-lg) I .
t t=O

(2.62)

(2.63)

Hence we obtain from (2.60) (by interchanging the integral sign with the limit
t --+ 0)

iA7/Jf = !(Af)(g) 1r(g)7/J dg = 7/JAf·

This shows that A leaves the Giirding domain invariant. (2.63) also defines a
representation of the Lie algebra of 9 by operators iA in the Hilbert space,
where A is self-adjoint. Let A and B be infinitesimal generators and

(2.64)

Then

7/J[A,B]f = 7/JABf-BAf = 7/JABf - 7/JBAf

= iA(iB)7/Jf - iB(iA)7/Jf· (2.65)

Hence the Lie bracket C = [A, B] defines via (2.63) an operator C which is i
times the commutator of the self-adjoint operators A and B

C = i[A,B]. (2.66)

Due to the invariance of ::Dc this commutator is well defined and symmetric
on ::Dc. In fact, C is essentially self-adjoint on ::Dc because ::Dc is an invariant
domain for the unitary group 1r( exp(Ct)) whose generator is by construction a
self-adjoint extension of the operator C (see [RS 72], Theorem VIILll). 0

2.3.2 The Poincare Lie Algebra

Let us assume that the Poincare group (or any group with the same Lie algebra)
has a unitary representation in some Hilbert space. According to Theorem 2.15
the ten infinitesimal generators

(2.67)
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of the Poincare group, which were defined in Sect. 2.1.6, correspond to self
adjoint operators

(2.68)

which are well defined on the Garding domain in the Hilbert space of the
representation.

Remark. In particular, the self-adjoint generator of time translations is de
noted by -Ho. The minus sign is chosen for consistency with our earlier no
tation. In this chapter we describe Poincare transformations from the "active"
point of view. Hence a time translation puts the system in the future and is
described with respect to a fixed coordinate system in ]R4, Le., by an observer
which is at rest at the origin of the Minkowsky space: If this observer prepares
a system in the state 'ljJ then

(2.69)

puts this state into the future at time t. In quantum mechanics (Chapter 1),
1/J(t) = exp(-iHot)'ljJ is the state observed at time t. Hence exp(-iHot) de
scribes the change seen by a human observer which (sometimes against his own
will) moves through the time towards the future (this "passive" point of view
coincides with the Schrodinger picture of quantum mechanics). It is clear that
an active Poincare transformations is the inverse of the same transformation
in the passive interpretation.

The self-adjoint operators (2.68) form a representation of the Lie algebra of
the Poincare group. From (2.38) we obtain with (2.63) and (2.66) the following
commutation relations.

[Nj,Pk] = iojkHo,

[Jj,Pk] = :~:::>€jkmPm,
m

m

[Nj , H o] = ic2pj,

[Jj , Jk] = :~:::>€jkmJm,
m

m

(2.70)

Here i, k, and m run from 1 to 3. The commutators are well defined on the
Garding domain.

The relations (2.70) are valid for all unitary representations of the Poincare
group. So far we haven't found any. Therefore, let us consider the converse
problem, namely to start with a representation of the Lie algebra in order to
find a group representation by exponentiating. In fact, it is much easier to find
a representation of the Lie algebra because the generators of symmetry trans
~Onnations have a direct physical meaning. The generator of time translations,
IS the energy of the system, p is the momentum, J the angular momentum, and
IV is usually associated with the center of energy. If the given Hilbert space is
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the state space of some physical system, then one usually has some idea how
these operators should look like.

Example 2.16. It is clear that in the Hilbert space L 2(JR3)4 of a Dirac electron
the time translations are generated by the Dirac operator H o. The choice of
p and J for translations and rotations is also more or less obvious, at least
in view of the correspondence to nonrelativistic quantum mechanics. For N
we symmetrize the classical expression Hoz. Hence we choose the following
operators in order to represent the Poincare Lie algebra:

p = -iV,

(2.71)
1

N = 2(Hoz + zHo).
1

J = zAp -- - Q A Q
4 '

Obviously Cgo(JR3)4 is a common dense invariant domain, on which the opera
tors (2.71) are symmetric. We can verify that these operators satisfy indeed the
commutation relations (2.70) of the Poincare Lie algebra. (This requires some
commutator gymnastics using the formulas in the Appendix of Chapter 1).
Hence the operators (2.71) form a representation of the Poincare Lie algebra.

We want to stress that this representation of the Poincare Lie algebra was
obtained here by an "~ducated guess" and not by a derivation from a unitary
representation of the Poincare group. We shall see that a unitary representation
of the Poincare group from which this particular Lie algebra representation can
be derived does not exist5 • In the next section we give a criterion for obtaining
a unitary group representation from a Lie algebra representation.

2.3.3 Integration of Lie Algebra Representations

Can we always construct a unitary representation of the whole group from the
self-adjoint representation of the generators? The answer is no.

Example 2.17. Let M be the Riemann surface of yz. In L 2 (M) consider the
operators p", = -i8/8x, and py = -iO/8y, which are essentially self-adjoint
on Cgo (M \ {O}) and satisfy [P"" py] = 0 on this domain. Hence they represent
the Lie algebra of the abelian translation group (JR2, +). The unitary groups
generated by p", and py in L2 (M) describe finite translations in x- and y
direction on the Riemann surface (not on JR2). Therefore exp( -iap",) exp( -ibpy)
i- exp( -ibpy) exp( -iap",), because finite translations on the Riemann surface
do not commute.

This counterexample shows that what we know so far about the operators
(2.71) representing the Poincare Lie algebra does not guarantee that these op
erators generate a unitary representation of a Lie group. A sufficient condition
for the existence of a group representation is given in the next theorem.

5 Don't worry! All we need is a projective unitary representation.
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Theorem 2.18 (Nelson's Theorem). Let AI,"', An be symmetric operators
defined on a dense linear subset TI in a Hilbert space Sj. We assume that these
operators represent the Lie algebra L 9 of some Lie group g,

AjTI c TI, j = 1, ... ,n,

[A j , Ak] = L CjkmAm on TI, j, k = 1, ... ,n.
m

If the operator

n

Q= LA~
m=l

(2.72)

(2.73)

(2.74)

is essentially self-adjoint on TI, then there is on Sj a unique unitary represen
tation 11" of the simply connected Lie group 9 (see below), which has L 9 as its
Lie-algebra. If AI,"" An form a basis of the Lie-algebra of g, then the group
element exp(tlAI + ... + tnAn } is represented by

(2.75)

Remark 1. If 9 is connected, then 9 is the universal covering group of g.
The universal covering group of 9 can be understood as the "smallest" Lie
group which covers 9 and which is simply connected. See [eh 46] for a precise
definition. The universal covering group of the proper Poincare group will be
described explicitly in Sect. 2.5 below. In Nelson's theorem the covering group
appears for the following reason: The representation of the Lie-algebra defines
only a local homomorphism of a neighborhood of e in 9 into the group of unitary
operators in Sj. This local representation can only be extended uniquely to a
global representation if the group is simply connected.

Remark 2. If 9 is not connected, then 9 is the universal covering group of
the connected component of the neutral element in g. In this case the theorem
above tells nothing about the representation of the "discrete" group elements
(like P, T, and PT in case of the Poincare group).

Remark 3. The essential self-adjointness of Q together with the assumptions of
the theorem imply the essential self-adjointness of the symmetric operators Ak ,

for k = 1, ... ,n.
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2.3.4 Integrating the Poincare Lie Algebra

Nelson's theorem gives a useful criterion for the possibility of exponentiating
a representation of the Lie algebra. In this section we shall prove that the
assumptions of Nelson's theorem are fulfilled by the operators (2.71), namely,
that

1 1
Q = _H2 +p2 + J2 + _N2 (2.76)

c2 0 c2

is essentially self-adjoint on Clf (lR3)4. Hence we obtain the following result with
the help of Nelson's theorem.

Theorem 2.19. The operators Ho, p, J, and N (which are well defined and
essentially self-adjoint on the common domain Clf(lR3)4) are the generators of a
uniquely determined unitary representation 1r of the simply connected covering
group pr of the proper Poincare group.

The representation 1r will be obtained in Sect. 3.3.7 in a more explicit form
and with the help of different techniques.

Remark 1. The operators (2.71) define a representation of the covering group,
but they do not define a representation of the Poincare group itself. This can
be seen as follows. The subgroup of rotations around the x3-axis is given by
exp( -i<ph). This implies that a rotation through 21r (which is identical to the
neutral element in the Poincare group) transforms a vector 'ljJ into its negative,

(2.77)

Here we have used

(2.78)

R(<p) being the 3 x 3 orthogonal matrix corresponding to a rotation around
the x3-axis through an angle <po This relation is perhaps familiar from the
nonrelativistic quantum mechanics of spinless particles. It can be verified by
showing that <p --> 'ljJ(R(<p)x) is a strongly continuous one-parameter unitary
group with generator L 3' Eq (2.77) now follows from

e- i
<pS3 = 1 cos(<p/2) - 2i83sin(<p/2). (2.79)

where we have used the expansion exp( -i<p83) = 2:( =¥'- t (2-;.,f together with
(283)2 = 1. Hence the two operators 1 and -1 both correspond to the neutral

element e of the Poincare group 'Prwhich cannot be the case in a representation
(see Definition 2.10.b). Of course, 1 and -1 correspond to different elements e
and h of the covering group pr (see Sect. 2.5.8).

Remark 2. A representation of the Poincare covering group which does not
define a representation of the Poincare group itself is sometimes called a spinor
representation.
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Remark 3. The representation 1r of Theorem 2.19 is reducible. The Hilbert
space L 2 (~3)4 decomposes into two invariant subspaces because all generators
commute with the sign of the energy

sgn(Ho) = Hoi [iii. (2.80)

In particular, [Nj, sgn(Ho)] = O. These invariant subspaces are just the spectral
subspaces npos, nneg corresponding to positive and negative energies, respec
tively. (See Chapter 1).

Finally, we prove the lemma which verifies the assumptions of Nelson's
theorem for the generators (2.71).

Lemma 2.20. The operator Q = H6 Ic2 + p2 + J2 --'- N 2Ic2 defined with the
help of (2.71) is essentially self-adjoint on CO' (~3)4.

Proof. We set c = 1 for the purpose of this proof. On ::D = CO' (~3)4 we obtain
by an elementary computation of commutators the formulas

L 2 = :r.p2:r - (:r'p)(p.:r),

2L·8 = i:r'p - i(o:.:r)(o:.p),

N 2 = :r.p2:r + m 2x 2 ~ ~ + i:r·p - i(o:·:r)(o:·p) - im(o:iJ)·:r.

Hence on ::D we may write Q = X + Y + R, where

(2.81)

(2.82)

(2.83)

(2.84)

The operator X is equal to the Hamiltonian of a harmonic oscillator in nonrel
ativistic quantum mechanics. Hence we may define

and obtain

X = L AkAk + (3Y2)m = L AkAk - (3Y2)m,
k k

(2.86)

(2.87)

(2.88)

where x means either "." or "no ." and the Cn are suitable constants> O. In
order to prove the essential self-adjointness of Q we apply Konrady's trick6 •

First of all we define an operator

Z = kX 2 on::D

6 [RS 75], Example 6 in Chapter X.2.

(2.89)
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which is essentially self-adjoint for all k > O. The operator Y can be written as
a linear combination of terms of the form

(2.90)

From (2.88) we see that Y is bounded relative to X 2 • If we choose the constant k
large enough, Y will have Z-bound < 1. The operator X is even infinitesimally
bounded with respect to Z. We may use the theorem of Kato and Rellich to
conclude that Z + X + Y is essentially self-adjoint on ::D (at least for k large
enough). In our next step we prove that

(Z - R)2 ::::: (X + Y + Z)2 + const. (2.91)

(we say A::::: B if ('ljJ, A'ljJ) ::::: ('ljJ, B'ljJ) for all'ljJ E ::D). A little calculation shows

(X + Y + Z)2 = (X + y)2 + Z2 + 2kX3
T 2kXYX + k[X, [X, Y]]. (2.92)

Since Y ;;::: 0 we conclude

(X + Y + Z)2 ;;::: Z2 + 2kX 3 + k[X, [X, Y]].

or

(2.93)

The operator {...} is a finite linear combination of terms (2.90) with n ::::: 5.
Hence we conclude from (2.88) that

{...} ::::: aX5
/

2 for some a> O.

This implies immediately that for all € > 0 there is a constant such that

(2.95)

(2.96)

If we choose € = 2k then (2.91) follows. Finally we use Wiist's theorem to
conclude that X + Y + R = (X + Y + Z) - (Z - R) is essentially self-adjoint
on ::D. 0

2.4 Projective Representations

2.4.1 Representations of the Covering Group

The results obtained so far are not yet completely satisfactory. We have pos
tulated that the proper Poincare group should be a symmetry group of the
Dirac electron. Now, using Nelson's theorem, we have ended up with a unitary
representation 1r of the universal covering group g, which defines a projective
unitary representation of g. On the other hand, physical invariance requires a
projective representation of the symmetry group 9 = 'Pr and not of its cov
ering group. Does our projective representation of 9 also define a projective
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representation of 9? (The unitary representation of 9 obtained in Sect. 2.3.4
did not define a representation of 9).

In this section we show that under suitable assumptions the projective rep
resentations of a connected Lie group 9 can be derived from the unitary rep
resentations of the covering group 9 (and not from the representations of 9
itself) .

Let 9 be a connected Lie group. We denote its covering group by g,
9 ~ 9/'H = {g'H I 9 E 9}, (2.97)

11. being a discrete central subgroup. The covering homomorphism p : 9 --> 9
is defined by

p(g) = g'H. (2.98)

If 9 is the symmetry group of a quantum mechanical system, then it is our
goal to find a projective representation of 9 in fl. We assume that every pro
jective representation of the covering group 9 admits a lifting to a unitary
representation of g. Under this condition the problem is equivalent to finding a
suitable unitary representation in Sj of the covering group g. This can be seen
as follows: Let p be a projective representation of 9. Then pop is a projective
representation of 9 which by assumption admits a lifting, i.e.,

p(P(g)) = ir(g), for all 9 E 9, (2.99)

where the operators 1r(g) are unitary (because 9 is connected) and form a
representation of 9 in the Hilbert space Sj. Because of p(gd = P(g2) we find

ir(g) = ir(gh) = ir(g)ir(h),

hence we must have

1r(h) = eill (h)1 for all h E 'H.

(2.100)

(2.101)

Clearly, the operators 1r(g) are unique up to a common phase factor.
Conversely, let 1r be a unitary representation of the covering group 9 in

Sj which satisfies (2.101). The symmetry transformations ir(g) clearly form
a projective unitary representation of g. They depend, however, only on the
cosets g'H because 1r(gh) = exp(iO( h) )1r(g). Hence 1r defines a unique projective
representation of 9 given by

p(g'H) = p(p(g)) = ir(g).

We have thus proven the following theorem.

(2.102)

Theorem 2.21. Let 9 be a connected Lie group and assume that every pro
jective representation p of th~ covering group 9 admits a lifting, Le., there is a
unitary representation 1r of 9 such that ir(g) = p(g), for all 9 E g. Then there
is a one-to-one correspondence ~etween the projective representations of 9 and
the unitary representations of 9 satisfying (2.101).
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This explains the importance of covering groups in quantum mechanics: A
group of symmetry transformations (acting on states) is usually realized as a
group of unitary operators (acting on vectors in Sj) which form a representation
of the universal covering group.

2.4.2 A Criterion for the Lifting

The next theorem states that the condition of Theorem 2.21 on the projective
representations of the covering group Qcan be satisfied, if the Lie algebra of
9 (or equivalently of Q) has a simple property to be defined below. For the
Poincare Lie algebra we verify this property in the next section.

Theorem 2.22 (Bargmann). Let 9 be a simply connected Lie group with Lie
algebra Lg. Assume that the second cohomology group of the Lie algebra (with
coefficients in lR) is trivial. Then any projective (and hence projective unitary)
representation p of 9 admits a lifting.

Remark. The triviality of the second cohomology group means that for each
bilinear form fJ : Lg x L g --+ lR satisfying

fJ(A, B) = -O(B, A),

fJ([A, Bj, C) + fJ([B, CJ, A) + fJ([C, AJ, B) = 0,

(all A, B, C E L g ) there exists a linear form w : Lg --+ lR such that

O(A, B) = w([A, BD, for all A, B E L9.

(2.103)

(2.104)

(2.105)

Proof. If p is a projective representation, then for each 9 E g, p(g) is a sym
metry transformation which, by the Wigner-Bargmann theorem, is of the form
p(g) = *(g), and each operator 1r(g) is unitary (because 9 is connected). Each
operator 1r(g) is unique only up to a phase. One first has to prove, using the
continuity property of the map 9 --+ p(g) that the operators 1r(g) can be chosen
such that the map 9 --+ 1r (g) is strongly continuous7 • Still, 1r is not a represen
tation because

1r(g)1r(h) = w(g, h) 1r(gh), (2.106)

where w is a phase factor. Note that w depends continuously on (g, h) because
the maps (g, h) --+ 1r(gh), h --+ 1r(h) are strongly continuous. By multiplying
each 1r(g) with a constant phase factor exp(ifJ) we can achieve 1r(e) = 1 and
hence w(e, e) = 1. If we can find phase factors ).,(g), with 9 --+ ).,(g) continuous,
and

).,(gh) = w(g, h).,(g)"(h),

then the operators

7 see lSi 68], or [28], p.7

(2.107)
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7["'(g) = A(g)7["(g) (2.108)

form a unitary representation of g. To prove existence of suitable phase factors
A one uses a trick. The set EW = g X U(l), together with the multiplication

(g, A)(h, p,) = (gh, w(g, h)Ap,) , all g, h E g, A, p, E U(l), (2.109)

is a Lie groupB. (In order to prove the associative law for (2.109) one has to
use the property (2.47)). Now any continuous homomorphism g -+ EW of the
form 9 -+ (g, A(g)) would provide us with the desired phase factors. For, let,
be such a homomorphism, then,

(gh, A(gh)) = ,(gh) = ,(gh(h) = (g, A(g))(h, A(h))

= (gh,w(g, h)A(g)A(h)). (2.110)

The elements in the Lie algebra LEw are of the form (A, z), with A E L9 , and
z E LU(l) = R Since g is simply connected, any Lie algebra homomorphism
p, : L9 -+ LEw of the form p,(A) = (A,z,.)(A)) defines a unique Lie group
homomorphism, : g -+ EW of the form ,(g) = (g, A(g)), such that p, = ,'.

The construction of p, runs as follows. Choose any linear map {3 : L9 -+ LEw
such that {3(A) = (A, z,a(A)). In general, {3 is not a Lie-algebra homomorphism.
Therefore we define

8(A,B) = [{3(A),{3(B)] - {3([A,B]) == (0,9(A,B)). (2.111)

Then the real-valued bilinear form 9(A, B) satisfies (2.103) and (2.104). By
assumption, we may write 9(A, B) = w([A, B]). Define

p,(A) = (O,w(A)) + {3(A).

Then p, is a Lie algebra homomorphism because

(2.112)

[p,(A), p,(B)] = [{3(A), {3(B)] = 8(A, B) + {3([A, B])

= (0, w([A, B])) + {3([A, B]) = p,([A, B]). (2.113)

Moreover, p,(A) = (A, z,a(A) +w(A)) == (A, z,.(A)). This completes the proof of
Bargmann's theorem. 0

2.4.3 The Cohomology of the Poincare Lie Algebra

The next theorem shows together with Theorem 2.22 that any projective rep
resentation of the Poincare covering group pr admits a lifting.

Theorem 2.23 (Bargmann). The Lie algebra L p of the Poincare group has a
trivial second cohomology group (with coefficients in JR.).

8 This is a nontrivial result. We have to use the fact that a locally euclidean group is also a
Lie group. See [176], [318].
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Proof. Let 0 be any real-valued bilinear form on Lop satisfying (2.103) and
(2.104). We have to define a linear form w such that O(A, B) = w([A, B]). It
is sufficient to define w on the basis 8 = {-Ho, Pk, Jk, -Nk;k = 1,2, 3} of the
Poincare Lie algebra and extend it by linearity. A short inspection of (2.38)
may convince the reader, that any A E 8 can be written as the Lie bracket of
two other basis elements. Hence we define

w(A) == O(B, C), (2.114)

where B and C have been chosen from 8 such that A = [B, CJ. We have to
show that this definition does not depend on the particular choice of Band C,
i.e.,

[B, C] = [D, E]' implies O(B, C) = O(D, E). (2.115)

It is sufficient to check (2.115) for B, C, D, E E 8. Then the bilinearity of 0
guarantees that (2.115) holds for all B, C, D, E E Lop. Inspection of (2.45)
shows that for example the basis element Jk can be written in two ways as a
commutator, namely

1
I n = [Jj,h] = 2" [N k , Nj ],

c

where (k, j, n) is a cyclic permutation of (1,2,3).

c20(Jj,Jk) = O([Nr,Nm],Jk) = -O([Nm,Jk],Nr) - O([h,Nr],Nm)

(2.116)

3

= 2) -fkmpO(Np,Nr) + fkrpO(N p,Nm )}, (2.117)
p=l

where (r, m, j) is a cyclic permutation of (1,2,3). Since k =I j we must have
k = r or k = m. If k = r then fkrp = O. In the first summand only p = j
contributes, and lOr. -= +1. If k ,.=. m only the term with fkTp = fmrj = -1
survives. Hence

c2 0(J j , Jk) = -O(Nj,Nk) = &i,Hk,N. ,.

As a second exampIe consider

(2.118)

C
2 0(Pk,Pj) =O([Nk,Ho],pj) = -O([Pj,Nk],Ho)

= -OjkO(Ho, Ho) = O. (2.119)

In a similar V' l we can show using (2.103), (2.104) and (2.38) the relations

O(Pk,Ho) = 0(Jk,Ho) = 0,

O(Jk, Pk) = O(Jk, Nk) = 0,
O(Nj,Pk) = 0, O(Nj,pj) = O(Nk,Pk) = O(Nm,Pm),
O(Nm,Ho) = c2 f1(J],Pk) = c20(Pj,Jk),
O(Jj,Nk) = O(Nj,Jk), (2.120)

where (j, k, m) is a cyclic permutation of (1,2,3). We see that for w defined as
above, we have indeed O(B, C) = w([B, C]), all B, C E Lop. 0
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2.4.4 Relativistic Invariance of the Dirac Theory

In this section we complete the proof of relativistic invariance of the Dirac
theory. We want to show that there is a projective representation of the Poincare
group 1'r in f:,. We only have to apply Theorem 2.21 which says that a unitary

representation of the covering group pr corresponds to a unique projective
representation of g. We know already, that the Hilbert space £2(JR3)4 carries a
unitary representation of the covering group (which we obtained via Nelson's
theorem) and that the condition of Theorem 2.21 on the lifting of projective
representations is satisfied (as a consequence of Bargmann's Theorems 2.22,
2.23). It remains to check the condition (2.101).

In Sect. 2.5 we are going to investigate the Poincare covering group in more
detail. In particular we shall see that the Poincare group 1'r can be obtained
from its covering group by factoring out the discrete group {e, h} consisting of
the neutral element and an element h which corresponds to a rotation through

. i - ian angle 211", I.e., 1'+ = 1'+/{e,h} (cf. Eq. (2.187)). From Sect. 2.3.4 we know
that e and h are represented by 1I"(e) = 1, and 1I"(h) = exp(211"iJ3 ) = -1. Hence,
the representation 11" satisfies Eq. (2.101), and Theorem 2.21 can be applied.
It follows that 7T defines is a projective representation of 1'r corresponding

uniquely to the unitary representation 11" of Probtained by exponentiating the
Poincare Lie algebra. This shows that the proper Poincare group is indeed a
symmetry group for the quantum mechanical theory of the Dirac equation.

2.5 The Covering Group of the Lorentz Group

We have shown that the Dirac theory is relativistically invariant, because the
Hilbert space of the system carries a representation of the Poincare covering
group. Here we are going to describe the covering group and its representation
in the space of Dirac spinors in some detail. We know already from Eq. (2.77)
that rotations of wavefunctions in £2(JR3)4 are described by (1) transforming
the argument and (2) multiplying the components by a 4 x 4 matrix. In this
section we concentrate on the part of a Lorentz transformation acting on the
components, Le., we consider matrix representations of .c (note that transla
tions exp(ia· p) have a trivial matrix part). We start in the two-dimensional
spinor space ([:2 which is used for the description of particles with zero rest
mass. Here the matrix group 8£(2) can be defined in such a way that the
isomorphism to .c~ becomes obvious. In order to obtain a representation of
the parity transformation, it will be necessary to switch to the representation
space ([:4.
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2.5.1 8L(2) and Lorentz Group

The set of all complex Hermitian 2 x 2 matrices a will be denoted by H(2):

a E H(2) if and only if aT = a, (2.121 )

where the superscript T denotes the transposed, the bar the complex conjugated
matrix. The multiplication of (each element of) a matrix in H(2) with a real
number as well as the addition of two matrices in H(2) gives a matrix which is
again in H(2). Hence H(2) is a vector space over the real numbers. This vector
space is four-dimensional because the Pauli matrices ao == 12 , aj, j = 1,2,3
defined in Sect. 1.1 form a basis of H(2). Using

3

{ai,ak} = 2oikl 2, [ai,ak] = 2i L €ikmamI2, i,k = 1,2,3,
m=l

tr ak = 0, k = 1,2,3,

we see that every matrix a in H(2) has the representation

3 1 3

a == a(x) = L x"a,. = "2 L(tr aa,.)a,., with x E ]R4.

,.=0 ,.=0

(2.122)

(2.123)

(2.124)

Clearly, the association of x with a(x) E H(2) defines an isomorphism of ]R4

onto H(2). Another isomorphism is given by

3 3

X --+a'(x) = xOao - Lxkak = LXl'a,..
k=I ,.=0

It is easy to see that

(2.125)

deta(x) = deta'(x) = (x, x), a(x)a'(x) = a'(x)a(x) = (x, x)1 2, (2.126)

where (-,.) is the invariant Lorentz scalar product. With the parallelogram
identity we find

Hdet [a(x) + a(y)] - deta(x) - deta(y)}

= Hdet [a(x) + a(y)] - det [a(x) - a(y)]} = (x, y). (2.127)

Next we consider the similarity transform of a(x) with a complex 2 x 2 matrix
A,

a(x) --+ a(y) = Aa(x) A·. (2.128)

(A· = AT denotes the adjoint matrix). The matrix a(y) is again Hermitian.
Its components in the basis of Pauli matrices are determined from

1 1 1 3
yv = _ (tra(y)av ) = -2 (tr Aa(x) A·av ) = - ~)tr Aa,.A·av) x,.. (2.129)

2 2 ,.=0
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For any A we obtain in this way a linear mapping AA: x --+ y of]R4 into itself.
Furthermore, if we assume that det A = 1, then we find

(y,y) = deta(y) = detA deta(x) detA* = deta(x) = (x,x). (2.130)

Because of (2.127) the mapping AA leaves (".) invariant and defines therefore
8 Lorentz transformation.

The set of all complex 2 x 2 matrices A with det A = 1 is a group with
respect to matrix multiplication. It is denoted by 8L(2, q or simply 8L(2).
The vectors in the representation space ([2 are usually called spinors.

Theorem 2.24. For A E 8L(2) define AA as above. The mapping A : A --+ AA
is a group homomorphism from 8L(2) onto L~. Hence

(2.131)

Both 12 and -12 are mapped onto 14,

(2.132)

Therefore we may write

Proof. The kernel of the homomorphism A is given by

Z = A-1 ({14}) = {A E 8L(2) IAaA* = a for all a E H(2)}.

(2.133)

(2.134)

Taking a = 12 we see that A E Z is unitary. Hence we have A E Z if and only
if Aa = aA for all a E H(2). Hence, A must be a multiple of 12 , But since
A must also be unitary, we obtain A = +1 2 or A = -12 , This proves (2.132).
Furthermore A = ±B if and only if AA = AB , which is another way of writing
(2.133). 0

The group.c~ == 8L(2) is a simply connected Lie group and hence it is isomor

phic to the universal covering group of .c~.

2.5.2 Rotations and Boosts

Any matrix A in 8L(2) can be written in the form

A = HU, H = (A* A)I/2, U = (A* A)-1/2 A. (2.135)

("Polar decomposition"). The square root of A* A is most easily obtained in
the basis of ([2 with respect to which A* A is diagonal. Since its eigenvalues
are real and positive, the square root of A*A is the diagonal matrix H with

o the square roots of these eigenvalues in its diagonal. Hence also H is Hermitian
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and positive, det H = 1. U is unitary. Hence Hand U correspond each to a
Lorentz transformation. We consider them separately.

a) Representation of boosts. Let H be any Hermitian 2 x 2 matrix with
det H = 1, Le., H E 8£(2). The ansatz

3

H = cosh(w/2)ao + Lsinh(w/2) nkak = e(w/2)n.tr,

k==l

(2.136)

with w real and n k being the components of a unit vector, automatically satisfies
det H = 1. The matrix elements of AH can be read off from Eq. (2.129). If we
compare this matrix with Eq. (2.14) we see that AH is a pure boost with
velocity

v
- = tanh(w)n.
c

(2.137)

b) Representation of rotations. For any unitary matrix U E 8U(2) (the group
of complex unitary 2 x 2 matrices with determinant 1) we may write

U = cos(<.p/2) ao - i sin(<.p/2) n.CT = e- i (\O/2)n.tr. (2.138)

with <.p in [0,411") and n being a three-dimensional real unit vector. Again we
determine the matrix elements of Au from Eq. (2.129). Comparison with (2.11)
and (2.12) shows that Au is a pure rotation around the axis n through an
angle <.p. If we replace <.p --+ <.p+211", then U --+ -U, but Au = A-u . In particular
any "rotation through 211"" is represented by -12 E 8£(2).

The polar decomposition A = HU of a 8£(2)-matrix A obviously cor
responds to the decomposition (2.23) of proper Lorentz transformations into
boosts and rotations.

2.5.3 Nonequivalent Representations of 8L(2)

When defining a correspondence between 8£(2) and Lorentz transformations,
we have used the isomorphism x --+ a(x) defined in (2.124). Let us now use the
isomorphism x --+ a'(x) of Eq. (2.125). Indeed,

a'(x) --+ a'(y) = Ba'(x)B*, BE 8£(2), (2.139)

defines again a Lorentz transformation. What is the connection between A and
B if they correspond both to the same Lorentz transformation? With

(2.140)

we calculate

(2.141)
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But for all A E 8L(2)

(2.142)

hence

(2.143)

The map A --+ B is a group automorphism of 8L(2). The two representations
of 8L(2) defined by the matrices A ("defining representation") resp. B are not
equivalent. For equivalent representations A and A' = T AT-1 we must have
tr A' = tr A, all A. But with A' = (A*)-l this condition is violated for the
matrix

(2.144)

Remark 1. The automorphism A --+ B corresponds to space reflections. We
,have

(2.145)

,with P as in (2.18). In 8L(2) there is no element corresponding to P, Le., the
'map u(x) --+ u'(x) = U2U(X)U2 = u(X)-1 cannot be described as Au(x)A*
with A E 8L(2).

Remark 2. Another automorphism of 8L(2) is provided by A --+ A.

2.5.4 Linear Representation of the Space Reflection

'The considerations above show that there is no possibility of covering the full
Lorentz group with 8L(2) matrices, because the space reflection P cannot be
described in this way. The fact that the space reflection P is given by the auto
,morphism A +--t (A*)-l suggests to double the dimension of the representation
,space in order to obtain a matrix representation of P. In the linear space C4

we combine the matrices A and (A*)-l into 4 x 4 matrices of the form

LA = (~ (A~)-l)' with A E 8£(2).

The automorphism A +--t (A*)-l can now be represented by the matrix

which satisfies

(2.146)

(2.147)

(2.148)
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The matrices LA form a group with respect to matrix multiplication. This group
is obviously isomorphic to the covering group 8£(2) of the proper Lorentz group
.c~. In fact, the map A --+ LA given by (2.146) defines an injective represen
tation of 8£(2) which is reducible. There are two (and only two) invariant
subspaces which are mapped on each other by the matrix L p . Hence, the ma
trix group

(2.149)

acts irreducibly on C4. (2.148) shows that the element Lp represents a space
reflection.

2.5.5 Gamma Matrices

In order to describe the connection of LA with Lorentz transformations more
precisely, we proceed similarly as in Sect. 2.4.1: We define a suitable 4 x 4 matrix
,(x) for each x E ]R4, such that a Lorentz transformation can be described as
a similarity transformation of ,(x). An obvious choice is

_(0 a(x))
,(x) = a'(x) 0 ' (2.150)

with a(x) and a'(x) defined as in (2.124) and (2.125), because with B == (A*)-l
we obtain

L ()L 1 ( 0 Aa(x)A*)_ (A )
A' x A = Ba'(x)B* 0 -, AX,

L p ,(x) Lp1 = (a~x) a'~x)) = ,(Px),

where P is the parity transform defined in (2.18).
The bijective map

, : x +---> ,(x), x E ]R\

(2.151)

(2.152)

(2.153)

is an isomorphism of the vector space ]R4 and the four dimensional real vector
space of matrices of the form (2.150). The canonical basis {eo, ... , e3} in]R4 is
mapped to the 4 x 4 matrices

(2.154)

(k = 1, 2, 3). It is useful to combine the four, matrices into a matrix four
vector

(2.155)

and write
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3

,(x) = L 'I'xl' == (-Y, X) = ,oxo _,l X l _,2x2 _,3 x3. (2.156)
1'=0

One easily finds using (2.122)

(2.157)

Hence the matrices

(2.158)

satisfy the anticommutation relations (1.6) of the Dirac matrices a and (3.
Indeed, (2.158) are just the Dirac matrices in the Weil representation (see
Appendix 1.A).

By construction, for every L E £i there is a AL E £i such that

(2.159)

and the map L --+ AL from £i to £i is onto and a homomorphism (the "covering
homomorphisIT1"). Hence £i covers £i. If we define

3

(AL,t = L (Ad
V
I',I',

1'=0

then, in view of (2.5),

With (2.159) this implies

L- 1 (-y,x)L = (-y,AL"l X ) = (AL"x) for all x,

therefore,

The matrix AL is given by

(AL)I'V = ~ tr L-l,I'L,v.

Conversely, L is determined by A up to a sign, see Appendix 2.D.

(2.160)

(2.161)

(2.162)

(2.163)

(2.164)

2.5.6 Equivalent Representations

If ,'I' = S,I'S-l with a (nonsingular) matrix S, then we could choose the
matrices

{SLS- 1 I L Eli} (2.165)



74 The Poincare Group

as an equivalent four dimensional representation of f). The formulas (2.155)
(2.163) remain true if we write " instead of, and SLS- 1 instead of L.

Lemma 2.25 (Pauli). Let ,'I', J.L = 0, ... ,3, be any other set of matrices satis
fying (2.157). Then, with the, matrices defined in (2.155),

,'I' = S,I'S-1, J.L = 0,1,2,3, (2.166)

with a nonsingular 4 x 4 matrix S which is unique except for a scalar factor.

Proof. We use the , and ,'-matrices to form rand r' matrices as in Ap
pendix 2.A. The basic idea is to choose

16

S=Lr~Fn
k=1

with a suitable 4 x 4 matrix F. First note, that for arbitrary F,

16 16

r;srj = Lr;r~Frkrj = L r:"Frm = S,
k=1 m=1

where we have used Eqs. (2.206), (2.207) of Appendix 2.B. The matrix

16

T= 2:rkGrk
k=1

(2.167)

(2.168)

(2.169)

has the same property for any 4 x 4 matrix G. Now, choose G such that T
is nonzero. (This is possible, because if T were zero for all G, then we would
have 'L(rnijrk = 0 by choosing appropriate matrices G. This contradicts the
linear independence of the r-matrices). The matrix TS is now easily seen to
satisfy

nTS = TSn. (2.170)

Hence, by the lemma of Schur, T S must be a multiple of the unit matrix,
T S = k. But now F can be chosen such that k =I 0, otherwise we could construct
the equation 'L(Trnn = 0 by suitable choices of F which again contradicts
the linear independence. The uniqueness follows because S1,I'S11 = S2/I'S:;1
implies S:;1S1rk = rks:;1s1 for all k, hence S:;1S1 is a multiple of the unit
matrix. 0

Using, matrices we can write the matrices L corresponding to boosts
or rotations in a representation-independent way. Using (2.158) and (2.136),
resp. (2.138), we find

L
H

= e(w/2)n.a,

Lv = e-iipn .S ,

boost with velocity v = c tanh(w )n,

rotation through an angle 'P around n,

(2.171)

(2.172)
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Lp = ,0 = (3, space reflection. (2.173)

The generators of rotations are obviously the components of the spin angular
momentum operator S, where each component Sj = Uj /2 has eigenvalues 1/2
and -1/2. Hence this representation of the rotation group is called a represen
tation with spin-l/2. More on the classification of all finite dimensional repre
sentations of the rotation and Lorentz groups can be found, e.g., in [Ma 68].

Remark. The Hilbert space 5) of the Dirac equation consists of ([:4-valued
wavefunctions. In Sect. 2.3 we obtained a unitary representation of the Poincare
covering group where the rotations are given by e- iipn.J = e-iipn.Le-iipn.S.

Eq. (2.172) obviously describes the "matrix-part" of these transformations,
i.e., the part acting on the spinor components of the wavefunctions without
affecting their argument. It will become clear during the construction of the
"covariant representation" in Chapter 3, that all matrices L E ii describe the
matrix part of the corresponding Poincare transformation in 5): The covariant
representation 7r

c acts on solutions 'lj;(x), x = (xo, x) of the Dirac equation by
[7r"(L)'lj;](x) = L'lj;(Ai1x).

2.5.7 Time Reversal and Space Time Reflections

The vector space ([:4 is large enough to permit the description of time reversal
and space-time reflections. For a time reversal we must have

UI(x)) L- 1

o T

~ (-U~(X) -~(X)) = (" Tx).

This is trivially achieved if we choose

LT == C~2 -~12)

which satisfies

The space-time reflection can be defined as

(2.174)

(2.175)

(2.176)

(2.177)

One should not be irritated by the minus sign in the formulas

LpLT = -LTLp , L~T = -14, (2.178)
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because -14 corresponds like +14 to the identity in the Lorentz group. The
crucial relation, which shows that LpT indeed corresponds to a space-time
reflection, is

LpTb,x)Lp~ = -b,x) = b,-x) = ('y,PTx).

Hence the set of 4 x 4 matrices

(2.179)

(2.180)

together with the matrix multiplication is a covering group of the full Lorentz
group. The covering homomorphism is given by A : L -> AL , where AL is the
unique Lorentz transformation given by

(2.181)

Remark. The formula (2.179) remains true if we replace LpT by LTLp =
-LpT . This replacement would result in another covering group of the full
Lorentz group. Since the full Lorentz group £ is not connected, it has no unique
covering group. In a covering group each of the three discrete elements can have
its square equal to 1 or -1 in .c~ because both elements are mapped to the

identity in .c~ by the covering homomorphism. Indeed, one can choose, e.g.,

L' _. (0P -1
12

(2.182)

for the space inversion while leaving LT and LpT unchanged. In this case (L~ =
-14 , Le., two reflections correspond to a rotation trough an angle 211". The
resulting group is again a covering group of the Lorentz group, but it is not
isomorphic to .c. In fact, there are eight non-isomorphic covering groups of
12. From the point of view of quantum mechanics it is a matter of convention
which covering group is chosen, because they all lead to the same projective
representation of the Poincare group.

2.5.8 A Covering Group of the Full Poincare Group

Given a covering group of the Lorentz group £ it is easy to find a covering
group of the Poincare group P by forming the semidirect product with the
translation group. To this purpose we define an action of l on ]R4 by a -> ALa,
for a E ]R4, where AL is the Lorentz transformation corresponding to L Elvia
(2.181). Hence we may define the semidirect product (cf. Sect. 2.1.5)

(2.183)

consisting of pairs (a, L) with the multiplication rule

(2.184)
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'P is the union of the four connected subsets

p~ = ]R4 8 .c~, p~ = (0, Lp)P~, (2.185)

-1 -j -1 -j
P_ = (O,LT)P+, P+ = (O,LPT)P+. (2.186)

The connected component of the identity is the universal covering group of the
proper Poincare group. Denoting the neutral element (0,14 ) of P~ by e and
(0, -14 ) by h, then it is clear from (2.133) that

(2.187)

It is clear from Eq. (2.172) that h = (0,-14) = (0,e21riS3) corresponds to a
"rotation through an angle 211"".

Appendix

2.A Algebra of Gamma Matrices

From products of ,-matrices we can form the following 16 linearly independent
matrices Tn, which form a basis in the space of complex 4 x 4 matrices. We give
these matrices explicitly in the standard representation in 2 x 2 block matrix
form, using the Pauli matrices O'ft together with the 2 x 2 unit matrix 1.

TI == 14 = (~ ~), (2.188)

r. =,0 = (1 ~1) , (2.189)2- 0

r. . 1 (0 i0'1 ) (2.190)3 == I, = . o '-10'1

r . 2 (0 i0'2 ) (2.191)4 == I, = . o '-10'2

[',,3 (0 i0'3 ) (2.192)5 == I, = . o '-10'3

[', _ ° 1 _ . 01 ( 0 0'1 ) (2.193)6 = " = -10' = 01 = o '0'1

T7 == ,ol == _iO'02 = 02 = ( 0 0'2 ) (2.194)
0'2 o '

Tg == ,0,3 == _iO'03 = 03 = ( 0 0'3 ) (2.195)
0'3 o '

T9 == i,2,3 == 0'23 = 171 = (~I ~J, (2.196)
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rlO == i,3,1 == a 3I = E2 = ( CT; ~2) ,
(2.197)

r n == i,I,2 == a I2 = E3 = ( ~3 ~3) ,
(2.198)

1 2 3 . ° (0 ~i) , (2.199)r I2 ==, " = -1,5, = i

r I3 == i,O,2,3 = '5,1 = ( ~1 -~1) , (2.200)

r 14 == i,O,3,1 = '5,2 = (a; -~2) , (2.201)

r _. 012 3
( ~3 -~3) , (2.202)15 = I, " = ,5, =

r I6 == i,O,I,2,3 = ,5 = (~ ~). (2.203)

2.B Basic Properties of Gamma Matrices

The r-matrices are traceless (except rd, rk is Hermitian for all k, and

r1 = 1, for all k. (2.204)

Multiply the equation L~~1 Akn = 0 by n and take the trace to obtain Al = O.
This shows that the r-matrices are linearly independent. Any complex 4 x 4
matrix M can be written as a linear combination

(2.205)

For any two matrices r j , r k there is a unique matrix r m, such that

(2.206)

If r j is held fixed, then, as k ranges from 1 to 16, m must range also from 1
to 16. To see this, assume that for l # k, and with the same m as in (2.206)
rjn = f.jlrm. Then r k = f.jkrjrm = f.jkf.j/ n, which contradicts the assumed
linear independence of nand n. Taking the inverse on both sides ofEq. (2.206)
we find

(2.207)
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2.C Commutation Formulas

[,IJ. , ,U] = [,5'IJ., ,5,U] = 2,IJ.,u _ 2gIJ.U1 = _ 2ia IJ.u,

[aIJ.U"P] = i[,IJ.,u"Pj = 2ihIJ.gUP_,UgIJ.P),

[aIJ.U,aPT] = _[,IJ.,U"P,T]

= _2i(aIJ.pguT _ aIJ.TgUP + aUT gIJ.P _ aUPgIJ.T),

[,5, ,IJ.] = 2'5'IJ.,

[,5, ,IJ.'5] = 2,IJ.,

[,5, aIJ.U] = [,5, ,IJ.,U] = 0,

{,5"IJ.} = 0,

{aIJ.U"P} = -2,5fIJ.UPT'T'

2.D Dirac-Matrix Representation of Lorentz Transformations

Let L E £i. It satisfies

L,O = ,0 L*-\

.The matrix

AIJ.U= Htr,IJ.L,uL-1)

is the matrix of a Lorentz transformation in £i. Conversely,

where

(2.208)

(2.209)

(2.210)

(2.211)

(2.212)

(2.213)

(2.214)

(2.215)

(2.216)

(2.217)

(2.218)

G(A) = 2(1 + tr A) + 4(tr A)2 - 4(tr A2). (2.219)

For boosts and rotations, (2.218) reduces to (2.171) and (2.172), respectively.

2.E Expansion of Products of Gamma Matrices

,Il-,U = gIJ.Ul _ iaIJ.u,

'5,IJ.'5 = _,IJ.,

aIJ.u""5 = .i fIJ.upT a
I 2 pT>

,Il-,u,P = gIJ.U,p _ gIJ.P,U + gUP,IJ. + ifIJ.uPU'u'5,

,Il-,u,5 = gIJ.U'5 _ ~ fIJ.UPU,p'u'

(2.220)

(2.221)

(2.222)

(2.223)

(2.224)
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2.F Formulas with Traces

tr r k = 0, k = 2, ... , 16,

tr rkn = 0, for k =ll, and k, l = 1, ... , 16,

tr ,1-'..( = 4!fv,

tr,I-',V,P,U = 4{gI-'VgPU _ gl-'PgVU + gI-'UgVP),

tral-'vapu = 4{gI-'PgVU _ gVPgI-'U),

tr '5,I-',v,P,u = _4i f I-'VPU,

tr ,1-'1 ,I-'n = 0, for n odd,

tr ,1-'1 ,I-'n = gl-'11-'2 (tr ,I-" ,I-'n) _ gl-'ll-" (tr ,1-'2,1-'4 ... ,I-'n )+
+ gl-'ll-'n (tr ,1-'2 ,l-'n-1 ), for n even.

(2.225)

(2.226)

(2.227)

(2.228)

(2.229)

(2.230)

(2.231)

(2.232)



3 Induced Representations

In this chapter we intend to illustrate the role of the Dirac equation in the general theory of
unitary group representations. We show that the Dirac equation arises quite naturally in a
construction of certain irreducible representations ofthe Poincare covering group. Besides, we
describe explicitly the behavior of wavefunctions 1/J(z, t) under the transformations generated
by Ho, p, J, and N (which represent the Poincare Lie algebra, see Chapter 2).

A full classification of all unitary representations of the proper Poincare group - and hence
of all relativistically invariant quantum theories - can be obtained by the method of induced
representations. A short introduction is given in Sect. 3.1. In order to find representations
of a Lie group 9 one starts with a representation of a closed subgroup JC (the inducing
representation). In a suitable Hilbert space of functions defined on the factor set g/JC one
can then obtain an induced representation of 9 in a canonical way.

The semidirect product structure of the Poincare group can be used to show that the
Induced representations are irreducible, if the inducing representation of JC is ir!educible.
Furthermore, all irreducible representations can be obtained in this way (Sect. 3.2). The
mbgroup JC is chosen as the semidirect product of the translation subgroup and the isotropy
group (or little group), which is isomorphic to 8U(2). For the representations which are of
interest in connection with the Dirac equation the factor set 9 /JC can be identified with the
IIla88 shell in momentum space. There is a unitary irreducible representation of the proper
Poincare group for every value of the mass and for every irreducible representation of the
isotropy group (Le., for every spin).

The functions in the representation space of the induced representation satisfy an ad
ditional covariance condition. If one wants to get rid of this, one can pass to the so-called
Wigner states which are functions on the mass shell with a characteristic behavior under
group transformations. A second possibility is to introduce covariant states, which behave
In a more transparent way under the action of the group. But the covariant representation
can only be defined if the inducing representation is the restriction of a representation of the
Whole group.

In Sect. 3.3 we give a group theoretical "derivation" of the Dirac equation. We consider
the covariant representation characterized by spin-l/2 and nonzero mass m of the particle. In
order to define the inducing representation we start with the 4-dimensional representation of
the Poincare covering group obtained in Chapter 2. The restriction of this representation to
the isotropy group (Le., the inducing representation) is not irreducible in this case. The Dirac
equation can be identified as a covariant projection to an irreducible subspace. Moreover, it is
Itraightforward to introduce a new representation space in such a way that time translations
_e generated by a local differential operator, the Dirac operator. In this picture the Foldy
WOUthuysen transformation can be identified as the transition from covariant to Wigner
Itates. The representation of the Poincare group obtained in this way coincides with the one
obtained in Chapter 2 by an exponentiation of the Poincare Lie algebra.

In Sect. 3.4 we consider the problem of extending a unitary representation of the proper
POincare covering group to a representation of the full Poincare group with reflections. If
we require that the subspaces with positive/negative energy remain invariant, then the time
reversal has to be represented by an antiunitary operator. This leaves four possible unitary
representations of the covering group with reflections, all leading to the same projective
representation of the full Poincare group.
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3.1 Mackey's Theory of Induced Representations

3.1.1 Induced Representations of Lie Groups

Let 9 be a separable Lie groupl with a left invariant measure dg (Haar mea
sure). In order to define a representation of 9 we consider measurable functions
¢ on 9 with values in some (complex) Hilbert space X. The group 9 acts in a
natural way on the set of these functions by left translation:

(3.1)

The existence of a Haar measure allows us to integrate these functions, the left
invariance states that

(3.2)

Let us assume that there exists a closed subgroup IC of 9 for which a unitary
representation T in X is known.

Example 3.1. Let 9 = £t, given by Eq. (2.149), and X = C4
• Then IC =

SU(2) is a closed subgroup, which has the unitary representation T(U) = Lu
defined by Eq. (2.146). This representation is reducible. It is obtained as the
restriction of an irreducible (but not unitary) four-dimensional representation
of £t. An example of an irreducible representation is provided by the "defining
representation" T(U) = U of SU(2) in X = C2 •

Starting from the unitary representation T of the subgroup IC we can define
in a natural way a unitary representation of the whole group 9. This represen
tation will act on X-valued functions ¢ which satisfy the subsidiary condition

¢(gk- l
) = T(k) ¢(g), all 9 E 9 and all k E IC. (3.3)

(3.4)

We can define a Hilbert space of functions satisfying (3.3), if there is an
invariant 2 measure dJL on 91IC. The factor set 91IC consists of cosets 9 =
gIC = {gk IkE IC} and by the invariance of the measure dJL we have

r f(g) dJL(g) = r f(Ahg) dJL(g) , all h E 9,
}Q/K }Q/K

where f is an arbitrary real-valued measurable function on 91IC and Ah is the
natural left action of 9 on the cosets 9 = gIC E 91IC,

1 All the results of this section have a generalization to arbitrary separable locally compact
topological groups g. Every locall~ compact group has at least one Haar measure. A I,ie
group is always locally compact. It is separable iff it has a countable number of connected
components. (The Poincare group has four components).

2 It would be sufficient to require the quasi-invariance of the measure dp., see, e.g., [Ma 68J.
Our assumption of invariance makes the expressions look simpler and is fulfilled for the
cases we are interested in.
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Ah(g/C) = hg/C (= coset of hg). (3.5)

(3.6)

For X-valued functions ¢ satisfying the subsidiary condition (3.3) we may re
quire the square integrability with respect to dj.L,

( 11¢(g)lli dj.L(g) < 00.
lO/1<

This makes sense because from the unitarity of T and Eq. (3.3) it follows that
11¢(g)lli =:: f(g) only depends on the coset 9 = g/C.

Remark. If f : 9 -> X is continuous and has compact support in 9, then

¢(h) == ( T(g) f(hg) dg
ll<co

satisfies (3.3) and (3.6).

(3.7)

The set of (j.L-equivalence classes of) functions ¢ on 9 with values in X
satisfying (3.3) and (3.6) forms a Hilbert space 9J1. The elements in this Hilbert
space are sometimes called "Mackey states". The norm in 9J1 is given by (3.6)
and can be derived from the scalar product

(3.8)

where again the integrand depends only on the coset g.
The left action (3.1) leaves this Hilbert space invariant because the function

9 -> 1r(h)¢(g) = ¢(h-lg) satisfies again the condition (3.3). Hence the left
action 1r(h) defines a linear mapping of 9J1 into itself which is again denoted
by 1r(h). The unitarity of 1r(h) follows immediately from Eq. (3.4). The strong
continuity of h -> 1r(h) follows from the measurability of h -> (T],1r(h)¢) (see,
e.g., [HR 63], Sect. 22.2Gb).

Definition 3.2. The representation h -> 1r(h) in the Hilbert space 9J1 is called
the representation of 9 "induced" by the representation T of /C.

The importance of this concept comes from the fact that for a number of
groups including the Poincare group the irreducibility of the induced represen
tation 1r follows from the irreducibility of the "inducing representation" T.

3.1.2 A Strategy for Semidirect Products

In order to determine induce~ representations of the Poincare group pi we need
a closed subgroup /C. Since pi is a semidirect product ]R4 0 £T it is convenient
to choose

/C = IR4 01t, (3.9)
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where H is a subgroup of £i. Then the factor set pi /!C is simply given by

(3.10)

For any unitary representation T of !C in a Hilbert space .I the restrictions

o:(a)=::T(a,l), aE]R4, and a(L)==T(O,L), LEH,

are representations of the subgroups ]R4 and H, respectively. From

(3.11)

(3.12)(a, L) =:: (a, 1)(0, L) == (0, L)(AL1a, 1)

(see (2.28)) we find

T(a, L) == o:(a) a(L), (3.13)

a(L)-l o:(a) a(L) == 0:(AL1a), all (a, L) E !C. (3.14)

The mapping a -> ,(a) == 0:(AL1a) again defines a representation of ]R4. (In
the following two sections we are going to describe the map 0: -> , as the dual
action of the Poincare group). Our strategy will be to choose the subgroup H
such that

0:(AL1a) == o:(a) for all L E H and a E ]R4.

In this case the product of representation operators simplifies to

T(a, Ld T(b, L2 ) == o:(a + b) a(L1L2 )

for all (a,L1) and (b,L2 ) E!C.

3.1.3 Characters and the Dual Group

(3.15)

(3.16)

We start by describing the irreducible representations of the subgroup of trans
lations which is isomorphic to the additive group ]R4. This is quite simple
because any irreducible representation of an abelian group is one-dimensional,
as a consequence of Schur's Lemma: A unitary representation 0: of a group 9
in a Hilbert space S) is irreducible if and only if the only operators commuting
with all the o:(g) are of the form Xl, X EC Now, if 9 is abelian, all operators
o:(g) commute and hence

o:(g) = X(g)l, (3.17)

where X is a complex valued function on 9. Therefore every one-dimensional
subspace of S) is invariant under 0:, Le., 0: is irreducible if and only if dimS) =:: 1.

Definition 3.3. A one-dimensional unitary representation of an abelian group
9 is called a "character". If ~ and X are characters of 9 then {X defined by
{X(g) == {(g)X(g) is again a one-dimensional unitary representation, i.e., a
character. The set of characters of 9 endowed with this multiplication is a
group which is called the "dual group".
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For each p E ~4, the map Xp defined by

Xp(a) = ei (p,a), all a E ~4. (3.18)

is a character of the translation group in the Hilbert space Sj = C. The set
N == {Xp I p E ~4} with the multiplication

(3.19)

is the dual group N which in this case is again isomorphic to the additive group
]R4, the isomorphism being given by

X : p -+ Xp ' all p E ~4. (3.20)

(For a general abelian group 9 the dual group need not be isomorphic to g).

Remark. We shall choose the inducing representation T for the Poincare group
in such a way that the representation a of ~4, defined in (3.11), is of the form

a(a) = xq (a)l,

for some fixed q E ~4.

3.1.4 The Dual Action of the Poincare Group

(3.21)

Any group 9 acts on itself as a group of inner automorphisms I h : 9 -+ g,

(3.22)

It is natural to study the action of the Poincare group on the abelian normal
subgroup ~4 (the subgroup of translations). We find

I(b,L) (a, 1) = (b, L) (a, 1) (b, L)-l = (ALa, 1), (3.23)

which we can simply write as a -+ ALa. Now we can also define a "dual action"
of the Poincare group on the dual group N of ~4 ,

(3.24)

Note !hat the action of the translation subgroup ~4 on its dual is trivial, we
have I(b,l)Xp = Xp for all b E ~4.

Obviously, the isomorphism (3.20) preserves the action of the inner auto
morphism and we have the following commuting diagram

P ~ (p,l)
!

AL(p) ~ I(b,L)(p, 1)

Xp

!
-+ XALP = i(b,L)XP

(3.25)
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Remark. If we choose the inducing representation T of the Poincare group
such that a(a) = xq (a)l (d. Sect. 3.1.2), and if we assume that Eq. (3.15)
should hold, then

(3.26)

suggests to choose 1C = IR4 0 1t as the subgroup whose dual action leaves the
character Xq invariant. A group with this property is called isotropy group. We
shall discuss this concept in the next section.

3.1.5 Orbits and Isotropy Groups

Let Q be a group which acts on a set M (Sect. 2.1.5), and let q E M. The set

(3.27)

is called the orbit of q under the action of Q. Obviously, M is a disjoint union
of orbits. Given an orbit Oq and some p E Oq, we define

(3.28)

as the set of all group elements which map q onto p. Obviously, Q is the union
of the subsets K p , p E Oq. Two group elements hand k are both in K p if and
only if

i.e., if h-1k is in the set

Qq = {g E Q I Ag(q) = q}. (3.29)

Qq is a subgroup of Q, called the "isotropy group" (or "stability group") of q

under the given action of Q on M. The isotropy group of q consists of all group
elements which leave q invariant. If q' is any other point in the orbit of q, then
the isotropy group Qql is isomorphic to Qq.

Example 3.4. Q = pi, M = N, the dual group of IR4 . From (3.24) it is clear
that IR4 is a subgroup of the isotropy group of any character Xq under the dual
action of pi on N.

The set Q/Qq is defined as the collection of all cosets

gQq = {gh IhE Qq}, 9 E g. (3.30)

The coset gQq coincides with K p , where p = Ag(q). Hence the elements of the
factor set Q/Qq are in one-to-one correspondence to the points of the orbit Oq.
Hereby the action Ah of h E Q on Oq corresponds to the left multiplication
with h on the cosets gQq:
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P E Oq ----> AhP E Oq
1 1 (3.31)

gQq E Q/Qq ----> hgQq E Q/Qq

The relation between factor sets and orbits is made precise in the following
theorem.

Theorem 3.5. Let Q be a separable Lie group which acts as a Lie transforma
tion group on a manifold M (i.e., each Ah : M ----> M is a diffeomorphism). Then
the isotropy group Qq of a point q E M is a closed subgroup of Q. The factor set
Q/Qq has a unique analytic structure such that Q with the action gQq ----> hgQq
is a Lie transformation group on Q/ Qq. Moreover, Q/ Qq is diffeomorphic to the
orbit Oq, and the diffeomorphism is given by the map

Proof. See [He 78], Theorems 3.2, 4.2, and Proposition 4.3.

(3.32)

o

3.1.6 Orbits of the Poincare group

We fix a reference character by choosing q E ~4. The orbit of Xq under the
dual action of Q = pi is the set

• - • -i
Oq = {hxq I h = (a, L) E P }. (3.33)

With the help of the isomorphism X it can be identified with the subset

Oq = {Atq : L E £i} = {Aq ! A E .ci } (3.34)

of ~4. The isotropy subgroup of Xq under the action of P is

Pq ={g E pi I i gXq = Xq} = {(a, L) E pi I Atq = q}. (3.35)

The subgroup of translations is obviously a subgroup of the isotropy group and
we may write

Pq = ~4 0 £q, £q = {L E £ I Atq = q}. (3.36)

The group £q is called the little group of the character Xq or simply the little
group of q. The dual group N ~ ~4 is a disjoint union of the following orbits:

I) q = (p"O,O,O)T, P, > ° Oq = {p E ~41 (p,p) = p,2,PO > O} =Mpos,

2) q = (-p"O,O,O)T, P, > 0; Oq = {p E ~41 (p,p) = p,2,pO < O} = Mneg ,

3) q = (O,p"O,O)T, P, > ° Oq = {p E ~41 (p,p) = _p,2},
4) q = (I, I, 0, 0) T Oq = {p E ~4 I (p,p) = O,po > O},
5) q=(-I,I,O,O)T Oq={pE~41(P,p)=0,Po<0},
6) q=(O,O,O,O)T Oq={O},

In the applications we shall deal exclusively with the orbits 1 and 2 because
this leads to a description of particles with real mass p,/e = m > 0. The orbit
3 has no clear physical significance (tachyons?), the orbits 4, 5, and 6 lead to
Particles with zero rest mass.
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3.1.7 Invariant Measure and Little Group

Each orbit of the Poincare group in the character group N carries an invariant
measure. For q = (±p"O,O,O)T, P, > °(i.e., for the orbits 1 and 2 above) the
invariant measure is given by

(3.37)

The stability subgroup of q = (±p" 0, 0, 0) T obviously consists of all transla
tions, all space rotations and the space reflection P, while any boost or time
reversal would change the reference character q. Hence the little group of q is
given by the following subgroup of i)

£q = {Lu,LpLu IU E SU(2)}, (3.38)

(See Sect. 2.5.4 for the relevant definitions).

Remark. The little group £q is defined here as a subgroup of £i which is a
group of 4 x 4 matrices. The action of £q in ([4 is reducible, because apart from
the unit matrix 1 also the matrix L p = (3 commutes with all other matrices in
£q. Hence, by Schur's Lemma, the 'defining representation' (3.38) cannot be
irreducible. The matrices

Q± = ~(1 ± (3), (3.39)

are obviously the projections onto the two irreducible subspaces Q±([4, which
are both isomorphic to ([2. The vectors in Q+([4 (Q-([4) will be called the
"even-parity (odd-parity) spinors".

3.1.8 Induced Representations of the Poincare Group

Now we are ready to apply the results of Sect. 3.1.1 to the Poincare group
() = Pi. The closed subgroup 1C will be chosen as the isotropy group 1C = Pq of
a character Xq defined in (3.36). 1C is precisely of the form (3.9) with 1t = £q.
We choose the inducing representation T such that its restriction 0: to the
subgroup of translations is of the form 0: = Xq 1,

T(a, L) = Xq(a) O"(L), a E IR4
, L E iT (3.40)

Then (3.15) is satisfied for any representation 0" of £q. Moreover, the represen
tations T of Pq in a Hilbert space X is irreducible if and only if (J' is an irreducible
representation of £q in :t. As in Sect. 3.1.1 we may hence define representa
tions 7r induced by the representations (3.40) of the closed subgroups Pq , the
isotropy groups for the various choices of q. By Theorem 3.5 every factor set
Pi /Pq = £i /£q can be interpreted as the orbit Oq of Xq (resp. q) under the
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dual action P ----> ALP of pi. On each orbit exists a measure which is invari
ant with respect to this action. Therefore, an induced representation of pi
<:an be obtained for each orbit Oq and each unitary representation (7 of the
corresponding little group £q.
, The Hilbert space 9J1q for the representation consists of functions defined

OD 9 = pi with values in .I satisfying the condition

¢ ((a, L)(b,L')-l) = ei(q,b)cr(L')¢(a,L), (3.41)

(3.42)

for all (a, L) E pi and all (b, L') E Pq. The scalar product in 9J1q is given by

1 d3p
(¢,T/) = -I1(¢(a,L),T/(a,L))r

o. Po

t'.rhe integrand depends only on the point P = ALq corresponding to the coset
lL)Pq • In special cases we shall obtain equivalent representations with more
, iliar scalar products.

".2 Wigner's Realization of Induced Representations

~o far we have obtained group representations in a Hilbert space of functions
!which are defined on the group itself and satisfy the condition (3.3). This
Js a rather unfamiliar situation. In order to get closer to the usual quantum
~echanicalformulations, we have to construct a more handsome Hilbert space.
~ this section we describe a possible way to get rid of the subsidiary condition
~3.3). In case of the Poincare group this will lead us to a Hilbert space of
Iquare-integrable functions which are defined on the mass shell.

1.2.1 Wigner States

We consider first the general case: Let 9 be a separable Lie group and let 7r

be a representation of 9 which is induced from a unitary representation T of
~ closed subgroup K. The representation space consists of functions ¢ on 9
~tisfying Eq (3.3). In order to eliminate this subsidiary condition we fix a
~apping s : 9/K ----> 9 such that s(gK) E gK and such that the image

S = s(Q/K) c 9 (3.43)

Is a (Borel-) measurable set3
. This simply means that we choose a representa

~ive s from each coset g= gK. Any 9 E 9 has the unique form

9 = sk- 1
, where s = 8(9), and k E K. (3.44)

The left action (3.5) of 9 on 9/K defines also a natural left action of 9 on S,
:-re write

aAccording to the Mackey decomposition theorem such a mapping s exists on any separable
locallY compact group 9 with closed subgroup K (see [305J, part I, Lemma 1.1)



90 Induced Representations

for all 8 = 8(g) E S. (3.45)

The measure df.l( s) == df.l(g) on S is invariant with respect to this action, cf.
Eq. (3.4).

The restriction of a function ¢ satisfying (3.3) to the set S defines a function
( of 8 E S. We have for all 9 E g and 8 = 8(9)

((8) == ¢(s), ¢(g) = ¢(sk-1) = T(k) ¢(s) = T(k) ((8), (3.46)

and the Hilbert space wt can be identified with the Hilbert space

(3.47)

of square integrable X-valued functions ( defined on S c g. Here X is the
Hilbert space carrying the unitary representation T, cf. Sect. 3.1.1.

The action of 7r( h) on ((8) becomes

(3.48)

The group element h- 1 8 belongs to the coset h- 18K which by (3.45) has the
representative A;;-1 8. By Eq. (3.44) h-18 has the unique representation

h-18 = (A;;-1 8)k-1 with some k E K.

Hence we obtain with (3.3)

(3.49)

(3.50)

The operator 1r(h) acts on elements of the Hilbert space W which are not sub
ject to any further restrictions. The elements in this Hilbert space are sometimes
called "Wigner states" .

3.2.2 Wigner States for the Poincare Group

Let us now apply the abstract considerations of the previous section to the
Poincare group. Our first task is to find a representative 8 for each coset in
g/ K = pi /Pq • Since by Theorem 3.5 each 9 E pi /Pq can be identified with a
point p E Oq we can write 8 = s(p). If q = (±f.l, 0, 0, 0), f.l > 0, we choose

s(p) = (0, Lp ), (3.51)

where Lp denotes the 4 x 4 matrix corresponding to the unique boost mapping
q to p E Oq. The matrix Lp can be determined from

(3.52)

and is Hermitian because it is of the form (2.146) with Hermitian A (see
Sect. 2.5.4). By Eq. (2.159) we have

(r,p) = Lp (r, q) L;1 = qo Lp,o L;I, (3.53)

where qo = ±f.l. Using (2.216) and L; = Lp we obtain
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oL- 1 L 0I p = pI,

and hence

qoL; = (r,pho.

From

(qO + (r, phO)2 = 2(qo + Po) (r,pho

we finally obtain

L
p

= qo + (r, p),0 _ qo +Po + Q . p,

V 2qo(qO +Po) V2qo(qo +Po)

where the argument of the square root is always positive, because

Po = ± Vp2 + f.l2 for qo = ±f.l.

91

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

The mapping p -+ s(p) is one-to-one. It is just the homeomorphism identifying
the mass shell Oq (which is Mpos, if qo = +f.l, and Mneg , if qo = -f.l) with the
submanifold of Lorentz boosts (cf. Sect. 2.1.3). For each vector ¢ in the Hilbert
space 9J1q of the induced representation we define a Wigner state ( as in (3.46).
Identifying p with s(p) we simply write

((p) == ¢(O, Lp ), all p E Oq. (3.59)

Next we calculate 7(S-lh (Ah1 s)) with s = (0, Lp ), h = (a, L) E P. The action

of P on the representatives (0, Lp ) is given by the action of P on p E Oq, i.e.,

Hence

8-
1 h (Ah

1 s) = (O,Lp)-l (a,L) (0, LA;:-,p) = (ALp1a, L;lLLA;:-,p)

and

7(8-1h (Ah
1s)) = exp(i (q, ALp1 a)) O'(L;ILLA;:-'p)'

With

(q, A~la) = (ALpq, a) = (p, a)

and (3.50) we finally arrive at

(1l"W(a, L)() (p) = ei(p,a) O'(L;ILLA;:-,p) ((Ai: 1p).

The Wigner states ( form a Hilbert space W q with the scalar product

{ d3.p
((,~) = J

Oq
IPoI (((p),~(p))I'

Now the integrand depends explicitly on p (cf. Eq. (3.42)).

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)
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3.2.3 Irreducibility of the Induced Representation

Theorem 3.6. For each orbit Oq and each irreducible representation (7 of the
corresponding little group 1£ the induced representation (3.64) of the Poincare
group pi is irreducible.

Proof. In the Hilbert space

W q = L2 (Oq,df.l(p),:t) ~ L2 (Oq,df.l(P)) ®:t

the translations are represented by

7["W(a,l) = ei(p,a) ®l,

(3.66)

(3.67)

Le., they act trivially on :t and as a multiplication operator on L 2 (Oq). Let B
be any bounded operator in W q which commutes with all the representation
operators 7["W(a,L). In particular, the part of B acting in L2 (Oq) commutes
with exp(i (P, a)) for all a E JR4. Therefore4 , it is an operator of multiplication
by a bounded function of p. We conclude that B must be of the form,

(B()(p) = B(p)((p), (3.68)

where each B(p) is a bounded operator in :to B( and ( can be extended to
functions on the whole group by applying (3.3). We write ((P) == ((0, Lp ) and
denote the elements of K by (a, U). Then (3.68) becomes

(3.69)

because the action of B depends only on the coset given by p. Using (3.3) this
can be written as

ei(q,a) (7(U) (B()(p) = B(p) ei(q,a) (7(U) ((p),

or

u(U) B(P) = B(P) u(U), all U E 1£.

Since (7 is irreducible it follows from Schur's lemma that

B(p) = b(p)l,

(3.70)

(3.71)

(3.72)

where b(p) is a bounded complex valued function. Finally, since B commutes
with all representation operators 7["W(O, L), we have

(3.73)

Le., b(p) has the same value for all values of p on the orbit Oq. This shows that
B is a multiple of the identity in W q • The lemma of Schur now states that the
representation 7[" is irreducible: 0

4 Although this result is folklore, it is mathematically highly nontrivial. One can prove it,
e.g., by noting that the generators po, ... ,P3 of lI"(a, 1) form a complete set of commuting
operators in L2(Oq). (See Def. IV.5.2 in [Pr 71]). Any operator commuting with a complete
set must be a function of these operators (Theorem IV.5.6 of [Pr 71]).
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3.2.4 Classification of Irreducible Representations

Theorem 3.7. Every irreducible unitary representation of pi is equivalent to
a representation of the form (3.64) induced by (3.40), where (7 is an irreducible
unitary representation of 1£. The representation (7 is determined up to equiva
lence and the orbit Oq is determined uniquely.

Proof. This theorem (together with Theorem 3.6) is a special case of more
general results of Mackey [Ma 68]. 0

This result provides a complete classification of the unitary irreducible rep
resentations of the Poincare group. In the physical applications the orbit Oq
determines the mass of the particle, while the chosen inducing representation
of the little group determines the spin of the particle. In the following we are
going to consider the representations with nonzero mass and spin-l/2.

3.2.5 The Defining Representation of the Little Group

In order to be more explicit we consider here the 'defining' representation

(7(L) = L (3.74)

of the little group 1£ = £q of q = (±p" 0, 0, 0), p, > O. According to our results
in Sect. 3.1.7, the action of 1£ is not irreducible in the Hilbert space .I = ([:4.

The subspaces of even and odd-parity spinors,

(3.75)

where Q± = ~ (1 ± (3), remain invariant under all linear transformations in 1£.
The representation (7(L) = L of 1£ restricted to .I+ (or .I-) is irreducible.

Next we investigate the representation induced by (7 in the Hilbert space
of Wigner states W q • This representation is, like (7, reducible, and Q±Wq are
invariant subspaces: From (3.64) and the fact that all L in the little group
COmmute with (3 and hence with Q± we find

(3.76)

The invariant subspace Q+Wq consists of Wigner functions with values in .I+.
Hence 'TrW restricted to Q+Wq equals the representation induced from (7+ (= (7,
restricted to .I+). This shows that 'TrW acts irreducibly on Q+Wq .

For particles with nonzero rest mass, we obtain as a whole four irreducible
representations in the Hilbert spaces

E,8 = + or -, q± = (±p" 0, 0, 0). (3.77)

The index 8 distinguishes between particles with positive (+) or negative (-)
rest energy. The index E corresponds to two possibilities of implementing the
parity transform. We want to stress that the spaces W;; do not consist of states
with even or odd parity. The action of the parity transform is the restriction
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of 7["W(O,Lp) to W~, and can be evaluated with the help of Eq. (3.64), using
Lp = (3. It is only at the point p = q that we find 7["W(O,Lp ) (±(q) = ±(±(q)
for (± E W~.

3.3 Covariant Realizations and the Dirac Equation

3.3.1 Covariant States

Let 9 be a separable Lie group, K a closed subgroup, and T a unitary represen
tation of K in a Hilbert space oX. In this section we describe a second possibility
of eliminating the subsidiary condition (3.3). Let us assume that the unitary
representation T of K is the restriction of a representation f in oX of the whole
group g. It is not necessary to assume that f(g) be unitary for those elements
9 E 9 which are not in K. For any function ¢J on 9 satisfying the condition
(3.3) we can define a new function

~(g) =f(g) ¢J(g). (3.78)

This function has the nice property

~(gk-1) = f(gk- 1)¢J(gk-1) = f(gk- 1)T(k)¢J(g) = f(g)¢J(g) = ~(g), (3.79)

I.e., ~ depends only on the coset gK of 9 and it is sufficient to know ~ on a
representative of this coset,

~(h) = ~(s) = f(s) ((s) for all hE gK and s = s(gK). (3.80)

(s is the map chosen in order to define the Wigner states, see Sect. 3.2.1). We
define a Hilbert space \!: of functions ~ defined on S = s(y IK) by introducing
the scalar product

(3.81)

(3.82)

With this definition, the mapping ( ----> ~ defined by (3.80) is an isometric
isomorphism of W and \!:. In the new Hilbert space \!: a representation 7["C of 9
can be defined with (3.50) as follows:

~(s) = f(s)((s)

----> f(s) (7["W(h)()(s) = 7'(s)7'(s-lh(Ah
1S)) ((Ah

1S)

= f( s) f( S-l) 7'(h) 7'(Ah
1s) ((Ah

1s) = f(h) ~(Ah1s),
I.e.,

(7["C(h)~)(s) = f(h)~(Ah1S). (3.83)

The operator 7["C(h) : \!: ----> ~ is unitary for all h E 9 whenever 7["W(k) : W ----> W
is unitary for all k E K. Clearly, the representation 7["c is equivalent to the
representation 7["W. Hence the irreducibility of 7["C depends on the irreducibility
of the restriction T of f. The elements of the representation space \!: are called
"covariant states" and 7["C "covariant representation".
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8.3.2 Covariant States for the Poincare Group

In the following we investigate the covariant representation defined by the orbits
of q = q+ or q = q_, where

H=(±jL,O,O,O)T jL>O,

and the representation

T(a, L) = ei (q,a)L, all (a, L) E i\,

(3.84)

(3.85)

of the corresponding isotropy group K = Pq in the Hilbert space oX = ([4. (See
(3.36) and (3.38) for a definition of Pq ). Clearly, T is the restriction of the
representation

T(a,L) =ei(q,a)L, all (a,L) EPi, (3.86)

to the isotropy subgroup. The representation T of pi is not unitary because
the matrices corresponding to boosts are only Hermitian (ef. Sect. 2.5). But
the restriction T of T is unitary and we can define the two representations of
1'r induced by T in the two Hilbert spaces W H and W q_. Both representations
are reducible because the restriction T of T is reducible in ([4 (see Sect. 3.2.5).

Starting from Wigner states we define the covariant states

(3.87)

as in the previous section. Although the matrix Lp in (3.87) is not unitary, the
map ((p) ----> {iJ(p) is unitary (isometric) from W q to ~q. Here the matrix Lp

is given by (3.57). The covariant states form a Hilbert space ~q of ([4-valued
functions with the scalar product

({iJl,{iJ2) = r IdSpI (L;1{iJl(p),L;1{iJ2(P))C4 'JOq Po

The covariant representation is given by the unitary operators

7l'C(a, L) {iJ(p) = ei(p,a) L{iJ(Ai1p), all (a, L) E pi and {iJ E ~q'

3.3.3 Invariant Subspaces

From Sect. 3.2.5 we know that the subspaces Q±Wq , with

(3.88)

(3.89)

(3.90)

are invariant and irreducible under 7l'W. In (3.90) {3 denotes the Dirac {3-matrix.
The Wigner states ( in the invariant subspaces satisfy

(3.91 )

and for the corresponding covariant states {iJ = Lp ( we obtain
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Therefore, also ~q splits into the two invariant subspaces

(3.93)

The corresponding projection operators are multiplication by a matrix-valued
function of p which can be obtained from (3.53),

(3.94)

The condition

is equivalent to

(3.95)

- ±all'ljJ E ~q • (3.96)

We want to stress that the covariant states ;jJ(p) are not eigenstates of the
parity matrix Lp = (3.

3.3.4 The Scalar Product in the Invariant Subspaces

Using

L;l;jJ = ±(3L;l;jJ,

and (2.216), Le.,

L·- 1(3L -1 = (3p p ,

we obtain

- ±for'ljJ E ~q , (3.97)

(3.98)

(3.99)

Hence the scalar product (3.88) in ~~ becomes Covariarlt states - scalar prod
uct

For;jJ E ~~ we obtain (using (3 = 10) from (3.96) the relation

3

(;jJ(p), (3po ;jJ(p)) = (~(p), {±qo};jJ(p)) + (;jJ(p) ,I: 1kPk ;jJ(p)).
k=l

(3.100)

(3.101)

Since the Dirac matrices 11, 12, 13 are arltihermitian, the last summand is
purely imaginary, while the other expressions are real. Hence we must have
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(;jJ(p) , (3;jJ(p)) = ± qo (;jJ(p),;jJ(p)) , for all;jJ E ~;,
Po

and therefore, using (3.100) and qo/Po = p,/IPol,

(3.102)

- ±all'ljJ E ~q • (3.103)

With the parallelogram identity this finally gives

(3.104)

3.3.5 Covariant Dirac Equation

Eq. (3.96) is a condition for the generators of the space-time translations in the
Hilbert spaces ~;. From

7l'C(a, 1) ;jJ(p) = e i (p,a);jJ(p) , - ±all'ljJ E ~q , (3.105)

it is clear that the operator of multiplication by Po is the self-adjoint gener
ator of time translations, whereas Pk, k = 1,2,3, generate space translations.
Multiplying (3.96) from the left with 1'0 = (3 and using Qk = (31'k we obtain

3

Po ;jJ(p) = {L QkPk ± (3qo };jJ(p) for all ;jJ E ~;.
k=l

(3.106)

While this relation holds for all ;jJ E ~;, it is clear that the domain of the

operator of multiplication by Po in the Hilbert spaces ~; consists only of those ;jJ
for which also po;jJ E ~;. In all these expressions, q = q+ or q = q_, as in (3.84).

For ~ in ~t+ (Le., qo = +p,) and for ~ E ~;_ (Le., qo = -p,) the expression
{...} in Eq. (3.106) coincides with the Dirac operator Ho/e = a· p + (3me in
momentum space (see Sect. 1.4). Here we have identified p, with me, m being
the mass of the particle. Eq. (3.96) becomes

(3.107)

(3.108)

and is called the Dirac equation in covariant form.

Remark. For ~ in ~;+ or ~t- Eq. (3.106) leads to a Dirac operator Hb with
(3-matrix having the opposite sign. It is unitarily equivalent to H o because

Hb = 1'5 H01'5'

The argument P = (Po, p) of the covariant functions ~ E ~t can vary on

the orbit Oq+ = {p E ]R.4 IPo = vrJ2 + m 2 e2 }. Hence

- A(p) - - ±
Po'ljJ(p)=-'ljJ(p), if'ljJE~q+,

e
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- >.(p) - - ±
Po 'ljJ(p) = --c- 'ljJ(p), if'ljJ E ~q_, (3.109)

Therefore (3.106) defines a positive operator in ~t, and a negative operator

on ~~_.

3.3.6 The Configuration Space

Let

M=Oq+UOq_, q±=(±mc,O,O,O)-:-, mc>O

be the two-sheeted mass hyperboloid and assume

- +'ljJ E ~q+ EB ~;_ .

Hence ~ is a function defined on M such that

(3.110)

(3.111)

(3.112)

(3.113)

r ~p m
2
c (;jJ(p),;jJ(p))c4 < 00,

1M Po

and such that (3.107) holds. The Hilbert space ~t EB ~;_ is the direct sum of

two pi -invariant subspaces.
The covariant functions ;jJ(p) do not really depend on four variables, because

p is restricted to M. In order to make this explicit we define two functions
~pos,neg on JR3 by

..;me ;jJ(p) == {~pos(p), if P E Oq+,

Po 'ljJneg(P), if P E Oq_.

The functions ~pos,neg are square integrable and orthogonal in the Hilbert
space L2 (JR3 , d3p, ( 4) == L2 (JR3 , d3p)4. The generators of space and time trans
lations act as matrix multiplication operators on the functions ~. After an
inverse Fourier transformation these generators will be represented by differen
tial operators. Assume that ~pos,neg are smooth functions in S (JR3)4, and with
x = (xo,a:) = (et,a:) define

'ljJ(x) = Jme r d3p e- i (p,x);jJ(p)
871'3 1M Po

= (271'~3/2l3 d3peiP'z {e-L\(P)t~pos(p) + eL\(P)t~neg(p)}. (3.114)

It is easy to see that 'ljJ is a solution of the Dirac equation because (3.107)
implies

0= Jme r d3p e- i (p,x) {Po - a . p - {3me} ;jJ(p)
871'3 1M Po
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= {i 8~o -a·(~i\7) -(3me}"p(x),

i.e.,

(3.115)

For each fixed Xo = et and smooth functions {Jl' {J2 E ~t EB ~;_ we find for
the corresponding functions "pI, "p2 that

(3.116)

i.e., the mapping {J -+ "p extends to a unitary mapping from ~t+ EB ~;_ onto
.lj = L 2(JR3,d3x)4. From Sect. 1.4 we know that SJ decomposes into a direct
Bum. SJ = SJpos EB SJneg of spectral subspaces belonging to positive and negative
energies, respectively. SJpos is the image of ~t+ under the isomorphism {J -+ "p,
and SJneg is the image of ~;_ .

3.3.7 Poincare Transformations in Configuration Space

Using (3.114), the Poincare transformation (3.89) of a covariant state {J(p) can
be represented in the configuration space SJ = L 2 (JR3, d3x)4 as follows.

"p(x) -+ Jme [ d3.p e-i(p,x) ei(p,a) L{J(A-1p)
871'3 1M Po L

= L J me [ d3.p e- i (p,x-a) {J(A-1p)
871'3 1M Po L

= L J me [ d3.p e- i (ALP,z-a) {J(p)
871'3 1M Po

= L J me [ d3.p e- i (p,A;:-l(z_a)) {J(p)
871'3 1M Po

= L"p(AL1(X - a)).

We collect these results in the following theorem

(3.117)

Theorem 3.8. In the Hilbert space SJ = L 2 (JR3, d3 x)4 let Ho be the free Dirac
operator and denote

(3.118)

The transformations (a, L) of the Poincare covering group pi are represented
by unitary operators

71'(a,L)"p(t,x) =L"p(tl,X' ),

where (ct' , x') == x' = Ai1(x - a), x = (ct, x). In particular,

(3.119)
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e-iHot = 7l'(a, 1), where a = (-t, 0, 0, 0). (3.120)

The next theorem states that this representation coincides with the repre
sentation obtained in Sect. 2.3 by integrating the Lie algebra representation.

Theorem 3.9. The infinitesimal generators of the representation

(3.121 )

of P~ in L2(~3,d3x)4 are just the operators Ho, p, J, and N of Theorem 2.14.

Proof. As a typical example we calculate the generator of a boost in the Xl

direction. The other generators can be found similarly. The (active) boost is
given by

(3.122)

Hence, using (2.136) we find that at time x O = 0 the covariant representation
(3.121) of this boost is given by

(3.123)

(3.125)

By construction, this transformation is unitary, and we write it as exp(i wNI/c).
Its self-adjoint generator N l is obtained by differentiation with respect to w,

-i !!.-e(W/2)Ol."(_xl sinhw Xl coshw x 2 x 3 )
dw 0/ , "

= _e(W/2)Ol {i ~l - Xl coshw i80 + Xl sinhw i 81 } 1/J( .. .). (3.124)

But any 1/J in the representation space satisfies (3.115), Le., i80 1/J = (Ho/c)1/J,
where Ho is the free Dirac operator. Evaluating (3.124) at w = 0 gives therefore

N l .0:1 Ho 1
- = -1- +Xl- = -(HOXI +xlHo).
c 2 c 2c

But this result coincides with the usual definition of NI, cf. (2.71).

3.3.8 Invariance of the Free Dirac Equation

o

The Dirac equation is invariant under Poincare transformations in the following
sense. If we apply a Poincare transformation to a solution 1/J(x o, x) of the Dirac
equation (3.115), then {7l'(a, L)1/J }(xO, x), given by (3.121), is another solution of
the Dirac equation. This is an immediate consequence of our construction of the
Dirac equation as the projection onto an irreducible subspace. It is, however,
useful to verify the invariance of the Dirac equation by a direct calculation. In
configuration space, we assume
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mc'l/J(x) = i,l' 88 'l/J(x) (3.126)
xl-'

with 'l/J being continuously differentiable in all variables. We denote x' =
A-1 (x - a) and perform a Poincare transformation on both sides of (3.126).
Using the summation convention we have

me L'l/J(x' ) = L hI-' 88, 'l/J(x' ) = L i ,I-' 88, 'l/J(x' ) 88x'" =
xl-' x" xl-'

L · A'" I-'~ .1,( ') - L' A'" I-'L-1 L~ .1,( ')
1 1-" 8x'" 'I' X-II-" 8x'" 'I' X •

Finally, using (2.163) we obtain

8
meL'l/J(A-1 (x - a)) = i,'" 8x'" L'l/J(A- 1 (x - a)).

(3.127)

(3.128)

Hence the Poincare transformed wavefunction 'l/J' (x) = L'l/J (A -1 (x - a)) is again
8 solution of the Dirac equation.

Remark. In a practical calculation one wants to determine the transformed
wavefunction of an electron which is boosted with some velocity v or rotated
through an angle cp around some axis n. Usually, only the matrix A is given,
e.g., by Eqs. (2.11), (2.14), or (2.18), and one has to determine first the matrix L
which transforms the spinor components of'l/J. This can be done for any A E [)
with the help of Eq. (2.215). If A is already given as the product of a boost, a
:lOtation, and a space reflection (any A E £i can be written in this way), then
it is easier to use the matrices L given explicitly by Eqs. (2.168), (2.169), and
(2.170) in terms of the boost-velocity v, or rotation-vector cpo In Sect. 3.4 below
we are going to show how to deal with a time-reversal Or space-time reflection.

3.3.9 The Foldy-Wouthuysen Transformation

Multiplication with the matrix

L _ qo + Po + a . p
p-

y!2qo(qo + po)
(3.129)

(3.130)

is applied to Wigner states in Wq±' q± = (±mc, 0, 0, 0) T, when transforming to
the covariant representation in (3.87). For Wigner states (in Q+Wq+ EBQ-Wq_,

.'9Ie replace qo in (3.129) by mcsgn(po) and use

(3((p) = sgn(po) ((p) = A(p) ((p).
Cpo

,lienee

~ mc2 + A(p) - (3ca . p
'l/J(P) = Lp((p) = J2mc2 (mc2 + A(p)) sgn(po) ((p)
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where u(p) is the unitary matrix defined in Eq. (1.43). We obtain

(3.131)

_1_ ((p) = u(p) vmc 1b(p) = {U(P)~pos(p),
v"11JoT Po U(p)'ljIneg(p) ,

ifpEOq+,

if p E Oq_.
(3.132)

Applying an inverse Fourier transformation and using UFW = :F-1u(p):F we
find that a Foldy-Wouthuysen transformation maps a state 'ljI(x) onto a state

(3.133)

In this way the Foldy-Wouthuysen transformation links the Hilbert space of
covariant states with the Hilbert space of Wigner states.

3.4 Representations of Discrete Transformations

We have obtained a unitary representation of the Poincare covering group pi,
but in quantum mechanics we are mainly interested in a projective represen
tation (Chapter 2). Hence there arises some ambiguity in the representation
of the discrete transformations. For example, if we had started with the group
pti, where the matrix L p is replaced by L~ = iLp , and which is also a covering
group of pi , then we would have obtained the same projective representation of
pi. One could even represent the discrete group elements by antiunitary oper
ators. In the following we describe some restrictions on the number of possible
choices which arise from mathematical and physical considerations.

3.4.1 Projective Representations of the Poincare Group

Any projective representation of the full Poincare group contains a projective
unitary representation of the proper Poincare group corresponding to a unitary
representation 71' of the covering group P~. This representation has the property
(2.98), i.e.,

(3.134)

and from Definition 2.1O.b we find

(3.135)

Consider any extension of this unitary representation of P~ by three additional
unitary or antiunitary operators

71'(0, Lx) == 7l'x' where X = P, T, or PT, (3.136)
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which describe the discrete Poincare transformations. Let us assume (for X,
y = P, T, or PT)

71'x 71'y = w(X, Y) 71'(0, LXLy ), with w(X, Y) E U(l), (3.137)

71'x 7l'(a, L) = wx(a, L) 71'(Xa, LxLLi1
) 71'x' with wx(a, L) E U(I), (3.138)

where (a, L) E p~, and hence

Next, define operators

71'(Xa, LxL) == 71'x 7l'(a,L), A E 8L(2),

(3.139)

(3.140)

to obtain unitary or antiunitary operators also for the Poincare transformations
i(Xa,LxL) in the other connected components (O,Lx)P~ of P. The relations
(3.137) and (3.138) assure that the symmetry transformations

p(a,AL ) == 71'(a,L), for (a,L) E P, (3.141)

form a projective representation of the full Poincare group. However, the phase
:factors are not completely arbitrary.

First of all, we have

H 71'x is ant iunitary, we can write it in the form

71'x = UK,

(3.142)

(3.143)

where U is unitary and K is the antiunitary operator of complex conjugation
in a suitable basis of the Hilbert space 5). But then

eit/> = UKUK = UUK2 = UU = UTUUU

= UT UUU = UT e-it/>U = e-it/>

shows that

71'1- = ±1, if 71'x is ant iunitary.

(3.144)

(3.145)

On the other hand, if 71'x is unitary we can always achieve 71'1- = 1 instead of

(3.142) by multiplying 71'x with exp(-i¢/2). We also note that multiplying an
antiunitary operator by a phase does not change its square because

(ei t/>7I'X)2 = eit/>UKeit/>UK = eit/>e-it/>UKUK = 71'1-.

Next, for (a, L) E Pr consider

(3.146)

(3.147)
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Hence, if we multiply (3.147) by

( , L') -17rx 7r a , 7rx , (a', L') E pr, (3.148)

we find, using the representation property

7r(a,L)7r(a',L') = 7r( (a,L) (a',L')), (3.149)

that the phase factors wx form a one-dimensional unitary representation of the
group p~:

wx(a, L) wx(a', L') = wx ((a, L) (a', L')). (3.150)

But the only finite dimensional unitary representation of the proper Poincare
group is the trivial representation, Hence we find

wx(a, L) = 1 for all (a, L) E pr
and thus

3.4.2 Antiunitarity of the Time Reversal Operator

(3,151)

(3,152)

As in Sect. 2.3.2 we denote the self-adjoint generators of space-time translations
by p = (Ho/c,p), i.e.,

(3.153)

Theorem 3.10. If we require that S'Jpos and S'Jneg remain invariant with respect
to all transformations of a representation of the full Poincare group, i.e.,

7r(a, L) (sgnHo) 7r(a, L)-l = sgnHo, all (a, L) E P, (3,154)

then the time reversal (0, LT) must be represented by an antiunitary operator

7rT , whereas the operator trp corresponding to the parity transform has to be
unitary.

Proof. Using (3.152) we find

(3.155)

Choose a = (ct,O,O,O). Then exp(i(p, a)) = exp(iHot). If trx is unitary, then
by the spectral theorem

iHot -1 (' IT -1 t)7rX e 7rX = exp 17rXHO trx '

whereas if trx is antiunitary,

(3.156)
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iHot -1 _ (. IT -1)1rX e 1rX - exp -l1rX flO 1rx t .
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(3.157)

If X = P, then (Xp, a) = +Hot, if X = T or PT, then (Xp, a) = -Hot. Hence

we have to choose 1rp unitary and the operators 1rT and 1rpT antiunitary in

;order to achieve 1rX H 0 1rXl = H o in all cases. D

'Let 1r be a representation of the group 15 with an antiunitary time reversal op
erator as required by the theorem. By a suitable choice of phase we can make
the unitary operator 1rp satisfy 1rffi = 1. Furthermore, choose phases for 1rT and

trpT such that 1rP 1rT = 1rpT , where the square of the antiunitary operators 1rT

and 1rp T remains ±1. Hence the representations of 15 with antiunitary time
reversal can be labelled by (sgn 1ri, sgn 1rffiT)' There are four possible combina
tions, (+, + ), (+, - ), (-, + ), and (-, - ). Each possibility obviously leads to
the same projective representation of 15.

B:umple 3.11. In the Hilbert space of a Dirac electron,

(1rp t/J) (:I:) = Lp t/J(-:l:) = (Jt/J( -:1:),

(1trt/J)(:I:) = (Jt/J(:I:).

The last equation implies together with (3.157) and 1rTH01ril = H o

ror this choice we have sgn 1ri = sgn 1rffiT = 1.

(3.158)

(3.159)

(3.160)
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In this chapter we introduce an external potential as an operator V of multiplication with
a Hermitian 4 x 4 matrix-valued function of the space-time variable x. According to their
behavior under Poincare transformations the fields can be classified as scalar or pseudoscalar,
vector potentials or pseudovector potentials, tensor or pseudotensor forces (Sects. 4.1 and 4.2).
Vector potentials describe electromagnetic forces, scalar potentials can be used as a model
for quark confinement, and tensor forces are needed to describe the behavior of particles with
anomalous electric and magnetic moments.

In order to make the Dirac operator well defined and to ensure the existenCe of unique
solutions for the initial value problem, the potential function V(x) must have a certain
regularity. In Sect. 4.3 we formulate conditions establishing the self-adjointness of the Dirac
operator H = Ho + V. Concerning the local behavior, potentials with liT-singularities are
admitted only for coupling constants 'Y less than c/2. Stronger singularities can only be dealt
with for special matrix potentials. In the case of an electrostatic Coulomb potential 'Y IT one
can find physically distinguished self-adjoint extensions for 'Y < c (nuclear charges < 137).
The behavior of the potentials at infinity is not restricted, in contrast to the Schrodinger case.
This can be understood as a consequence of the finite propagation speed of Dirac particles.
In Sect. 4.3.4 we show that the Dirac operator in an external field has the same essential
spectrum as the free Dirac operator, provided the potential vanishes at infinity.

For static potentials the self-adjointness of the Dirac operator is sufficient to solve the
initial value problem by Stone's theorem. For time-dependent potentials we need Some addi
tional assumptions. A short discussion of these problems is given in Sect. 4.4. The situation
is particularly simple if the time dependence is the result of a gauge or symmetry transfor
mation.

The limitations of the theory are most clearly indicated by the Klein paradox. This phe
nomenon occurs whenever the interaction is so strong as to cause transitions from electron
states to positron states. We show that in the presence of high potential steps the Dirac
equation has solutions which violate the principle of charge conservation. This paradoxical
situation has no completely satisfactory physical explanation within a one particle interpre
tation.

The explicit solution of the Dirac equation with an external field is of course largely
facilitated by the presence of symmetries. Most important for applications (e.g., the hydrogen
atom) are spherically symmetric potentials, which we treat in Sect. 4.6. In this case the Hilbert
spaCe can be decomposed into an orthogonal direct sum of partial wave subspaces, which are
the simultaneous eigenspaces of the angular momentum operators J2, Js and the operator K
which describes the spin-orbit coupling. On each subspace the Dirac equation is equivalent
to a two dimensional system of ordinary differential equations of first order (the radial Dirac
equation). Some general results on the spectral properties of the radial Dirac operator are
reviewed in Sect. 4.6.6. .

In Sect. 4.7 We present some results on the behavior of eigenvalues. We prove the rela
tivistic virial theorem, which gives simple criteria for the absence of embedded eigenvalues
in certain regions of the continuous spectrum.
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i4'.1 Transformation Properties of External Fields

4.1.1 The Potential Matrix

!l theory of particles in an "external" field is a first step towards a descrip
~n of a true interaction. External fields have an influence on the motion of
l-rticles without being perturbed by the presence of particles. This is an ide
alized concept because in reality the particles interact with the field generating
~echanism. In quantum mechanics, external forces are taken into account by
fadding to the free Hamiltonian a term describing the interaction energy.

For our purposes the external field is given by a 4 x 4 matrix-valued func
tion V,

V(x) = (Vij(x))i~1,'''.4, X = (et,:!:),
j=1,''',4

(4.1)

which acts as a multiplication operator in L 2(]R3)4 for each t. The potential
J]latrix is added to the free Dirac operator Ho to obtain the "Dime opemtoT in
an external field"

H= Ho+ V, (4.2)

We shall require that (for each t) the Dirac operator H is self-adjoint on a
Suitable domain. In particular, the matrix V (x) has to be Hermitian for all
:r E ]R4. Regularity conditions on the functions Vij implying the self-adjointness
of H and the existence of a unitary time evolution will be discussed in Sects. 4.3
and 4.4.

4.1.2 Poincare Covariance of the Dirac Equation

In order to investigate the behavior of the perturbed Dirac equation under
foincare transformations, we have to transform not only the particles, but also
:the whole mechanism generating the external field.

From (4.2) we obtain the perturbed Dirac equation in covariant form if we
Jnultiply i 1t1/J = H1/J from the left with ~,8,

{i(,,8) - me - VCOY(x) }1/J(x) = 0,

Dere we have defined (with ,0 == ,8)

where (4.3)

(4.5)

VCOY(x) == hOV(x). (4.4)

'POllowing the calculation in Sect. 3.3.8, we find that a Poincare transformation
~a,L) E PT converts (4.3) into

{i(,,8) - me - V;OY(x) }L1/J(Ai 1 (x - a)) = 0,

~here



108 External Fields

(4.6)

If the external field (i.e., the field generating mechanism) undergoes a Poincare
transformation, then Vcov (x) must change into V:ov (x), given by (4.6). From
the transformation law (4.6) we deduce with the help of Eq. (4.4) and the
relation ,0 L,o = L* -1 the corresponding transformation law for the potential
matrix V.

Theorem 4.1. Assume that the function 'IjJ(x) satisfies the Dirac equation (in
Hamiltonian form) with the potential V(x). Let (a, L) E pr. Then the Poincare
transformed wavefunction L'IjJ(AL"l(X - a)) is a solution of the Dirac equation
with the Poincare transformed potential

(4.7)

4.2 Classification of External Fields

The 4 x 4 matrix Vcov (x) is a linear combination (with real coefficients) of the
16 T-matrices defined in Appendix A of Chapter 2. Concerning the behavior
under Poincare transformations we can distinguish among several special cases.

4.2.1 Scalar Potential

Let ¢sc be a real-valued function of x = (ct, :1:). Define

V(x) = (J¢sc(x) , (4.8)

A Poincare transformation Vcov ~ V:ov according to Eq. (4.6) requires the
replacement

(4.9)

We see that ¢sc must behave like a scalar under Poincare transformations. The
Dirac operator with a scalar potential reads H = - ic ex . V' +{J (mc2 + ¢sc (x)),
Le., ¢sc is like an x-dependent rest mass.

4.2.2 Electromagnetic Vector Potential

With the help of four real-valued functions A = (AI') = (¢eb A) which are
arranged as a four vector we define the potential matrix

3

Vcov(X) = (" A(x)) = L'I'AI'(x),
1'=0

V(x) = ¢e1(X) - ex· A(x).

(4.10)

(4.11)
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Using Eqs. (4.6) and (2.159) we find that under a Poincare transformation,

(4.12)

In order to achieve relativistic covariance we have to assume that the external
field described by A(x) behaves in such a way that

A(x) ~ A'(x) = AA(A-1(x - a)), (4.13)

(4.14)B(x) = rot",A(x).

whenever the field generating mechanism is subject to a Poincare transforma
tion. This is precisely the behavior of electromagnetic potentialsHence, for the
applications, <:Pel is an electric potential, and A is the magnetic vector potential.
The electric and magnetic field strengths which satisfy Maxwell's equations are
given by (where x = (ct,:!:))

8A(x)
E(x) = -grad",<:pel(X) - ----act'

If we perform a Poincare transformation of the electromagnetic potentials ac
cording to (4.13), then the corresponding new field strengths E' and B' will
again satisfy Maxwells equations.

The Dirac operator (4.2) with an electromagnetic field reads

(4.15 )

Here the coupling constant e has been introduced to describe the charge of the
particle.

Remark. In classical mechanics, the forces by which the field strengths act
on particles are given by the following rule ("principle of minimal coupling"):
If H(p) is the Hamilton function (energy) of a free classical particle, then
H(p - ~A(x)) + e<:Pel(X) is the Hamilton function of a charged particle in the
given electromagnetic field. We see that Eq. (4.15) is obtained if we apply the
minimal coupling principle to the free Dirac operator.

4.2.3 Anomalous Magnetic Moment

With the help of six real-valued functions we form an antisymmetric 4 x 4
matrix Fl'v = -Fvl" where p., v = 0, ... ,3. Define

3

VCOV(X) = ~; L al'v Fl'v(x),
l',v=O

(4.16)

If we perform a Poincare transformation Vcov ~ V:ov , then the required be
havior of Fl'v can be read off from the following calculation (where we set
z' ::=: A-I(X - a) and apply the summation convention)

Lal'vFlJv(x') L-I = i L,IJL-IL-;,vL-I Fl'v(x')
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= i(A-I)"p,P(A-ItT,T P,.v(X')

= ifP,T ApI'ATVP,.v(x') = O'PT P;T(X). (4.17)

The relativistic covariance of the Dirac equation with this kind of potential
requires P,.v to behave under a Poincare transformation like

(4.18)

Hence P,.v must be a tensor field. We can take for P,.v the "electromagnetic
field tensor"

(4.19)

(4.20)

where E j and B j are the components of the electric and magnetic field
strengths.

Physically, the potential matrix given by (4.16) and (4.19) describes a par
ticle with an additional anomalous magnetic moment. The magnitude of the
anomalous moment is given by the coupling constant /-La in units of the Bohr
magneton 1e1/2mc.

For the potential matrix V in the standard representation we obtain, using

3

~ L {3O'''v P,.v = i{3o:· E - 2{3S· B,
,..v==o

and the explicit formulas of Appendix A of Chapter 2

(
-(T' B i(T.E)

V = /-La • E B'-leT' (T.

4.2.4 Anomalous Electric Moment

As before, we use a tensor field P,.v to define

3

Vcov(x) = -i ~~ L '50'''vP,.v(x).
,..v=o

We can use Eq. (2.246) to obtain (summation convention!)

. ,.vp P'pT-1'50' ,.V = 0'pT ,

(4.21)

(4.22)

(4.23)

where F is the Hodge dual of P. If P is the field strength tensor (4.19), then

(4.24)
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lIence we obtain the potential matrix

(
O'·EV = 8a {i,6u . B + 2,68 . E} = 8a . B

-10' .

iO'.B)
-O'·E '

(4.25 )

which describes the energy of a particle with an anomalous electric moment in
an electromagnetic field. The magnitude of the anomalous moment is given by
6

8
, which again is measured in units of Bohr magnetons.

Using the Weyl representation of 15, Eq. (1.216), and of the matrix L which
corresponds to a proper Lorentz transformation, Eq. (2.146), we see that 15 is
a scalar under proper Lorentz transformations,

L /S L- 1 = 15, for all L E f~.

But for the parity transformation (Sect.2.5.4) we have

(4.26)

Lp/sLpl=-/s, (4.27)

We find that the Dirac equation is fl-covariant, if the quantity F/'-v in Eq. (4.22)
is a pseudotensor. However, the electromagnetic field strength tensor does not
change sign under a space reflection. Therefore the Dirac equation with the
potential (4.25) is not covariant with respect to a parity transformation.

4.2.5 Pseudovector Potential

The pseudovector potential is formed with the help of four real-valued functions
(A~v),

(4.28)

In order to obtain pl-covariance of the Dirac equation, Apv must behave as
a vector potential, as far as proper Poincare transformations are concerned.
Because of (4.27), Apv must change sign under a space reflection, if the Dirac
equation is required to be parity covariant,

Apv(x) ~ -PApv(Px). (4.29)

For the electromagnetic vector potential we simply have, according to Eq. (4.13),
A(z) ~ PA(Px).

4.2.6 Pseudoscalar Potential

With a real-valued scalar function <Pps of the space-time variable x we define

Vcov(x) = hs<pps(x)l, V(x) = ,6/s<Pps(x). (4.30)

It is clear from Eqs. (4.26) and (4.27) that under a Poincare transformation the
field <Pps must behave like a scalar potential, see Eq. (4.9), except that under a
space reflection <pps(x) ~ -<pps(Px).
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4.3 Self-Adjointness and Essential Spectrum

If Ho is the free Dirac operator and V is some potential matrix, does Ho+ V
define a unique self-adjoint operator? The answer is yes, if we can prove the
essential self-adjointness of Ho + V on some convenient dense domain. The
unique self-adjoint extension is then given by the closure of H o + V.

4.3.1 Local Singularities

The following simple theorem is based on the Kato-Rellich theorem (see, e.g.,
[RS 75], Sect. X.2) and is sufficient for many applications of physical interest.

Theorem 4.2. Let V be a multiplication operator with a Hermitian 4 x 4
matrix such that each component Vik is a function satisfying the estimate

c
IVik(:I:) 1:::; a 21:1:1 + b, all:l: E JR3 \ {O}, i, k = 1, ... ,4, (4.31 )

for some constants b > 0, and a < 1. Then the operator H = Ho + V, where
Ho is the free Dirac operator defined in Eq. (1.11), is essentially self-adjoint on
CO'(JR3 \ {O})4 and self-adjoint on TJ(Ho) = H 1(JR3)4.

Proof. From Hardy's inequality (r == 1:1:1)

(4.32)

we conclude the same inequality for spinor valued 'l/J E CO' (JR3)4 by adding the
results for the components. Next we note that

4

1- ica.V'l/J(:l:W = c2IV'l/J(:I:)12 == c2 L 18'l/Ji(:I:)/oxkI2,
i,k=l

(4.33)

and find that the multiplication operator c/2r is bounded relative to ica·V.
From (4.31) we obtain for all'l/J E CO'(JR3)4

IIV'l/J1l :::; all- ica,V'l/J1l + bll'l/JII :::; aliHo'l/Jll + (b+ amc2)1I'l/J1I· (4.34)

Since the possible singularity of Vik at the origin is square integrable we have
TJ(V) :) TJ(Ho) = HI (JR3)4. The operator V is symmetric since the matrix
(Vik(:I:)) is Hermitian for all :1:. (Essential) self-adjointness of H finally followS
from the (essential) self-acljointness of Ho by the Kato-Rellich Theorem, be
cause a < 1. 0

Remark. For the result on essential self-adjointness, a = 1 would be also
admitted by Wiist's theorem ([RS 75], Thm. X.14). One can show that there
are matrix-valued potentials satisfying
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1/2 + €
IVik (:I:) \ :S -'-:1:-1-' with € > 0 arbitrarily small,

JOr which the Dirac operator is not essentially self-adjoint. In this sense the
result of Theorem 4.2 is optimal.

••3.2 Behavior at Infinity

"heorem 4.3. Assume that each element of the Hermitian potential matrix V
~ an infinitely differentiable function,

Vik E CCXJ (IR?) for all i, k = 1, ... , 4.

ben H = H o + V is essentially self-adjoint on Co (1R3)4.

(4.35 )

ifrooJ. Since V is Hermitian, H = Ho+V is symmetric on Co (1R3 )4. By the ba
;lric criterion for essential self-adjointness ([RS 72], corollary to Theorem VIII.3,
p. 257), it is sufficient to show that (H ± i)7/J = 0 for some 7/J E L 2 (1R3)4 implies
~ = O. The operator H ± i is an elliptic differential operator of first order with
!ftrlable CCXJ coefficients. (A differential operator l:lal:Sk aa(x )Va is called ellip
~ic at :1:0, if l:la I=k aa (xo )pa i= 0 for all p i= 0). By the local regularity property

of elliptic operators ([RS 75], Sect. IX.6) we conclude that any L 2 solution of
:(H + i)7/J = 0 is infinitely differentiable. Let 7/J be such a solution. Choose a
~.ction J E Co (1R3

) with J(x) = 1 for Ixl :S 1 and set In(X) = J(~). Then we
:.Ind

(H + i )Jn7/J = -i cn . (V In)7/J,

and from (VJn)(x) = ~(VJ)(~)

IIJn1/J1I 2 + IIHJn7/J11
2

= II(H + i )Jn7/J11 2
= II(V In)7/J11 2

:S ;2 sup I(V J)(x)1 2 117/J11 2
.

x

(4.36)

(4.37)

As n tends to infinity, we have II Jn7/J II ~ 117/J11 and with (4.37) we obtain 7/J = O.
The same argument works for a solution of (H - i)7/J = O. D

Remark 1. A physically interesting example of a potential which is described
by this theorem is the constant magnetic field B(:I:) = (0,0, B), for which we
can choose A(:I:) = (B/2)( -X2, Xl, 0)

Remark 2. Theorem 4.3 states that the Dirac operator is essentially self
adjoint on Co irrespective of the growth of the potential at infinity. This is
l10t true for Schr6dinger operators because a force field which increases too
fast, as 1:1:1 ~ 00, could accelerate a particle so much that it escapes to infinity
,in a finite time. In this case the unitarity of the time evolution and hence the
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self-adjointness of its generator breaks down. This situation clearly cannot hap
pen for a Dirac particle, because the relativistic bound on the velocity prevents
a finite travelling time to infinity.

4.3.3 The Coulomb Potential

An electron in the field of a point nucleus is described by the Coulomb potential

<Pel(:l:) = 1:1' In atomic units" = e2 Z/n, Z nuclear charge.

For coupling constants 1,1 < c/2 (Z :::; 68) the Coulomb potential is covered
by the assumptions of Theorem 4.2. In this case the Dirac operator H = H o+
<Pell is well defined and self-adjoint on :D(Ho). The restriction on , is quite
unfamiliar from the nonrelativistic theory. It is not only due to the method of
proof. The essential self-adjointness indeed breaks down, if iii > cv'3/2 (Z >
118), see Example 4.17 in Sect. 4.6.6 below. Fortunately, this problem arises
only for point-like nuclei which do not occur in reality. Besides, if one takes into
account the anomalous magnetic moment of the electron, the situation changes
completely (see Sect. 5.3.2).

The following theorem covers also non-spherically symmetric potentials. We
refer to the literature cited in the notes for the proof and further information.

Theorem 4.4. Assume that the electrostatic potential V = <Pell satisfies the
condition

sup 1:l:<Pel(z)I<,.
zEIR3\{O}

(4.39)

Then for, < cv'3/2 the Dirac operator H = H o+<Pel I is essentially self-adjoint
on:D = CO'(lR3 \ {O}) and self-adjoint on :D(H) = :D(Ho). For, < c the Dirac
operator H, defined on :D, has a self-adjoint extension H which is uniquely
characterized by the property

:D(H) C :D(IHoI1/
2

) or equivalently :D(H) C :D([V[1/2). (4.40)

4.3.4 Invariance of the Essential Spectrum and Local Compactness

The essential spectrum ue'ss(H) of an operator H consists of all accumulation
points of u(H) and of the infinitely degenerate eigenvalues of H. For the free
Dirac operator H o, the essential spectrum is clearly given by

(4.41)

The essential spectrum is very stable under perturbations.
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1'heorem 4.5. Let H and Ho be self-adjoint operators such that for one (and
itence all) z E <C \ IR the operator

(H - Z)-l - (Ho - Z)-l is compact.

Then O"ess(H) = O"ess(Ho)·

(4.42)

proof. This is a famous theorem of H. Weyl. It is proven, e.g., in [RS 78],
Tbm. XIII.14 and Corollary 1. D

Since the product of a compact operator with a bounded operator is com
pact, Eq. (4.42) implies that

((H - Z)-l - (Ho - Z)-l ) x(I:l:1 < R) is compact for all R > 0. (4.43)

Mere x(I:l:1 < R) is the (bounded) multiplication operator with the character
istic function of the ball with radius R. On the other hand, if the resolvent
difference has decay at infinity, i.e., if

lim II ((H - Z)-l - (Ho - Z)-l) x(I:l:1 ~ R) II = 0,
R-oo

then (4.43) implies (4.42) because

(H - Z)-l - (Ho - Z)-l

= ((H - Z)-l - (Ho - Z)-l) x(I:l:1 < R)

+( (H - Z)-l - (Ho - Z)-l) x(I:l:1 ~ R).

(4.44)

(4.45 )

(4.46)

(4.47)

By (4.44), the summand (4.47) vanishes, as R -700, and the resolvent differ
ence (4.45) is the norm limit of a sequence of compact operators. This implies
compactness of (4.45).
. Compactness of the operator in (4.43) is almost always true and can easily
be verified. In our applications we shall even find that each of the summands
in Eq. (4.43) is compact. A self-adjoint operator H is said to have the "local
compactness property', if the operator (H - Z)-k x(lxl < R) is compact for all
II > 0, some z E <C \ IR and some k > °(if this is the case, the operator is
Compact for all z E <C \ IR and all k > 0)1.

l.enuna 4.6. The free Dirac operator Ho has the local compactness property.
In Particular the operators IHol-k x(lxl < R) are compact for all k > 0, R > 0.

Proof. Since IHolk(Ho - z)-k is a bounded operator with bounded inverse,
compactness of (Ho - Z)-k x(lx[ < R) is equivalent to compactness of the
?perator IHol- k x(lxl < R). In momentum space, IHol- k = (C 2p 2 + m2c4 )-k/2

J8 a bounded function which vanishes, as p2 -7 00. Now the lemma follows
from the following general result: If f : [0,00) -7 <C and g : [0,00) -7 Care

.------
~l [Pe 83], Proposition 2.2
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bounded with limr ---+ oo J(r) = limr ---+ oo g(r) = 0, then the operator g(p2) J(x2)
is compact2. Q

Let H be a Dirac operator in an external field and assume that H is self
adjoint on a domain with the property

(4.48)

(cf. Theorem 4.4). Then the operator IHoI1/2(H - Z)-l is bounded3, and the
lemma implies compactness of

x(lxl < R) (H - Z)-l = x(lxl < R) IHol-1/2IHoI1/2 (H - Z)-l (4.49)

(x(lxl < R) IHol-1/2 is the adjoint of IHol- 1/ 2x(lxl < R) and hence compact).
Hence we see that Dirac operators have the local compactness property un
der the extremely weak condition (4.48), roughly speaking, whenever they are
defined properly.

In order to show that the essential spectrum of the Dirac operator H =

H o + V is given by (4.41) it remains to prove the decay at infinity of the
resolvent difference (4.44). If V is relatively bounded (which is the case for
Coulomb potentials), we can use the resolvent equation

(H - Z)-l - (Ho - Z)-l = -(H - Z)-l V (Ho - Z)-l,

to simplify the condition (4.44). We obtain the following result.

(4.50)

Theorem 4.1. Let H = H o + V be self-adjoint, and V be Ho-bounded with

lim II V (Ho - Z)-l x(I:l:1 2: R) II = o.
R---+oo

Then

aess(H) = (-00, -mc2
] U [mc2

, 00).

(4.51)

(4.52)

Remark 1. Eq. (4.51) is a very weak decay condition on the potential. If V is
a multiplication operator, it is equivalent to

lim II V x(I:l:1 2: R) (Ho - Z)-l II = o.
R---+oo

(4.53)

(4.54)

(4.55)

In order to prove that (4.53) implies (4.51), let JR : [0,00) ----> [0,1] be dif
ferentiable, such that JR(r) = 0 for r < R/2, JR(r) = 1 for r > R, and
sUPr J.k(r) < 4/R. Then x(I:l:1 2: R) = JR(I:l:I) x(I:l:1 2: R) and

IIV (Ho - Z)-l x(I:l:1 2: oR) II
::; II V (Ho - Z)-l cn . ('\7 JR) (Ho - Z)-l II

+ II V JR (Ho - Z)-l II·

2 [Pe 83], Proposition 2.2b.
3 This is a consequence of the closed graph theorem, see [We 80], Thm. 5.9.



Time Dependent Potentials 117

In (4.54) we have used

[(Ho - Z)-l, JR] = (Ho - Z)-l [JR, Ho - z](Ho - Z)-l,

[JR' Ho - z] = [JR' en· p] = icn . (VJR)'

(4.56)

(4.57)

(4.54) vanishes, as R ----> 00, because the norm of the matrix multiplication
operator n . (V JR) is given by

const.II n· (VJR) II = sup J'(r) =~.
rE[R/2,R]

(4.58)

(4.55) is bounded by II V x(I:l:1 2: Rj2) (Ho- z)· 1 II which by Eq. (4.53) vanishes,
as R/2 ----> 00. Similarly one proves that (4.51) implies (4.53).

Remark 2. Any potential matrix, with V(x) ----> 0, as 1:1:1 ----> 00 satisfies

II V x(I:l:1 2: R) II = sup IV(:I:) I ----> 0, as R ----> 00,

I"'I>R
(4.59)

.and hence (4.53). But the conditions (4.51) and (4.53) are more general than
(4.59) because they admit singularities of the potential even at large distances.

Remark 3. The condition (4.51) is not optimal, mainly because there are po
tentials which tend to infinity, as 1:1:1 ----> 00, and still (4.52) holds. In particular,
this occurs for unisotropic potentials as well as for magnetic fields in three
dimensions, see Chapter 7.

4.4 Time Dependent Potentials

4.4.1 Propagators

If the potential matrix V is time-dependent, then the time evolution is in
!general not given by a one-parameter unitary group. Instead, we have to live
fowith two-parameter families.

Definition 4.8. A two-parameter Jamily U(s, t), (s, t) E ]R2, oj bounded opera
~ors in a Hilbert space 5) is called a unitary propagator, iJ

a) U(s, t) is unitary Jor all sand t,
b) U(t,t) = 1 Jor all t,
c) U(r, s)U(s, t) = U(r, t) Jor all r, sand t,
d) the mapping (s,t) ----> U(s,t)'IjJ is continuous Jor all 'IjJ E 5).

The following theorems are not specific to relativistic quantum mechanics,
therefore we quote them without proofs.
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Theorem 4.9. Let H(t) be a family of operators which are self-adjoint on a
common domain :D(H(t)) = :Do and assume that for any compact interval I
the mapping

(s, t) ----> _1_ ((H(s)-z) (H(t)-Z)-l - 1) 'IjJ,
s - t

ZEn p(H(t)), (4.60)
tEIR

from I x I into 5) is continuous for all 'IjJ E 5). Then there exists a unitary
propagator U(s, t), and if 'IjJ E :Do, then U(s, t)'IjJ is in :Do for all t and is a
solution of the equations

i :t U(t, s) 'IjJ = H(t) U(t, s) 'IjJ,

i :s U(t, s) 'IjJ = -U(t, s) H(s) 'IjJ.

Proof. See, e.g., [RS 75], Theorem X.70.

(4.61)

(4.62)

o

Theorem 4.10. Let H o be self-adjoint. The assumptions of Theorem 4.9 are
satisfied for H(t) = Ho + V(t), if V(t) is bounded and self-adjoint for each t,
and if the mapping t ----> V(t)'IjJ is continuous for all 'IjJ. In this case we have

where

(4.63)

U(t, s) = eiHot U(t, s) e-iHo ., (4.64)

Proof. See, e.g., [RS 75], Theorem X.69.

4.4.2 Time Dependence Generated by Unitary Operators

o

The time dependence is trivial, if the Hamiltonians at different times are con
nected by unitary transformations,

H(t + s) = eiAt H(s) e-iAt
. (4.65)

We assume that :D(H(O)) is left invariant by exp(-iAt), all t, i.e., A is well
defined and essentially self-adjoint on this domain4 • This is, e.g., the case if A
is the generator of some Poincare transformation. If U(t, s) is the propagator
generated by H (t), then

i ~ e-iA• U(t + s, s) eiA• = H(t) e-iA• U(t + s,s) eiA
.,

4 [RS 72J, Theorem VIII. I!.

(4.66)



which shows

e-
iAs U(t + s, s) e

iAs = U(t, 0).
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(4.67)

lienee the operators exp(-iAt)U(t,O), t E lR form a one-parameter group of
unitary operators. We may write

(4.68)

where G is a self-adjoint extension of the operator H(O) + A on fl(H(O)). The
solution of the evolution equation with Hamiltonian H(t) and initial condition
1/7(0) = 7jJo is hence given by

7jJ(t) = e iAt e-i(H(O)+A)t 7jJo. (4.69)

In a special case, a time dependence of the more general form H(t) =

W(t, s)H(s)W(s, t), where W is a unitary propagator, will be considered in
Chapter. 9.

4.4.3 Gauge Transformations

Gauge transformations could be another trivial source of time dependence in
the Dirac equation. It is well known from the theory of electromagnetism that
the vector potential A is not uniquely determined by the field strengths. Let
FlJv(x) = 8IJAv(x) - 8vAIJ(x) be the electromagnetic field strength tensor. We
denote x = (xl') = (et, x) and 81' = 8j8xlJ . If we replace AI' by AI' + 81Jg,
where 9 is a smooth function of x, then the field strength tensor FlJv remains
unchanged. Note that the function 9 may depend on time. If we write A =

(<Pel, A), then the gauge transformation becomes

1 8g
<Pel----><PeI+~8t' A---->A-V'g. (4.70)

Since only the field strength and not the potential is regarded as a physically ob
servable quantity, this replacement should lead to an equivalent mathematical
description of the physical system ("gauge invariance"). In quantum mechanics,
the transition from the theory in terms of AI' to a theory formulated with the
vector potential AI' +81Jg can be accomplished by the (possibly time-dependent)
unitary transformation 7jJ(x) ----> e-ig (x)7jJ(x). We find

e- ig
( -i V' - A)eig = -i V' - A + V'g. (4.71)

Eq. (4.71) shows that two Dirac operators with different vector potentials be
longing to the same magnetic field B are unitarily equivalent. Hence we obtain
the following lemma.

Lemma 4.11. We assume that the Dirac operator H = H o+ V is well defined
and essentially self-adjoint on the domain:D == Co(lR3 \ {O})4. Let g(t,·) E
CCXl(lR3

\ {O}) be real-valued for each t E R Then the multiplication operator
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exp(-i g) 1 is unitary for each t and leaves :D invariant. The Dirac operator on
this domain is unitarily equivalent to the operator

H(t) = eig(t,.) (Ho+ V) e-ig(t,.) = Ho + V - en· \lg(t, '), (4.72)

and if 7jJ(t) is a solution of the Dirac equation with the potential matrix V,
then ei g(t,.) 7jJ( t) solves the Dirac equation with the potential

ag(t, .)
V(t) = V + -----at 1 - en· \lg(t, .). (4.73)

Remark. If we set V = 0 and 9 = 1/(nlxl n ) with arbitrary n > 0, then we find
that the Dirac operator with the very singular potential V(x) = (n . x)/rn +2

is essentially self-adjoint on 1).

The unitary equivalence of quantum theories with different vector potentials
for a given field strength is the mathematical formulation of the statement
that "physics" does not depend on the "choice of gauge" (Le., the choice of a
particular vector potential A).

4.5 Klein's Paradox

The Dirac operator H with an external field usually does not commute with the
sign of H o. Therefore, a particle which initially has positive kinetic energy can
be found in a state with negative kinetic energy at time t: P~ege-iHtPgos # 0
where Pgos,neg are the spectral projections of the free Dirac operator Ho
(Sect. 1.4.2). In scattering theory with time-independent fields one can show
that at least asymptotically the sign of the kinetic energy is a conserved quan
tity (Chapter 8). However, if the external field is time dependent or if the
potential does not vanish at infinity, a permanent transition from electron to
positron states might occur. This effect is called the Klein's paradox. It will be
demonstrated for the one-dimensional Dirac equation (cf. Eq. (1.14)) with an
electrostatic step potential

i :t 7jJ(t, x) = H(¢el) 7jJ(t, x), (4.74)

(4.76)

(4.75)H(¢eI)=-iO"l :x +0"3 me2 +¢el(X)1,

{

¢o for x 2: R,
¢eI(X) = measurable, bounded for x E (-R,R),

o for x ::::: -R.
The asymptotic motion is described by the Dirac operator H(¢o) for parti
cles moving to the right, and by H(O) = Ho for particles moving to the left,
respectively. The functions
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(
JE+mC2 )

~(E,x) = JE _ mc2
exp{~JE2 - m 2c4 (sgnE) x}
~ (E2 _ m 2c4 )1/4

(4.77)

~(E,x) = a3~(E, -x), (4.78)

:with E E a(Ho) = (-oo,-mc2] U [mc2,oo) are eigenfunctions of H(O) in a
distributional sense. Similarly, ~(E - <Po, x) and ~(E - <Po, x) are eigenfunctions
'j:,f H(¢o). In this case we have E E a(H(<po)) = a(Ho)+ ¢O. Let <£, t. E C8"(JR)
have support in a(Ho) but away from ±mc2 • The wavepackets of the form

7jJ(x) = r U:(E)~(E, x) + t.(E)~(E, x)} dE.
JI7(Ho)

(4.79)

(4.81)

(4.80)

are dense in the Hilbert space 5) = L 2(JR, dx)2. The mapping (<£, t.) ----> 7jJ
is unitary from L 2 (a(Ho), dE? to 5). For the wavepackets formed with "---->"

alone the classical velocity c2pHo1 is easily seen to be a positive operator
;because~ has momentum (sgnE) ~JE2 - m 2c4 • Hence these states correspond
)!> particles moving to the right. Similarly the states obtained from ~ correspond
to particles moving to the left. We denote the corresponding subspaces of 5)

1 fi and 5) with projection operators P, P, respectively. The Klein paradox01:::.4 +-=- -++-

occurs if <Po > 2mc2. In this case the positive part of a(Ho) intersects with the
lower part of a(H(¢o)). Hence a particle with energies in (mc2, -mc2+<Po) can
propagate on both sides of the potential step, as an electron on the left side,
and as a positron on the right side.

.Remark. In nonrelativistic quantum mechanics, a particle with this energy can
propagate only at the left side (E > <p), the wavefunction decays exponentially
in regions with <P > E (inside the step). Therefore a particle coming in from
•the left is reflected with probability one, when it hits the potential step.

Assume <Po > 2mc2 and mc2 < E < ~mc2 + <Po. Then H(<Ped given by
(4.75) has distributional eigenfunctions given by

( ) {
W(E,X)+RI(E)W(E,x) forxS-R,

u1E,x= ---+ +---

T(E)~(E - <Po, x) for x 2: R,

(E ) {
T(E)~(E, x) for x S -R,

U2 x-
, - ~(E - <Po, x) + Rr(E)~(E - <Po, x) for x 2: R.

Here the functions RI,r(E) are called reflection coefficients, T(E) is the trans
tnission coefficient. They satisfy for all E E (mc2, - mc2+ <Po)

IT(E)12 + IRI(E)1 2 = 1, IRI(E)1 = IRr(E)I, (4.82)

T(E) RI(E) + T(E) Rr(E) = o. (4.83)

In general the transmission coefficient is nonzero as can be seen from an explicit
calculation of some examples (e.g., the rectangular potential step). A solution
of the Dirac equation of the form
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(4.84)

describes a wavepacket which comes from the left, moves towards the potential
step, where part of it is reflected, another part being transmitted. The trans
mitted part moves to the right and behaves like a solution with negative energy
of the Dirac equation. Similarly, there is a L2-solution obtained from U2(X, E).
It describes a positron coming in from the right. When it hits the potential step
it is split into a reflected part, moving to the right, and a transmitted part,
which can be detected as an ordinary electron with positive energy at the left
side.

4.6 Spherical Symmetry

One cannot expect to find explicit solutions of the Dirac equation unless there
are some additional symmetries. The physically most important example are
spherically symmetric potentials for which the Dirac operator can be largely
simplified. The requirement of spherical symmetry restricts not only the de
pendence on :1:, but also the matrix-structure of the potential.

4.6.1 Assumptions on the Potential

Definition 4.12. A spherically symmetric potential is a Hermitian 4 x 4 matrix
multiplication operator V which remains unchanged under a rotation in 1:1.
In the Hilbert space L 2(JR3)4 the SU(2)-rotations are represented by

e-icpJ.n.p(:I:) = e-icpS.n.p(R-l:l:), cp E [0, 41r), (4.85)

where R is the orthogonal 3 x 3 matrix corresponding to a rotation (cp, n).
The matrix V has to be rotated according to Eq. (4.7). Note that the Dirac (3
matrix commutes with S and hence with exp(-i cpS· n). Hence, V is spherically
symmetric, if and only if

eicpS .n V(R-1:l:) e- icpS .n = V(:I:).

The potential matrix should be sufficiently regular, so that

(4.86)

(4.87)

The domain :b consists of smooth four component functions with compact
support away from the origin O. It is dense in L 2(]R3)4 and invariant under
rotations.

Condition (4.87) is fulfilled if each component of V is locally square inte
grable on ]R3 \ {O}.

VijELfoc(]R3\{O})4, i,j=I, ... ,4. (4.88)
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In this case, the operator H = H o + V is well defined and symmetric on il.
It is easy to find potentials V which are spherically symmetric. First we note

that if a scalar function ¢ satisfies ¢(x) = ¢(R-1 x) for all rotation matrices R,
then ¢ can only depend on r = Ix I. Since the 4 x 4 unit matrix and (3 commute
with exp(-i cpS· n), we find that

(4.89)

is a spherically symmetric potential. Here we assume that ¢sc and ¢el are real
valued functions describing a scalar and electric potential, respectively. Another
physically interesting example is

(4.90)

where again ¢am is real-valued, and e r = x/r. To see that (4.90) is spherically
symmetric we use (2.159), (2.173), with I = ((3, (30:) to obtain

(4.91)

IT we compare Eq. (4.90) with Eq. (4.20) we see that a potential matrix of this
form can be used to describe a particle with an anomalous magnetic moment.
IT the particle has charge e and anomalous moment /-La, and if there is only
a spherically symmetric electric field E(x) = - V'¢el (r), then, according to
(4.20),

. . 0: • X d¢el (r )
V(x) = e¢el(r) -I/-La(3o:· V' ¢el(r) = e¢el(r) - I/-La(3 -- --d-. (4.92)

r r

A term like (4.90) could also be used to describe a particle with an anomalous
electric moment in the spherically symmetric field of a magnetic monopole, see
Eq. (4.25).

4.6.2 Transition to Polar Coordinates

On ]R3 \ {O} we introduce polar coordinates

(4.93)

Xl (r, {), cp) = r sin {) cos cp,

X 2(r, {), cp) = r sin {) sin cp,

x3(r, {), cp) = r cos{),

r = Ixl E (0,00),

{) = arccos(x3/lxl) E [0,1r),

cp = 1r8(-XI)sgn(X2)

+ arctan(x2/xd E [-1r,1r).

(The definition of cp has to be extended by continuity for Xl ----> 0 and is am
biguous on the half-plane Xl :'::: 0, X2 = O. This is because coordinates on a
sphere cannot be defined globally. If necessary, one has to choose another set of
local spherical coordinates). Next we define the unit vectors in the directions
of the polar coordinate lines

e r = (sin {) cos cp, sin 'l9 sin cp, cos 'l9) = ~,
r
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e{) = (COS 19 cos cp, cos 19 sin cp, - sin 19) = ~~ ,

. 1 8er
elf' = (-Slllcp,COSCP,O) = --:--::a~,

Sln'u ucp

For alll/f in the Hilbert space L2 (JR3) we write

We consider 1/1 an element of the Hilbert space

(4.94)

(4.95)

(4.96)

For each T E (0, 00) the function 1/1(r, .) of the angular variables is square
integrable on the unit sphere 8 2. The mapping l/f --> 1/1 is a unitary isomorphism
from L 2(JR3) onto L2((0, 00), dr) Q9 L 2(82).

For the Hilbert space L 2(JR3)4 we introduce an analogous transformation to
polar coordinates by applying the transformation (4.95) to every component of
the wavefunction. In this way we obtain the decomposition

(4.97)

Similarly, the transformation (4.95) maps the domain CO'(JR3 \ {O})4 onto
CO'(O, 00) Q9 CCXl(82).

The decomposition of the Hilbert space into a "radial" and an "angular"
part is useful because the angular momentum operators Land J = L + S act
only on the angular part L 2 (82 )4 in a nontrivial way. Using the expression for
V' in polar coordinates,

8 1( 8 1 8)
V' = e r 8r +;: e{) 819 + elf' sin 19 819 '

we obtain

L . 18. 8= 1 e{) -- -- - 1 e -
sin 19 8cp 'P 819'

(4.98)

(4.99)

L
2

= - Si~19 :19 (sin 19~) - Si:219 :;2' (4.100)

where the differentiation applies to each component of the wavefunction. In
view of the decomposition (4.97) it would be more correct to write, e.g., L 3 ===

1 Q9 (-i 818cp) in order to indicate that the angular momentum operator acts
like the identity in L 2 (0, 00, dr). Since this notation is a little bit clumsy, we
use the same letter for the "angular momentum operators L 3 , etc., and for their
restriction to L 2 (82

).
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4.6.3 Operators Commuting with the Dirac Operator

We rewrite the Dirac operator on iJ using polar coordinates. With (4.98) and
(4.99) we obtain

-i'V = -i e 2...- - !. (e 1\ L)r ar r r , (4.101)

where L = ~ 1\ (-i 'V) is the orbital angular momentum. Hence we find the
following identities on iJ.

-i 0 . 'V = -i (0 . e ) 2...- - 1 0 . (e 1\ L)r ar r r

= -i (0' er)tr + ~ (0' er)(28 . L).

:In the last step we have used the formula

(0' A) (28· B) = iisA· B - io· (A 1\ B)

(4.102)

(4.103)

:which follows easily from Eqs. (1.228) and (1.230) in Appendix LB. Finally we
~ive at

rHere we have introduced the "spin-orbit operator"

K = {3(28· L + 1) = {3(J2
- L2 + ~).

(4.104)

(4.105)

The operators H o, J, L, J2 = Jf +Ji + Jj, and L 2 = Li + L~ +L~ and hence
also K are all essentially self-adjoint on the domain iJ == COO (IR3 \ {O})4. We
know already that H o commutes with each of the angular momentum operators
J,. because H a and J,. are generators of a representation of the Poincare group.

[Ho, J,.j = 0, on iJ, for k = 1, 2, 3.

A little calculation shows

(4.106)

(4.107)

.Hence {28. L + 1,0' e r } = O. Since the Dirac matrix (3 commutes with 8 . L
and anticommutes with 0 . e r we conclude that

[K, 0 . e r ] = O. (4.108)

From (4.104) it is clear that K commutes with the free Dirac operator H a, at
least on iJ. At the same time, K commutes with rotations and hence with J2
and J3 .
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4.6.4 Angular Momentum Eigenfunctions

The operators J2, J3 , and K defined in the Hilbert space L 2 (82
)4 have a pure

discrete spectrum. There is a complete system of orthonormal eigenvectors
Pmj,l<j such that

J3 Pmj ,I<j = mj Pmj ,I<j'

K Pmj ,I<j = -"'j Pmj ,I<j'

. 1 3 5
J=2'2'2"'"

mj = -j, -j + 1, ... , +j,

"'j = -(j + ~), +(j + ~).

(4.109)

For each set of eigenvalues j, mj and "'j there are two orthogonal eigenvectors
P~j ,I<j in Coo (82)4, hence

with arbitrary complex constants c+ and c-. We have

(4.110)

p+ _ (i 1/1';:1/2 )
mj,=t=(j+1/2 ) - 0 ' (4.111)

(4.112)

(4.113)

m' 1 ( J j + mj ljT7~i1/;/2)
I/Ij~1/2 = V2i ~ ymj+1/2 '

yJ - m J j-1/2

. 1 ( Ij + 1 - mj y~+;-/;/2 )I/Im] = V J

j+1/2 v2j + 2 _ Jj + 1 + mj lj,:;;;/2 .
Here Yim are the usual spherical harmonics. They are defined for l = 0,1,2, ... ,
and m = -l, -l+1, ... , l, with the help of the associated Legendre polynomials
p1

m ,

y;m(iJ In) - 21+1 (l-m)! eim<p Dm(cosiJ) for m > 0,1 ,.,. - 4,.. (I+m)! £1 , (4.114)

pm(x) = (_l)m (1 _ x2)rn/2 d
m

+
1

(x2 _ 1)1 (4.115)
I 21l! dxm +1 '

Yi- m = (_1)m Yim. (4.116)

It is well known that the Yim are the eigenfunctions of the operators L 2 and
L 3 (orbital angular momentum) in the Hilbert space L 2 (82 ),

(4.117)

and that the Yim form a complete orthonormal set in L 2 (82
). Moreover,

(L 1 + iL2)J"r = yI(l + m + l)(l- m) Yim +1,

(L 1 - iL2 ) Yim = yI(l- m + l)(l + m) Yim- 1
. (4.118)
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One can verify all the statements (4.109) - (4.118) by a direct calculation using
the explicit forms of the angular momentum operators in Eq. (4.99).

Remark. The functions 1li;?1/2 defined in (4.112) and (4.113) are elements of

the Hilbert space £2(82)2. They are simultaneous eigenfunctions of the oper
ators £2, £3, J2 = £2 + (T. £ + 3/4, J3 = £3 + 0"3/2, and (T. £ + 1. (These
operators are defined in an obvious way also in £2(82)2). The corresponding
eigenvalues are denoted by l(l + 1), ml, j(j + 1), mj, and -K" respectively. For
lft';-\/2 spin and orbital momentum are parallel, I = j - 1/2 = 0,1, , and

It = -l- 1 = -(j + 1/2) < O. For 1li';;1/2 we have I = j + 1/2 = 1,2, , and
It = I = (j + 1/2) > 0, hence spin and orbital angular momenta are antipar
allel. The functions P~. 1<" however, are not eigenfunctions of £2 or £3' Such

J' J

eigenfunctions can be obtained as special linear combinations of the P~. 1<' ,
J' J

but the corresponding subspaces are not left invariant by H o, because the free
Dirac operator does not commute with the orbital angular momentum.

The Hilbert space £2(82)4 is the orthogonal direct sum of two dimensional
Hilbert spaces Rmj ,I<j' which are spanned by the simultaneous eigenfunctions
q>~j,ltj of J 2

, J3 , and K,

<xl j

£2(82)4 = E9 E9 E9 Rm j ,"'j ,
. 1 3 mj=-j Itj=±(j+~)1=2'2''''

Rmj,ltj = {c+P;'j,l<j + C-P;;'j,ltj I c± E C}.

The functions Ilidl/2 satisfy

and hence

From this we conclude the following result.

(4.119)

(4.120)

(4.121)

(4.122)

Lemma 4.13. The subspaces Rmj,ltj are left invariant by the operators (3 and
o· e r . With respect to the basis {p;, 1t.,P;;'. It} defined by (4.110) - (4.116)

J' J J' J
these operators are represented by 2 x 2 matrices,

. (0 -1)
-10' e r = 1 0 . (4.123)
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4.6.5 The Partial Wave Subspaces

The decomposition (4.119) of the angular Hilbert space implies a similar decom
position of £2(IR3)4. Each "partial wave subspace" £2((0,00),dr) ®~j,l<j is
isomorphic to £2((0, 00), dr)2 if we choose the basis {p~j,l<j' P~j,l<j} in ~j,l<j"

For (j+,f-) E £2((0,00),dr)2,

'ljJ(r, iJ, <p) = j+(r) P~ I< (iJ, <p) + r(r) Pm- . _ (iJ, <p)
" J J ,'""'"

__ (ij+(r) 1li;.jl/2(iJ, <P))
(4.124)

f-(r) 1li;'1/2(19, <p)

defines a vector in £2((0,00),dr) ® ~j,l<j' By the isomorphism (4.95) this
vector corresponds to Ili E £2(IR3)4, where

(4.125)

with r, iJ, and <p given as functions of ~ by (4.93). An arbitrary vector in
CO(IR3)4 is a linear combination of the form

L 1+ (+ ( 1_ - (
Ili(~)= -fml< r)Pml<j iJ,<P)+-fm_(r)Pml< iJ,<p), (4.126)r J' J J' r J ,'"'" J' J

j,mj,ftj

with coefficient functions f± E Co(O, 00). Furthermore, if P is represented by
a sequence (9mj,l<j)' then the scalar product of Ili and P is given by

(Ili,p) = L roo {J,tj,l<j(r)9~j,l<j(r) + f~j,l<j(r)9~j,l<j(r)} dr. (4.127)
j,mj,l<j Jo

This shows that Eqs. (4.124) and (4.125) define a unitary isomorphism be
tween the Hilbert space £2(IR3)4 and the direct sum of the partial wave sub
spaces £2((0,00),dr)2. From the form (4.104) of the Dirac operator we find
that the action of H o on differentiable states is easily calculated. Note that due
to the factor r in (4.95) the operator ir + ~ in £2 (IR3) simply becomes ir in
£2((0,00), dr).

Theorem 4.14. The Dirac operator with the potential

(4.128)

(4.129)

leaves the partial wave subspaces Co(O, 00) ®~j,l<j invariant. With respect to
the basis {P+m _., P~. I<'} the action of the Dirac operator on each subspace

j ,'""", J' J •

can be represented by the operator

_(mc2 + <psc(r) + <Pel(r) c{ - ir + I<:} + <Pam(r))
hm 1<' -

j, , c{ ir + '5;/:- } + <Pam(r) -mc2 - <psc(r) + <Pel(r)

which is well defined on CO(O' 00)2 C £2((0, 00),dr)2.
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The Dirac operator H on CO(IR3)4 is unitarily equivalent to the direct sum
of the "partial wave" Dirac operators hmj,l<jl

00 j

H c::< E9 E9 E9 hmj,l<j" (4.130)
. 1 3 mj;;-j I<j;;±(H~)J=2'2'"

Lemma 4.15. H is essentially self-adjoint on iJ == Co (IR3 \ {O})4 if and only
if all hmj,l<j are essentially self-adjoint on Co(O, 00). If this is the case, then
the spectrum of the corresponding self-adjoint operator H is the union of the
spectra of self-adjoint operators hmj,l<j'

Proof. By the basic criterion ([RS 72], corollary to Theorem VIII.3.) an op
erator T is essentially self-adjoint, if and only if Ran (T±i) is dense. Assume
that for some mj,"'j the operator hmj,l<j is not essentially self-adjoint. Hence
there is a nonzero vector f E £2(0,00)2 in the orthogonal complement of
Ran (hmj,l<j -i),

(4.131 )

Define l/f E £2(IR3 )4 as in Eqs. (4.124) and (4.125). Clearly, l/f is in the angular
momentum subspace labelled by (j,mj,"'j). For any <I> E CO(IR3 \ {O})4 the
part of <I> in this angular momentum subspace can be represented by a function
9 E Co(O, 00)2. From Eqs. (4.127) and (4.131) we find

(l/f, H<I» = (I, hmj,l<jg) = (I, ig) = (l/f, i<I», (4.132)

which shows that Ran (H -i) is not dense, hence H is not essentially self-adjoint.
Conversely, if there exists a vector °=f. l/f with

(l/f, (H -i)<I» = 0, for all <I> E CO(IR3 \ {O})4, (4.133)

then the relation (I, hmj,l<jg) = °must hold for all 9 E CO(O' 00)2 in any angu
lar momentum subspace in which the component f of l/f is nonzero (otherwise
it is trivial). This implies that hmj,l<j is not essentially self-adjoint.

The result on the spectrum follows from the fact that (H -Z)-l is unitarily
equivalent to the direct sum of the partial wave resolvents (hmj,l<j _Z)-l. Hence
% is in the resolvent set of H if and only if it is in the resolvent set of all operators
hmj,l<j' 0

4.6.6 The Radial Dirac Operator

We want to give a short review of self-adjointness and spectral theory of the
radial Dirac operator which is a self-adjoint extension of

h=( °d -CO:r)+V(T), onC8"(O,oo),
Cdr

(4.134)
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where V is a symmetric matrix written in the form

(4.135)

with real-valued measurable and locally integrable functions <Pel, <Pse' and
<Pam(r).

Theorem 4.16. The operator h is essentially self-adjoint if and only if for some
>. E C the equation hf = >.f has a solution f ~ £2(0, R)2 for some R > 0, Le.,
a solution which is not square integrable at the origin.

Proof. Ref. [467], Siitze 1.4, 1.5, Korollar 5.2 o

This is a generalization of Weyl's limit-point criterion which is familiar for
Sturm Liouville problems. It is remarkable that there is no condition for the
behavior of the potential matrix or the solutions at infinity (Sect. 4.3.2).

Example 4.17. In the case of the Coulomb potential the potential matrix has
the form

(

mc2 + '2
V(r) = r

c!:i:
r

(4.136)

(4.137)

The bounded operator (73mc2 does not alter the self-adjointness properties of
h, hence we can omit it in the following consideration. It is easy to see that the
equation hf = °without the mass term has the solutions

f(r) = (-:/~s) r', wheres=±VI\;2_,2/c2.

The solution with s negative is not square integrable at zero if and only if
,2/c2 :::; 1\;2 - 1/4. Therefore, according to Theorem 4.16 and Lemma 4.15,
the Dirac-Coulomb operator H = Ho +,/I~I on CO'(IR3 \ {O})4 is essentially
self-adjoint, if and only if hi :::; cV3/2.

Theorem 4.18. Assume that V can be written as V(r) = VI(r) + V2 (r) such
that each component of VI is integrable in [R, 00), for some R > 0, V2 is of
bounded variation in [R, 00), and

a < b. (4.138)

Then every self-adjoint extension of h has a purely absolutely continuous spec
trum in (-00, a) U (b, 00).

Proof. Ref. [468], Satz 2.1. o
In particular, the theorem states that there are no eigenvalues embedded in the
continuous spectrum. It is interesting to see that there are situations where the



(4.139)
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Dirac operator has a purely absolutely continuous spectrum on the whole real
axis. This occurs for electric potentials which tend to infinity, as r ---7 00.

Theorem 4.19. Assume that the potential matrix V is of the form

(
mc

2 + <Pel(r) c" )
V(~ = ;

c~ -mc2 + <Pel(r) ,

r~~ l<Pel(r)I = 00, 100

1:~:~~~ 1 dr < 00 for some R > O. (4.140)

Then every self-adjoint extension of h has the whole real line as a purely abso
lutely continuous spectrum.

Proof. This theorem was proved in [447] under slightly more restrictive condi
tions on <Pel, These restrictions were removed in [130]. See also [135], Theorem 3
and Remark 5. 0

This result is very remarkable. The Dirac equation with an electrostatic har
monic oscillator potential has no eigenvalue at all! This behavior is completely
different from the Schrodinger equation, which for the potentials described in
(4.140) has only discrete eigenvalues. The curious result for Dirac operators is
related to Klein's paradoxw (Sect. 4.5). A qualitative explanation can be given
as follows. Consider the Dirac equation with a positive harmonic oscillator po
tential <Pel. For any energy E we can find an oscillating (scattering) solution
of the Dirac equation in the region where <Pel(r) - mc2 > E. Note that this
region extends to infinity and corresponds to the classically allowed region for
a positron, which is repelled by the potential. This explains why the essential
spectrum must be the whole real line. The absence of bound states can be un
derstood as follows. H a part of the wavefunction is "inside" the potential (i.e.,
in the "classically allowed region" for electrons at energy E, which is given by
tPel(r) +mc2 < E), then it can tunnel through the classically forbidden region to
the region "outside". The wavefunction decays exponentially in the classically
forbidden region, but the probability of penetrating into the positron region is
nonzero. Hence what has been an electron bound state is now a resonance in a
scattering process involving positrons.

4.7 Selected Topics from Spectral Theory

4.7.1 Potentials Increasing at Infinity

In Theorem 4.19 we stated that the Dirac operator with a radially symmetric
electric potential <pel(r) which tends to infinity, as r ---7 00 has a continuous
spectrum (-00, +00). Here we prove a similar result in a more general situation.

'1'~eorem4.20. Let B n be a sequence of disjoint balls not containing the origin,
,Jiith increasing radius r n ---7 00, as n ---7 00. Assume that in each ball, the electric
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potential <Pel can be approximated by a continuous differentiable function Vn
depending only on r = I~I, such that, as n tends to infinity,

min Ivn(r)1 ~ 00,
xEBn

(4.141)

(4.142)

(4.143)

~ ( (<Pel(~) - vn (r))2 d3x ~ O.
rn lBn

1 1 [V~ (r) ] 2 33" -(-) dx~O,
rn B

n
Vn r

Then the spectrum of the Dirac operator H = HO+<Pell consists of (-00,00).

Proof. Using Weyl's criterion (Theorem VII.12 in [RS 72]) we have to show
that there is a sequence of orthonormal vectors I[t(n) in 'lJ(H) such that
limn -+ oo II(H - E)I[t(n) II = O. We choose

l[t(n)(E, x) = kn eiFn(E,r) vn(r) in(~) 9n(E, ~), r = I~I. (4.144)

The function F and the spinor 9 will be determined later. The function in is a
smooth localization function with support in the ball En with center ~n:

.()_{I, I~ - ~nl :::; rn - 1,
In ~ - I0, ~ - ~nl 2: rn,

o :::; in(~) :::; 1, for all ;v. (4.145)

(4.146)

(4.147)

(4.148)

Furthermore we assume that I'Vin (;v) Iis bounded uniformly in n. Since the balls
are disjoint, the sequence I[t(n) consists of orthonormal vectors (the constant
kn is chosen such that 111[t(n)II = 1).

(H - E)I[t(n)(~) = (-ica. 'V + (3mc2 + <Pel(~) - E) I[t(n)(~)

= (ca' ('VFn ) + (3me2 + vn(r) - E) I[t(n)(~)

+ (<Pel(~) - vn(r)) I[t(n)(~)

+ kneiFn { -ica· [('VV;;l in) 9n + V;;l in ('V9n )]}.

The first summand (4.146) vanishes, if

{
a·~ 2}c -r- F~(E, r) + (3me 9n(E,~) = (E - vn(r)) 9n(E, ~). (4.149)

The matrix on the left side has the eigenvalues ±(e2F~2 + m 2e4)1/2. If n is
sufficiently large, (4.141) implies that either E - vn(r) > me2 or < -me2

• An
eigenvector for the positive eigenvalue is given by the column vector (T means
"transposed" )

In the case E - V n (r) < -me2 we choose instead

9 = (_exl-ixop' c~P' 0 (e2p'2+m2e4)1/2+me2)T.
n r n' r n" n

(4.150)

(4.151)
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lln order to fulfill Eq. (4.149) we must have

c2F~2(E, r) + m 2c4 = (E - vn(r)(

lienee we take

Fn(E, r) = 1
2
r {(E - Vn(S))2 - m 2c4 }! ds.

c J1"'nl

!W'ith these definitions (4.146) vanishes, and we obtain

Ign(E, r) 1
2 = {(c2F~2(E, r) + m 2c4

) 1/2 _ mc2} 2 + c2F~2(E, r)

= 2(E - vn(r) ± mc2
) (E - vn(r)), if vn(r) ~ o.

Consequently, using assumption (4.141),

I l/I(n}(~)12 < k21 Ign(~)12d3x < const.k2
- n 2( ) - n'B n vn r

(4.152)

(4.153)

(4.154)

(4.155)

constl k~ (rn - 1)3 .:::; Ill/I(n) 11
2 .:::; const2 k~ r~. (4.156)

We conclude that kn must behave like const.(rn )-3/2, as n ---7 00, if we require
1I!p(n}!1 = 1. Hence we can estimate (4.147) by

(4.157)

which tends to zero, as n ---7 00, by assumption (4.142). A little calculation
shows that

In· 'Vgn(~)12

= (V~)2 + { -(E - vn)v~ + ~y(E _ vn )2 _ mC2}2
y(E - V n )2 - mc2 r

This implies the estimate

(4.158)

(4.159)

By Our condition (4.143) and the assumption on the balls En' this expression
vanishes, as n ---7 00. It remains to estimate

(4.160)
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Since 'Vin(:e) = 0 in the ball with radius rn - 1, the second integral is easily
seen to be of order k~r~, and hence tends to zero, as n ---7 00. The first integral
vanishes in the limit of large n by assumption (4.143). Putting these results
together proves that (4.148) and hence also (H - E)!JiCn ) tends to zero, as
n ---7 00. Hence, by Weyl's criterion, E is in the essential spectrum of H. 0

There are no bound states in an increasing electrostatic potential, as one would
expect from nonrelativistic quantum mechanics. As discussed at the end of
Sect. 4.6.6 this is a manifestation of the Klein paradox: An electron can tunnel
to a region where it can exist as a positron. Instead of a bound state we observe
a resonant positron scattering state.

Remark. Theorem 4.20 is not generally true in the presence of a scalar poten
tial V = {3cPsc. Scalar potentials can be attractive for electrons and positrons at
the same time. Hence the Dirac operator with a scalar potential which increases
at infinity is expected to have a discrete spectrum. This is indeed the case and
can be seen most easily with the help of supersymmetric methods (Sect. 5.6.1).

4.1.2 The Virial Theorem

We prove the relativistic virial theorem under some simplifying domain as
sumptions

Theorem 4.21. Let V be a potential matrix such that H = Ho + V is self
adjoint on 'lJ(H) c 'lJ(Ho) n 'lJ(V). Furthermore, we assume that for all () > 1

'lJ(V((}:e)) = 'lJ(V(:e)),

lim V((}:e) - V(:e) = :e. 'VV(:e) exists for all:e E IR3 \ {O},
11-+1 () - 1

'lJ(H) C 'lJ(:e . 'VV).

(4.161)

(4.162)

(4.163)

Then the following relation holds for any eigenvalue E of H with corresponding
eigenfunction 'ljJ.

or, equivalently,

('ljJ,:e. 'VV'ljJ) = ('ljJ,(E - (3mc2
- V)'ljJ).

Proof. Define the dilation operator

(4.164)

(4.165)

(4.166)

which is unitary for real () > 0 and depends strongly continuously on (). The
proof of the virial theorem follows by evaluating the expectation value of the
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IOmmutator [(H - E), Uo] in the state ,¢, which must be zero if '¢ is the eigen
,ector belonging to the eigenvalue E,

((H - E) ,¢, Uo'¢) - (,¢, Uo(H - E) '¢) = o.

~t is easy to see that

(4.167)

Uo(H - E) '¢(a;) = ~ (-ica. V'", + (}({3mc2 + V((}a;) - E))Uo,¢(a;). (4.168)

[Jsing the self-adjointness of -ica . V' on 'lJ(H) = 'lJ(Ho) we find that (4.167)
Jquals

(({3mc2 + V(a;) - E),Uo'¢) - (,¢,(}({3mc2 + V((}a;) - E)Uo,¢) = 0, (4.169)

!"bich is equivalent to

(({3mc2 + V(a;) - E) ,¢, Uo'¢) = -()(V ((}a;j~1
v

(a;) ,¢, Uo'¢).

Our condition (4.161) implies for () > 1

(4.170)

(4.171)

~ that the left hand side of (4.170) is well defined. Since () ---7 Uo'¢ is continuous,
~d since also the limit a; . V'V defines an operator on 'lJ(H) , we can perform
~e limit () ---7 1 on both sides of (4.170) to obtain

(4.172)

Ivhich completes the proof of the theorem. 0

Ils far as local singularities are concerned, Eqs. (4.161) and (4.163) are satisfied,
,. each component of the matrix V satisfies

all () E (1, (}o), a; E IR3 \ {O}, (4.173)

~r some (}o > 1, and suitable constants Cl, C2 2: O. In this case,

(4.174)

laecause 1/1a;1 is bounded relative to H o.
The virial theorem provides the simplest method of proving the absence of

~bedded eigenvalues.

E
rOllary 4.22. Let V satisfy the hypothesis of Theorem 4.21. Assume in
dition that the matrix V(a;) + a; . V'V(a;) has only non-positive eigenvalues
r all a; E IR3 \ {O}. Then we have E ::; mc2 for all eigenvalues E of H.
. Harly, positivity of the matrix V(a;) + a;. V'V(a;) implies E 2: -mc2 •
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Proof. From (4.165) and the fact that /3 has the eigenvalues ±1 we conclude
immediately

E(1/J, 1/J) = (1/J, (V + ~ .VV + /3mc2 )1/J) :::; mc2
(1/J, 1/J),

whenever (1/J, (V + ~ .V'V)1/J) :::; O.

(4.175)

c

Remark. The Coulomb potential satisfies V + ~ .VV = 0 and hence we con
clude immediately that there are no eigenvalues in IR \ [-mc2

, mc2
].

4.1.3 Number of Eigenvalues

Finally, we want to review some results on the number of eigenvalues in the
spectral gap. We consider the Dirac operator with an electrostatic potential
H = Ho + 1'4>ell. A simple criterion for the finiteness of the spectrum in
(-mc2 , mc2 ) is given in the following theorem.

Theorem 4.23. Assume that l4>el(~)1 :::; const. for I~I 2: Ro > O. If

lim R roo l4>el (r, iJ, <p)1 dr = 0, uniformly in iJ, <p,
R---->oo JR

(4.176)

(4.177)

then the Dirac operator H = Ho+ 4>el1 has only finitely many eigenvalues with
finite multiplicity in the interval (-mc2 , mc2 ).

If 4>el does not change sign, l4>el(~)1 :::; f < 2mc2 for I~I 2: R o > 0, and

lim R { l4>el(~)1 d3x = 00,

R---->oo J1z1?:.R 1~12

then the number of points (counting multiplicity) of the spectrum of the Dirac
operator in (-mc2 , mc2 ) is infinite.

pT(}()f. Ref. [278], Thms. 5 and 6. o

Remark. It is well known [266] that the Dirac operator with the potential
4>el(~) = 1'(1+~2)-1 has finitely many eigenvalues in (-mc2 , mc2

), if l' < 118m
and infinitely many eigenvalues for l' > 118m.

We expect that if the potential is negative and sufficiently regular, then,
as the coupling constant l' is increased, eigenvalues will enter the gap at the
threshold mc2 , move through the gap, and leave it at -mc2

• This is indeed
the case for the spherically symmetric rectangular potential well, for which the
Dirac equation can be solved explicitly. It is wrong for the Coulomb potential
for which there are infinitely many eigenvalues at each value of the coupling
constant (Sect. 7.4). In this case the lowest eigenvalue approaches E = 0 when
the coupling constant constant becomes 1 and the Dirac operator ceases to be
well defined. It is believed that an eigenvalue after diving into the continuous
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h>ectrum at -mc2 converts into a resonance for positron scattering. However,
It seems to be impossible to give a physical explanation of these phenomena
prithout quantum field theory. For the following we denote by N+h) the num
~r of eigenvalues that enter the gap (-mc2 , mc2

) at +mc2
, if we increase the

Foupling constant from 0 to 'Y. Similarly, N- ('Y) is the number of eigenvalues
leaving the gap at -mc2 • Klaus has proven the following result on the asymp
~tics of N±.

f'roof. Ref. [266].

(4.178)

o

,/l.emark. All eigenvalues move from the right to the left if the coupling con
~ant is increased (if V ~ 0 the eigenvalues enter the gap at -mc2 and move to
tbe right). It is not known whether every eigenvalue really leaves the gap for
~ge values of 'Y. One can prove, however, that infinitely many eigenvalues pass
~ough any given point E in the spectral gap, as 'Y ~ 00. If V is radially sym
J.'netric, this behavior occurs in each partial wave subspace. If some eigenvalue is
~pposed to get stuck at some energy Eo, it would be passed by infinitely many
iether eigenvalues. Hence there would be degenerate eigenvalues for some val
lies of the coupling constant, which is impossible for the radial Dirac operator.
,We conclude that for spherically symmetric potentials the eigenvalues move
,!hrough the gap, such that every eigenvalue also leaves the gap for sufficiently
&ugh coupling constants. It is, however, generally not true that all eigenvalues
~e one behind the other because an eigenvalue of some partial wave Dirac
l»Perator can (and will) be surpassed by an eigenvalue belonging to a different
fngular momentum.
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The Dirac equation has a simple property that distinguishes it from most Schrodinger oper
ators. This is the possibility of splitting the Dirac operator H into an "even" and an "odd"
part, H = H even + Hodd' We shall use this structure to define the concept of an abstract
Dirac operator.

The above mentioned property turns out to be closely related with the general notion
of supersymmetry. In fact, the abstract Dirac operator is a generalization of a supercharge.
Therefore this chapter gives, among other things, an introduction to the basics of supersym
metric quantum mechanics.

In Sect. 5.3.1 we investigate the self-adjointness properties of Hodd by supersymmetric
methods and treat H even as a small perturbation. We obtain results for extremely singular
perturbations of the free Dirac operator, assuming that the dominating singularities occur in
the off-diagonal elements of the potential matrix. This is useful, e.g., for treating the Coulomb
problem with anomalous moment interactions (Sect. 5.3.2).

A most interesting special case occurs if H even anticommutes with Hodd (which is, e.g.,
the case for the free Dirac operator). In this case H is called a Dirac operator with super
symmetry (Sect. 5.4). In applications, however, Dirac operators have this property only in
a few cases. These include the Dirac operator with an external (Lorentz-) scalar field, or a
magnetic field, and the Dirac operator with anomalous moments in some special external
field configurations (Sect. 5.5).

Supersymmetric Dirac operators can be brought to diagonal (or off-diagonal) form by !<
unitary transfonnation which can be given explicitly (Sect. 5.6). This will be the most abstract
form of the Foldy-Wouthuysen (or Cini-Touschek) transformation (cf. Chapter 1). In this way
one can reduce the spectral analysis of supersymmetric Dirac operators to the analysis of
simpler operators which appear in the diagonal (or off-diagonal) of the transformed equation.
In applications these operators are related to the nonrelativistic (or ultrarelativistic) limit of
the corresponding supersymmetric Dirac operator.

A Dirac operator with supersymmetry has an essentially symmetric spectrum with re
spect to zero. The only possible asymmetry occurs at ±mc2 • A measure for the amount of
supersymmetry breaking is the index which counts the difference between the number of
eigenvalues at +mc2 and at -mc2 • For similar reasons one defines the spectral asymmetry
('1 invariant). The Dirac operators occurring in quantum mechanics usually do not have the
Fredholm-property and therefore it is necessary to generalize the concept of an index. Various
types of regularized indices and their relations, in particular the Witten index, are investi
gated in Sects. 5.7 and 5.8. A useful tool is Krein's spectral shift function, which is related
to the phase shift of an associated supersymmetric scattering problem. The Witten index,
the axial anomaly and the spectral asymmetry can be described in terms of Krein's function.
In Sect. 5.10 we describe the connection with Fredholm determinants which can be used for
explicit calculations of the index, especially in one-dimensional systems.

It turns out that the index is remarkably stable with respect to perturbations which
preserve supersymmetry. The invariance of the regularized index under a supersymmetry
preserving perturbation satisfying a relative trace class condition is considered in Sect. 5.9.

Finally, Sect. 5.11 lists some examples of supersymmetric Dirac operators for which the
(Witten) index can be calculated explicitly.
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_.1 Supersymmetric Quantum Mechanics

E
re we describe the foundations of supersymmetric quantum mechanics in

me detail, because these concepts play an important role in the remaining
apters.

15.1.1 The Unitary Involution T

~
e abstract framework of supersymmetric quantum mechanics is given by

. me Hilbert space 11. in which a "unitary involution" is defined. An involution
a bounded operator 7 in 11. satisfying 72 = 1. It is easy to see that if an

E
erator possesses any two of the properties "involutory", "unitary" and "self

. ~oint", then it possesses the third. In the following 7 always denotes a unitary
and hence self-adjoint) involution, i.e.,

(5.1)

~ connection with supersymmetry the operator 7 is sometimes called "Klein's
~er3tor" or "grading operator" .
, Since 7 2 = 1, only +1 and -1 can be eigenvalues of 7. In order to exclude
~vialities like 7 = 1, we assume in the following that the spectrum of 7 consists
~f both eigenvalues. We denote the corresponding eigenspaces by 5J+, resp.
;t'l_. The Hilbert space 5J decomposes into an orthogonal direct sum of these
~enspaces, 5J = 5J+ ffi 5J-, and the operators

(5.2)

jive the orthogonal projections onto 5J±.
A simple example of a Hilbert space with a unitary involution is provided

~
5J = £2(JR3)4 and 7 = (3, the Dirac matrix defined in Eq. (1.9). Further

, pIes of unitary involutions are given by 1'5, i{31'5' and sgnHo = Ho/IHol,
here Ho is the free Dirac operator.

1.1.2 The Abstract Dirac Operator

tt 11. be a Hilbert space with a unitary involution 7. We define an "abstract
'rac operator" to be a self-adjoint operator H with a domain 'lJ(H) that is

invariant by 7, Le., 7'lJ(H) = 'lJ(H).

~
nuna 5.1. Any abstract Dirac operator H can be uniquely written as the

of two operators Hodd and Heyen, both well defined and symmetric on
(H) (but not necessarily self-adjoint), such that Hodd anticommutes with 7,
hereas Heyen commutes with 7,

{Hodd ,7} == 7Hodd + Hodd7 = 0 on 1J(H),

[Heyen ,7] == 7Heyen - Heyen7 = 0 on 1J(H).

(5.3)

(5.4)
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Proof. Let P± be the projectors defined in Eq. (5.2). Since P±1)(H) C 1)(H)
we can write

and each summand is well defined on 1)(H). Symmetry is easily verified and the
commutation properties (5.3) and (5.4) follow from TP± = ±P±. Uniqueness is
established as follows. Let H ev and Hod be two other operators satisfying the
requirements ofthe lemma. Then Hev-Heven+Hod-Hodd = H -H = 0 clearly
commutes with l' and hence with P±. By assumption, H ev - H even commutes
with l' and hence also T == Hod - H odd commutes with T. On the other hand,
Hod and Hodd both anticommute with l' and hence TT = TT = -TT on 1)(H).
This implies T = 0, Le., Hod = H odd and hence H ev = H even . 0

The symmetric operator H odd is called the odd or fermionic part of H, and
H even is called the even or bosonic part. In most applications Hodd and H even

can be extended to self-adjoint operators.
An abstract Dirac operator Q for which Q = Qodd is called a supercharge

with respect to T. Thus a supercharge is a self-adjoint operator with

{T,Q}=O on1)(Q). (5.6)

The positive operator Q2 is usually called a Hamiltonian with supersymmetry.
It commutes with l' and is therefore an even operator.

Concrete Dirac operators are given formally as a sum of a supercharge Q
and an operator V which is symmetric and even, i.e.,

[1', V] = 0 on 1)(V). (5.7)

Very often V is an operator bounded perturbation of Q so that H = Q + V is
self-adjoint on 1)(H) = 1)(Q) (see Sect. 5.3.1).

5.1.3 Associated Supercharges

Lemma 5.2. Let Q be a supercharge with respect to T. Then the operator
Q' = iQT, defined on 1)(Q), is also a supercharge with respect to T. It satisfies

Q,2 = Q2, {Q',Q} = 0 on 1)(Q2),

(Q')' = Q, on 1)(Q).

(5.8)

(5.9)

Proof. From (5.6) it is clear that Q' is defined on 1)(Q), and that iQT = -irQ
on this domain. Hence (iQT)* = (-iTQ)* = iQ*T* = iQT, Le., Q' is self-adjoint
on 1)(Q). Since Q' anticommutes with l' on 1)(Q), we conclude that Q' is a
supercharge with respect to T. Eqs. (5.8) and (5.9) follow immediately from the
definitions. 0
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1.2 The Standard Representation

~he splitting of the Hilbert space in supersymmetric quantum mechanics makes

~
t natural to write operators in matrix form. A mathematical correspondence
etween supercharges Q and closed operators D leads immediately to the polar
composition theorem and to the spectral supersymmetry of D*D and DD*.

. . result will be used below in some explicit calculations (e.g., the solution

. the Coulomb problem in Sect. 7.4).

,.2.1 Some Notation

·Let T be a unitary involution in a Hilbert space 5), and let 5)± = P±5) with P±

lliven by Eq. (5.2). The standard representation is defined by writing 'ljJ E 5) =
fJ+E95)- as a column vector 1/J = (1/J+,1/J-)T, where 1/J+ E 5)+, and 1/J- E 5)_.
itHere "T" denotes the transposed of a matrix or a vector). We shall identify 5)+
fIUld 5)- with the set of vectors ofthe form (1/J+, 0) T and (0, 1/J~) T, respectively.
'With this notation the unitary involution T is most naturally written as

(5.10)

,Ian abstract Dirac operator H is represented by the 2 x 2 matrix

(5.11)

(5.12)

pher~, e.g.,

P+HP_ == (~ H~_) on 5)+ ffi P-'lJ(H), etc.

rrhe operator Heven (Hodd ) is just the diagonal (off-diagonal) part ofthe matrix
!Operator H.

For an even operator V we obtain the representation

V=P+VP++P_VP_==(~+ ~_). (5.13)

~
., V is the direct sum of the operators V+ and V_, hence l V is self-adjoint

essentially self-adjoint, symmetric, closed) if and only if the operators V+
d V_ are both self-adjoint (essentially self-adjoint, symmetric, closed) on
(V±) C 5)±. The situation is slightly more complicated for odd operators
hich are the subject of the next section.

rr---[We 80], Ex. 5.43 on p. 128.
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5.2.2 Nelson's Trick

A supercharge Q is an odd operator, hence it is an off diagonal matrix in the
standard representation. The next lemma gives criteria for an odd operator to
be symmetric, essentially self-adjoint, or self-adjoint.

Lemma 5.3. (Self.adjointness of a supercharge). Let 5)+ and 5)_ be Hilbert
spaces, and assume that D+ : 1)+ C 5)+ ----+ 5)_ and D_ : 1)_ C 5)- ----+ 5)+ are
densely defined closeable2 operators. On 1)+ ffi 1)_ define the operator

(5.14)

Then

D~)o ' Q'* = ( 0D**+
D*-.*)o . (5.15)

Proof. There exists a unitary isomorphism I between the Hilbert spaces
5) = 5)+ ffi 5)_ and ji = 5)_ ffi 5)+ given by I(j, g) T = (g, f) T, for f E 5)+ and
9 E 5)_. The operator Q can be written as PI, where

(5.16)

The notions closure, adjoint etc. of an operator immediately carry over to direct
sums of operators. Thus the operator P is closeable (closed) iff both D_ and
D+ are closeable (closed). But from Q = PI and the boundedness of I and
I-I = 1* we conclude that Q is closeable (closed) iff P is closeable (closed)3,
We have Q* = I* P* and since I*' = I we find Q" = P" I. 0

The lemma shows, that an odd operator Q is self-adjoint (i.e., Q' = Q) if
and only if D+ is closed on 1)+, and D_ = D+ (which is equivalent to the
statement that D_ is closed on 1)_, and D+ = D*--). Similarly, Q is essentially
self-adjoint (i.e., Q** = Q*), if and only if D*--' = D~ or equivalently D+' = D*--.
Q is symmetric (Le., Q** C Q*)4, iff D*-* c D+ or equivalently iff D+* cD*--.

Example 5.4. For the Dirac operator (4.15) with a magnetic field, the operator

(5.17)

is symmetric, if each component of A is locally square integrable. A symmet
ric operator is always closeable. Hence Q is (essentially) self-adjoint, iff D is
(essentially) self-adj~int.

2 A densely defined linear operator T will be called "closeable" iff T" is densely defined. In
this case (closure of T) = T", and (closure of T)" = T"" = (closure of T') = T" .

3 [We 80J, Ex. 5.12 on p. 96.
4 For operators A and B, the notation A C B means that A = B on 1)(A), which is a subset

of 1)(B)
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From the results above it is clear that there is a one-to-one correspondence
between densely defined closed operators D and self-adjoint operators Q (su
percharges) of the form

Q = (~ ~*) on 1)(Q) = 1)(D) EB 1)(D*)

in 3 larger Hilbert space. Thus we can use well known theorems for self-adjoint
operators to derive results for closed operators which are more difficult to ob
tain in a direct way. In an unpublished remark Edward Nelson has noticed
that one can prove in this way a theorem of von Neumann: D*D is densely
defined and self-adjoint iff D is densely defined and closed. Just note that for
any self-adjoint Q the operator Q2 is densely defined and self-adjoint (by the
spectral theorem). Another example where Nelson's trick is useful is the polar
decomposition theorem for closed operators. These results are proven below
because they are of general importance to supersymmetric quantum mechanics
and necessary for calculations performed within the standard representation.

5.2.3 Polar Decomposition of Closed Operators

Theorem 5.5. If D is a densely defined, closed linear operator from 1)(D) C 5)+

to 5)_, then both D*D and DD* are densely defined, self-adjoint and positive,
and 1)(D*D) (resp. 1)(DD*)) is a core for D (resp. D*). Moreover we can write

(5.19)

with the self-adjoint and positive operators

(5.20)

defined on 1)(Q+) = 1)(D), 1)(Q_) = 1)(D), and with the partial isometry

S =- {Q
o

=1 D = DQ~1 on (Ker D)1. (5.21)
on KerD.

Here Ker D is the set {'ljJ E 1)(D) I D'ljJ = O} (the "kernel" of D), and "1.,,
denotes the orthogonal complement of a set.

Proof. Our proof uses Nelson's trick. A direct proof can be found in various
textbooks, e.g., in [Ka 80], Sects. V.3.7 and VI.2.7, or in [We 80], Theorem 7.20.
From D and D* we may form the operator Q as in (5.18). By Lemma 5.3, Q is
self-adjoint. By the spectral theorem for self-adjoint operators, Q2 is self-adjoint
on the dense domain

(5.22)

and positive. Moreover, Q is essentially self-adjoint on 1)(Q2). This proves the
first part of the theorem. For the second part we just note that (again by
the spectral theorem) for any self-adjoint operator Q = IQ Isgn Q = sgn Q IQ I,
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where IQI = (Q2)1/2 is defined on 1)(Q), and where sgnQ is a bounded, ev
erywhere defined operator given by QIQI- 1 = IQI-1Q on (KerQ)-l and 0 On
KerQ. ~

Remark. Note that for any supercharge given as in (5.18)

Ker Q = Ker D ffi Ker D* .

By Nelson's trick, the formula

KerQ = KerQ2 = (RanQ)-l

is equivalent to

Ker D = Ker D* D = (RanD*)-l = (RanD*D)-l,

Ker D* = Ker DD* = (RanD)-l = (RanDD*)-l.

(5.23)

(5.24)

(5.25)

(5.26)

The operator sgn Q is a unitary map from (Ker Q)-l onto (Ker Q)-l, Le., a
partial isometry. In the standard representation it is given by

(
0 S*)sgnQ = S 0 on (Ker Q)-l . (5.27)

Thus S is unitary from (Ker D)-l onto (Ker D*)-l.

Corollary 5.6. (Spectral supersymmetry). The operator D*D on (Ker D)~
is unitarily equivalent to the operator DD* on (Ker D*)-l. In particular, the
spectra of D*D and of DD* are equal away from zero,

C1(DD*) \ {O} = C1(D* D) \ {O}.

Proof. The result follows immediately from the trivial calculation

(5.28)

(
D*DO) 2 2 ( S* D D*SO)o DD* = Q = (sgn Q) Q (sgnQ) = 0 SD*DS* ,

which holds on (Ker Q)-l and which shows that DD* and D*D are mapped
onto each other by the isometry S. 0

In particular, whenever). # 0 is an eigenvalue of D* D with eigenvector f, then
Df is an eigenvector of DD* belonging to the same eigenvalue:

DD*(Df) = D(D*Df) = DAj = )'(Df). (5.29)

Conversely, DD*g =').g, ),#0, implies 9 E 1)(D*), and D*D(D*g) = ).(D*g).
Hence all eigenvectors 9 of D D* can be written as 9 = D f, with f an eigen'
vector of D*D belonging to the same eigenvalue. Furthermore, all eigenvalues
),#0 of Q2 are degenerate, (1,0) T and (0, g) T are orthogonal eigenvectors.
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5.2.4 Commutation Formulas

for any supercharge Q and any bounded continuous function f define on :D(Q)
~e operator

Q f(Q2) = ! )..f()..2) dEQ()") = f(Q2) Q.

[since

f(Q2) = (f(Do*D) f(~D*))'

(5.30)

(5.31 )

~ conclude from (5.24) and (5.18) that the following formulas hold on :D(D*)
Jesp. :D(D) for any densely defined closed operator D:

f(D* D) D* = D* f(DD*), f(DD*) D = D f(D* D). (5.32)

i.3 Self-Adjointness Problems

5.3.1 Essential Self-Adjointness of Abstract Dirac Operators

~ Sect. 4.3 we investigated singular perturbations of the free Dirac operator
':80, in cases where the perturbation V may be considered "small" compared to
flIll. There are, however, important situations where the assumptions of Theo
\rem 4.2 are violated (e.g., for electrons with an anomalous magnetic moment
an a Coulomb field). In these cases we proceed as follows. Define

Ho + V= Q+W, (5.33)

(Where W = {3mc2 + Veven is even, and Q = co: . p + Vodd is odd (with respect
:'0 the unitary involution T = (3). In this section we shall obtain criteria for
~ odd operator Q to be essentially self-adjoint. These criteria are based on
'Supersymmetry rather than on perturbation theory. The crucial observation is
i~hat in some cases W may be considered a small perturbation of the essentially
lelf-adjoint operator Q although V is not a small perturbation of Ho.

:temm.a 5.7. Define Q as in Lemma 5.3 and let Q be symmetric. Assume

a} D+:D+ C :D(D~*),

b} D*-.* D+ is essentially self-adjoint on :D+.

Then Q is essentially self-adjoint on :D+ ffi :D _.

Proof. We shall use the basic criterion for essential self-adjointness5 : For a
.SYmmetric operator T the following three statements are equivalent: i) T is
:~sentiallY self-adjoint, ii) Ker (T*±i) = {O}, and iii) Ran (T±i) is dense.

II IRS 72J, corollary to Theorem VIII.3.
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Assume that for some u E 5)+ and v E Sj_

Then we have for all ¢ E :D+

(D~·D+¢,u) = (D+¢,D~u) = ±i(D+¢,v)

= ±i(¢,D~v) = -(¢,u).

This means ((D~·D+ + l)¢,u) = 0 and hence

u E Ran (D~·D+ + 1}-l.

(5.34)

(5.35)

(5.36)

By the essential self-adjointness of D~·D + and the basic criterion we must have
u = 0 and hence v = O. But this implies that ±i is not an eigenvalue of Q•.
Hence Ker (Q±i) = {O} and Q is essentially self-adjoint. 0

The same result holds if the roles of D+ and of D_ in the conditions a) and
b) of Lemma 5.7 are exchanged. Thus, if at least one of the operators D*-· D+
or D+· D_ is well defined and essentially self-adjoint, then Q is essentially self
adjoint and by Lemma 5.3 its self-adjoint extension is given by

( 0 D•• ) (0
Q•• = D*- 0- = D+· D~)o . (5.37)

As in Theorem 5.5 we conclude that both D~·D~ and D+· D+ are densely
defined, self-adjoint, and positive.

The assumptions of Lemma 5.7 are weaker than the requirement that Q2
be essentially self-adjoint. This is illustrated in the following example.

Example 5.8. (The free radial Dirac operator for Kj = 1). Let :D± = :D
Co (0, 00) and define

d 1
D+ = - +-,

dr r
(5.38)

These operators are closeable and they leave the domain :D invariant. Hence
D~·D+ = D_D+, and D+·D~ = D+D_. We find

(5.39)

Only D_D+ is essentially self-adjoint on :D. By the lemma above Q is essentially
self-adjoint on Co (0,00)2, while Q2 is not. The self-adjoint operator D+· D·f- is
the Friedrichs extension of D+D_, and D~·D~ is simply the closure of D_D+.

Together with Lemma 4.15 this example leads to another proof of the es
sential self-adjointness of the free Dirac operator H o on Co (IR3 \ {O})4. This
result does not extend to the nonrelativistic Schrodinger operator -.4.
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Now, assume that W+ and W~ are symmetric operators such that W';' is
form-bounded relative to D~*D+, similar for W_ and D+* D_. This means there
exist constants a and b such that

(W_v, W_v)::; a(D+v,D_v) + b(v,v).

for all U E :D+ and v E :D_. This implies, since D+ C D+* = D~,

(5.40)

(5.41)

(5.42)

(similar for W_), i.e W± are (operator-) bounded relative to D ±. For Q as
above and

(5.43)

we thus obtain immediately

(5.44)

Now, if a ::; 1 we can apply the Kato-Rellich theorem (resp. Wiist's theorem
for a = 1, see [RS 75], Thm. X.14) to conclude essential self-adjointness of
T = Q + W on :D+ ffi :D_. For a < 1 the closure H = T** is self-adjoint on
:D(Q**) C :D(W). This domain is left invariant by 7, as can be seen from (5.37).
Therefore H defines an abstract Dirac operator. We summarize our results in
the following theorem.

Theorem 5.9. Let Q, defined as in Lemma 1 be symmetric on some dense
domain :D+ffi:D~.Assume that one ofthe operators D~*D+ on:D+ or D+* D_ on
:D_ is well defined and essentially self-adjoint. Let W± be symmetric operators
in .t)±, such that wl are form-bounded relative to D~*D+ resp. D+* D_ with
form bound a ::; 1. Then the operator

T = ( 0
D+

(5.45)

is essentially self-adjoint.

An application of this theorem is given in the next section.

5.3.2 Particles with an Anomalous Magnetic Moment

Let 4>el(:I:) == 4>ei(r), r = 1:1:1, be a rotationally symmetric electrostatic potential.
We denote 4>~i(r) == d4>ei(r)/dr. Then the Dirac operator for an electron with
anomalous magnetic moment /-La is unitarily equivalent to a direct sum of radial
Dirac operators (cf. Sect. 4.6.5). The radial Dirac operators are defined on the
basis of the following expressions
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(5.46)

where K = ±l, ±2, .... If, for example, <Pel(r) is a Coulomb potential, /r, then
<p~l(r) has a 1/r2-singularity which looks very bad in view of Sect. 4.3. It will
nevertheless turn out that the existence of an anomalous magnetic moment has
in fact a regularizing influence, so that the Dirac operator, as long as /-La # 0,
can be defined even for extremely singular potentials, like <Pel(r) = exp(l/r).

We want to define with the help of T a unique self-adjoint radial Dirac
operator H in the Hilbert space L2(0, 00)2. We assume that <Pel is twice contin
uously differentiable with a possible singularity at the origin r = 0. Then the
operators

(5.47)

are well defined on:D± = Co(O, 00) (the infinitely differentiable functions with
compact support away from 0). Moreover D±:D± = CJ(O, 00). Hence T may be
defined on Co(O, 00) ffi Co(O, 00). By a partial integration we find (I, D_g) =

(D*--f,g) = (D+f, g) = (I, D~g) for all f and gin Co(O, 00). Therefore D~ is
a closed extension of D_ and hence D':...* c D~. Now we consider the operators
D':...* D+ and D~*D_ which are well defined on Co(O, 00). We denote

then, on 00(0,00),

D:'* D+ = D_D+ = _c2 :2 + v"if(r),

(5.48)

(5.49a)

D~* D_ = D+D_ = _c2 d~2 + v"jf(r). (5049b)

According to Theorem 5.9, at least one of these operators, say D~D+ must be
essentially self-adjoint on Co(O, 00). From Lemma 5.7 of the previous section we
may then conclude the essential self-adjointness of Q. Concerning the essential
self-adjointness of the symmetric second order operators (5.36) many results
exist in the literature on nonrelativistic quantum mechanics. We shall assume
the following conditions on V:

(i) <Pel is twice continuously differentiable on (0,00),

(ii±) v,,~(r) 2> ~~~ - kr2
- k', for some real constants k, k',

(iii) v,,~(r).- <p;l(r) 2> -~ - b, for some real constant b.

The conditions (i), and (ii+) resp. (iL) imply essential self-adjointness of
(5,49a) resp. (5.49b)6. They can be replaced, of course, by any other set of
sufficient conditions. Note that in general only one of the operators (5.49a),

6 see, e.g., [RS 75J p.200
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(5049b) is essentially self-adjoint (cf. Example 5.8). Note also that for /-La -I 0
the conditions (i) - (iii) include rather singular potentials 4>el like

(5.50)

On the other hand, if /-La = 0, the condition (iii) requires l4>el(r)l:::; c/2r+b, at
least for K = ±l. (In fact, electrons do have a small, but nonvanishing anoma
lous magnetic moment). Condition (iii) is needed for a perturbative treatment
of the main diagonal part of T. For this we have to check, according to The
orem 5.31 (we may neglect the constants ±mc2 in a discussion of essential
self-adjointness)

(4)elu,4>eIU):::; (D~u,D~u) + b(u,u),

which can be written as

(5.51 )

Using assumption (iii) this condition can be satisfied if

or

(5.53)

(5.54)roo dr~ lu(r)1 2 :::; roo dr 1du(r) 1

2

,
Jo 4r Jo dr

which is precisely Hardy's inequality7. This shows a remarkable fact: No matter
how singular 4>el(r) is at r = 0, the Dirac operator is always well defined as
long as /-La -I O.

The Coulomb-Dirac operator with /-La -I 0 will be investigated further in
Sect. 7.4.5.

5.4 Dirac Operators with Supersymmetry

5.4.1 Basic Definitions and Properties

As a particularly important special case of an abstract Dirac operator we define
a "Dirac operator with supersymmetry". It has the form

H=Q+MT, (5.55)

Where Q is a supercharge with respect to T, and M is a positive self-adjoint
Operator, which commutes with Q and T (Le., M is an even operator),

7 See [RS 75J, Sect. X.2, the lemma on p.169
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M'.D(Q) C '.D(Q),

r'.D(M) = '.D(M),

[M, Q] = 0 on '.D(Q) C '.D(M).

[M, r] = 0 on '.D(M).

(5.56)

(5.57)

We assume for simplicity that M is invertible and that M and M- 1 are bounded
and defined on all of 1t, from which we conclude

M : '.D(M) = 5) -+ 5) is bijective, and M'.D(Q) = '.D(Q). (5.58)

In the applications, M is usually a positive constant, the rest mass of the
particle.

Example 5.10. (The free Dirac operator). The operator Q = -ico: . '\7, where
0: is the Dirac matrix defined in (1.9), is a supercharge with respect to f3 in
the Hilbert space L 2(JR3)4. The Dirac operator Q + mc2f3 describing a free
electron is a Dirac operator with supersymmetry. Further examples are given
in Sect. 5.5.

Example 5.11. Let f be a bounded continuous real-valued function such that
f(>..) ~ k > O. For a given supercharge Q (with spectral family EQ(>")) define
the bounded operator

(5.59)

Then Q + f(Q2)r is a Dirac operator with supersymmetry.

Theorem 5.12. Let H = Q + Mr be a Dirac operator with supersymmetry.
Then H is self-adjoint on '.D(H) = '.D(Q). The operator H 2 is self-adjoint on
'.D(H2) = '.D(Q2), and

Moreover, H 2 is strictly positive,

2 1
('ljJ,H 'ljJ) ~ IIM-1112 for all 'ljJ with 11'ljJ11 = 1.

(5.60)

(5.61)

Proof. The self-adjointness of H follows immediately from the boundedness of
M. Since H is self-adjoint, the operator H 2 is densely defined, self-adjoint, and
positive. For all 'ljJ E '.D(Q2) we may write H 2'ljJ = (Q2 + MrQ + QrM + M 2)'ljJ.
On the domain '.D(Q2) C '.D(Q) we find MrQ + QrM = 0, using (5.6), (5.56),
and (5.57). '.D(H 2) equals '.D(Q2), since M 2 is bounded. This proves (5.60). The
strict positivity of H follows from ('ljJ,H2'ljJ) ~ ('ljJ,M2'ljJ) = \\M'ljJ11 2, because
11'ljJ\\ = IIM-1M'ljJ\\ :s; \\M-111·\\M'ljJ11 implies IIM'ljJ112 11'ljJII/IIM-111. 0

The following commutation formulas follow immediately from the definitions.

(5.62)
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r:D(Q2) = :D(Q2), rQ2 = Q2r on :D(Q2),

M 2Q = QM2 on :D(Q).

Therefore Q, as well as M, commute with H 2 = Q2 + M 2, and we have
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(5.63)

(5.64)

(5.65)

for any bounded, continuous function f.

5.4.2 Standard Representation

Let H = Q + M r be a Dirac operator with supersymmetry. In the standard
representation it has the form

D* )
-M_ '

(5.66)

The matrix elements of H do not commute with each other. However, from
Eq. (5.56) we obtain

(5.67)

and hence H 2 can be written as

H2 = (D*DO+M; 0 )
DD* +M: .

Denoting

H; == D*D +M;,

we obtain from (5.65) by Nelson's trick the formulas

f(H;) D* = D* f(H:) on :D(D*),

f(H:) D = D f(H;) on :D(D).

for any bounded, continuous function f.

5.5 Examples of Supersymmetric Dirac Operators

(5.68)

(5.69)

(5.70)

(5.71)

5.5.1 Dirac Operator with a Scalar Field

Let V = (3¢>sc be a (Lorentz-) scalar potential (see Sect. 4.1.2). Using the
"supersymmetric" representation of the Dirac matrices (see Appendix A to
Chapter 1) the Dirac operator H = H o + V has the form (5.66), with

D = -icO'·V' + i(mc2 + ¢>sc) , (5.72)

(5.73)
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The unitary involution T is now given by

(5.74)

and H is a supercharge with respect to 'T. This is just a special case of the
following observation. If 5) is a Hilbert space with a unitary involution, such
that 5) + = 5) _, and if H is an abstract Dirac operator of the form

then H is unitarily equivalent to the supercharge

(5.75)

T HT- 1 _ ( 0
- D'

(D')* )
o ' D' = D+iV. (5.76)

5.5.2 Supersymmetry in Electromagnetic Fields

Electron in a magnetic field: The Dirac operator for a spin-1/2 particle in a
magnetic field reads

(

mc2

H = cO'.(-iV' - ~A)
cO" ( -iV' - ~A))

-mc2 . (5.77)

We see that this is a Dirac operator with supersymmetry, because it has the
form (5.66) if we set

M+ = M_ = mc2
, D = D" = cO'.(-iV' - ~A).

From the properties of the Pauli matrices 0' we obtain

D" D = DD" = c2
( -iV' - ~A)2 - ecO'· B == 2mc2 H p ,

(5.78)

(5.79)

where we have defined the Pauli Hamiltonian H p which turns out to be the
nonrelativistic limit of the Dirac operator (5.77) (cf. Chapter 6).

Particle with anomalous electric moment in a magnetic field: The influence of
a magnetic field on the anomalous electric moment ba of a particle is described
by a supersymmetric Dirac operator with

(5.80)

Note that DID" in this case. A little calculation shows

~~} = 2mc2 H p =f Cba {iO'.rotB +20'·B;\ (-iV'-~A)}+ 8;B 2
, (5.81)

where H p is defined as in (5.79). We have used that B = rot A and hence
divB = 0, B·A = O.
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Neutron in an electric field: The neutron is a neutral spin-1/2 particle with
~omalous magnetic moment /-La' In an electric field the Dirac operator is a
1Pirac operator with supersymmetry, where

M+ = M_ = mc2
, D = -icu·'V - i/-La u·E. (5.82)

fA similar calculation as for (5.81) shows

~~ } = -c2 .:1 =f C/-La{div E + iu·rot E + 2u·E;\ (-i 'V)} + /-L;E 2
• (5.83)

'In case of electrostatic fields we have E = - 'V 4>ell and hence the term with
IrotE vanishes.

-Neutron in a magnetic field: If there is only a magnetic field then the Dirac
:~eratorfor a neutron has the form (5.75). Applying the unitary transformation
IT defined in (5.76) the Dirac operator becomes a supercharge,

(
0

H=. . 2
-ICU''V + l(mc - /-Lau·B)

6.5.3 The Klein Gordon Equation

-icu·'V - i(mc2
- /-Lau.B))

o . (5.84)

For a spin-O particle with mass m > 0 in an external magnetic field described
by. the vector potential A(:Il) the Klein-Gordon equation reads

{82 2}
{)t2 + (-i'V - A(:Il)) + m 2 U(:Il,t) = O.

Writing this as a first order system we obtain

(5.85)

i ~ 'I/J(t) = H'I/J(t), (
u(·,t) )

'I/J(t) = i8u(.; t)/8t ' (5.86)

H= (~~), T=(-i'V-A)2+ m 2. (5.87)

,:We shall define Hilbert spaces S'J+, S'J- such that H becomes an abstract Dirac
Qperator, even a supercharge, in a natural way.

The operator T is essentially a Schrodinger operator for a nonrelativistic
particle in a magnetic field. Let (each component of) A be locally square in
~grable. Then -i'V - A is well defined on CQ'(lR3 ), symmetric and hence
;,closeable. Denoting the closure of -i'V - A by D we may write T = D*D+m2 ,

;and T is self-adjoint and strictly positive by Theorem 2.3. We define

(5.88)

~he vector space S'J+ is a Hilbert space with the scalar product

(u, v)+ == (T I
/

2
U, T I

/
2v), where (.,.) == L 2-scalar product. (5.89)
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Note that 'If; has finite norm in 5) iff u has finite field energy,

In (5.87) the operator 1 denotes the identity, restricted to :D(T1
/

2
),

1: :D(T1
/

2
) C 5)- -+ 5)+.

It is just the adjoint of the operator

(5.90)

(5.91)

(5.92)

which can be seen as follows: The adjoint of a densely defined linear operator
T from 5)+ to 5)- is given on the domain

:D(T·) == {f E 5)- 13g E 5)+: (I,Th) = (g,h)+ for all h E :D(T)} (5.93)

by T· f = g. But from the self-adjointness of T we conclude (I, h)+ =
(T1 / 2 f, T 1 / 2h) = (I, Th) for all h E :D(T) and f E :D(T1

/
2

), and hence
T· f = f. This proves that H defined as in (5.87), (5.91), (5.92) is a super
charge.

5.6 Normal Forms of Supersymmetric Dirac Operators

5.6.1 The Abstract Foldy-Wouthuysen Transformation

The supersymmetric Dirac operator can be diagonalized by a suitable unitary
transformation UFW ' For the free Dirac equation UFW coincides with the Foldy
Wouthuysen transformation introduced in Sect. 1.4.

Theorem 5.13. Let H = Q + M T be a supersymmetric Dirac operator. Define

(5.94)

Then UFW is unitary and

(5.95)

HFW is an even operator and satisfies

(5.96)

In the standard representation UFW diagonalizes the matrix operator H

(5.97)



Normal Forms of Supersymmetric Dirac Operators 155

Proof. On (KerQ)J. the operator MIHI- 1 is self-adjoint and bounded with
norm < 1. Hence a± can be defined as a norm-convergent series

1 V -I - 1 { -I 3(MI 1- 1)2 }J2 1 ± MIHI = J2 1 ± MIHI -"8 H ± ... , (5.98)

On Ker Q we simply have a+ = 1, a_ = 0 so that UFW = 1 on Ker Q. It is easy
to verify the following formulas for the bounded operators a±

(5.99)

Now the inverse transformation U;w = U;,};. is easily determined,

(5.100)

Furthermore we note that IHI = (Q2 + M 2)1/2 commutes with rand Q, and
the following commutation relations hold on !J)(H) = !J)(Q)

[H,a±] = [Q,a±] = 0, Hr(sgnQ) = -r(sgnQ)H.

Now we can verify Eq. (5.95) in the following way

(5.101)

UFwHU;w = (a+ + r (sgnQ) a_)H(a+ - r (sgn Q) a_)

= (a~ + 2r (sgnQ) a+a_ - a~)H

= (MIHI- 1 +r(sgnQ) IQIIHI-1)H

= (M + rQ)IHI-IH = r(Mr + Q)IHI-1H

= rH2IHI-I = riHI. (5.102)

The matrix form of rlHI immediately follows from (5.10), (5.68) and IHI
y'Jf2. 0

Remark. Since the operator Q commutes with H 2 (ef. Sect. 5.4.1), we have
in particular [sgn Q, H 2 ] = 0 on (Ker Q)J.. From this we conclude

DD" + M~ = S(D" D + M~)S" (5.103)

Where S is the partial isometry defined in Eq. (5.21). In the special case where
At is simply a constant we reformulate this result using the spectral mapping
theorem.

Corollary 5.14. Let H = Q + mr with some real constant m > O. Then the
Spectrum of H is symmetric with respect to 0 (except possibly at ±m), has a
gap from -m to +m, and is determined by the spectrum of D" D (except at
-m). The point +m (or -m) is an eigenvalue of H, iff 0 is an eigenvalue of D
(or D").

Example. We show that the Dirac operator with an increasing scalar poten
tial has a purely discrete spectrum. If we assume that 4>sc (:I:) tends to infinity,



156 Supersymmetry

as :Il --t 00, such that </Jsc and V' 4>sc are infinitesimally bounded with respect
to -c2 .:1 + 4>;c, then it follows from well known properties of Schrodinger op
erators that D*D and DD* in Eq. (5.73) have a purely discrete spectrum.
By Corollary 5.14, the corresponding Dirac operator also has a purely discrete
spectrum.

5.6.2 The Abstract Cini-Touschek Transformation

On Ker Q we have a+ = 1, a_ = 0, hence Upw is just the identity on Ker Q.
For M = 0, i.e., if H is a supercharge we can still define an abstract Foldy
Wouthuysen transformation. Setting a± = 1/"11'2 on (KerQ).L we obtain

1 1 ( 1Upw(M=O) = "11'2(1 + TsgnQ) = "11'2 -8

It is easy to see that

Thus the unitary operator

8*)1 . (5.104)

(5.105)

(5.106)

transforms H = Q + M T to an odd operator. For the free Dirac equation this
transformation is known as the Cini-Touschek transformation. We state this
result as a theorem.

Theorem 5.15. Let H = Q+MT be a Dirac operator with supersymmetry. The
operator UCT, defined as in (5.106) is unitary on the Hilbert space (Ker Q).L,
and

(5.107)

In the Hilbert space (KerQ).L the operator HeT is a supercharge with respect
to T and satisfies

(5.108)

Hence H 2 is a Hamiltonian with supersymmetry. In the standard representation
UCT transforms H into off-diagonal form

-~Ju;,~ CjD.~;M~
where 8 = DID* D\-1/2, as defined in (5.21).

8*JDD* +M:) , (5.109)
o



Normal Forms of Supersymmetric Dirac Operators 157

5.6.3 Connection with the Cayley Transform

For any self-adjoint operator A define the Cayley transform C as the unitary
operator

C == (i - A)(i + A)-1 = e2i arctan A • (5.110)

Conversely, if C is the Cayley transform of a self-adjoint operator A, then A is
given by

:D(A) = Ran (1 + C), A=i(l-C)(l+C)-I. (5.111)

r.rheorem 5.16. Let Upw and UCT be abstract Foldy-Wouthuysen and Cini
~ouschek transformations, respectively. Then Uiw is the Cayley transform
~f (iQr)M-l and on (KerQ)~ the operator U~T is the Cayley transform of
fM(iQr) -1. We have therefore the representations

UFW = exp{ ~ arctan(iQr/ M)},

UCT = exp{~ arctan(M/iQr)}, on (KerQ)~.

~oreover,

uiw = -U~T' on (Ker Q)~.

(5.112)

(5.113)

(5.114)

Proof. From the definitions in Sect. 5.4.1 we conclude that iQrM- 1 is a self
jWjoint operator. Define

a±(.,\,m) = ~ J1 ± yI,\2: m 2

Illittle calculation shows that for ,\ E lR and m -I 0

(5.115)

(5.116)

(5.117)

{ a+(,\, m) + i I~I a_('\, m)r= ~ ~ ~:=:.
p;ms result also holds if we replace ,\ by the self-adjoint operator Q' = iQr,
Jmd m by the operator M, which commutes with Q'. Note that iQ'IQ'I- 1 =

7'"Qr 1QI- 1 = rsgnQ and Q,2 + M 2 = Q2 + M 2 = H 2 • Hence the expression
J...} in Eq. (5.116) simply becomes the operator Upw • We obtain

u4 _ i- Q'M- 1

PW - i + Q'M-l .

~ith (5.110) this implies the result (5.112). The operator Q'M-l is injective
~n (Ker Q)~ and has dense range in this Hilbert space. We can therefore define
~he inverse MQ,-1 as a self-adjoint operator in (KerQ)~. Hence we can also
'\>/rite



(5.118)
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U4
i - MQ,-l

on (KerQ)-l.
FW i+MQ,-1

On the other hand, since UFw (M=0)4 = -1 and since UFw(M=O)* commutes
with UFW we have U~T = UFw (M=0)*4 Uiw = -uiw' 0

Example 5.17. For the free Dirac equation we have iQrM- 1 = - ';'J3O: .p.

5.7 The Index of the Dirac Operator

5.7.1 The Fredholm Index

From Corollary 5.14 we know, that the supersymmetric Dirac operator

H = Q = U* (VD*D +m
2

+ mr FW 0 (5.119)

has a symmetric spectrum except at ±m because the spectra of the operators
D* D and DD* coincide, except at O. The asymmetry of the spectrum of Hat
±m is studied by investigating the kernel of the operator Q (or equivalently
the kernel of Q2),

Ker Q = {'¢' E 5) IQ'¢' = O} = Ker Q2. (5.120)

An important special case occurs, if Q is a "Fredholm operator'. A self
adjoint operator Q is a Fredholm operator if and only if Ran Q is closed, and
dim Ker Q < 00 (i.e., if the eigenvalue 0 of Q has finite multiplicity)8.

Remark 1. The requirement that the range of Q has to be closed is included
for the following reason. Denote by Qthe restriction of Q to (Ker Q)-l n1)(Q).
Clearly Ran Q = Ran Q. Moreover, since Q is injective and closed, we can
define Q-l on 1)(Q-l) = RanQ. The operator Q-l is closed and has a closed
domain, therefore it is bounded by the closed graph theorem. Hence we could
define a self-adjoint Fredholm operator Q as an operator for which Q has a
bounded inverse.

Remark 2. The self-adjoint operator Q is Fredholm if and only if Q2 is.
For the positive operator Q2 the condition Q2 invertible is equivalent to
infO"ess(Q2) > O.

For a supercharge Q the "Fredholm index" is defined as

indQ == dimKerD - dimKerD* = dim Ker D*D - dimKerDD*, (5.121)

8 IfQ is a supercharge, then our definition is equivalent to the usual definition ofthe FredholIU
property for closed operators D [Ka 80), Sect. IV.5.
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whenever this number exists. The integer ind Q is certainly well defined for
Fredholm supercharges. Together with

dim Ker Q = dimKer D + dim Ker D· (5.122)

the Fredholm index gives complete information about the dimensions of the
kernels of D and D·. For the Dirac operator (5.119), ind Q gives the difference
between the multiplicities of the eigenvalues +m and -m.

5.7.2 Regularized Indices

Fredholm operators are of limited use as supercharges in relativistic quan
tum mechanics, because the Schrodinger operators Q2 usually have continuous
spectrum [0, (0), hence Q cannot be a Fredholm operator (see the remark in
Sect. 5.8.1). Here we describe some possibilities of defining an index for a su
percharge Q even if Q is not Fredholm.

For a bounded operator A in a Hilbert space 5), we define the trace

00

tr A = ~)<Pi, A <Pi), with {<pil an orthonormal base in 5),

i=O

(5.123)

whenever this sum is absolutely convergent. For a positive operator, the value
of the trace is independent of the chosen orthonormal system. Hence we can
define the "trace norm" of A by IIAII I := tr IAI. The operators with finite trace
norm are called "trace class operators". The set of all trace class operators
with the trace norm is a Banach space, denoted by BI (5)). For A E BI (5))
the definition (5.123) of tr A is again independent of the chosen orthonormal
basis. Every trace class operator is compact. See [RS 72], Sect. VI.6 for further
details.

Example 5.18. Let A be an integral operator in L2 (lRn ),

(5.124)

. Assume that A is trace-class and that the kernel k is continuous in both vari
ables x, y. Then

tr A = lim r k(x, x) dnx.
r--+oo llzl$r

(5.125)

Note, however, that an integral operator with a continuous kernel, for which
the right hand side of Eq. (5.125) exists does not necessarily belong to the trace
class.

Now, let S) be a Hilbert space with a unitary involution 'T and assume that
SJ+ = S)- := S). Let A be a matrix operator in S) ffi S),
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(5.126)

We assume that A+ + A_ is trace class in 5) and denote the "supertrace" by

str A = tr (A+ + A_). (5.127)

If A is also trace class in 5) EB SJ, then str A = tr A, but A need not be trace
class for (5.127) to exist. Occasionally, we denote the diagonal sum (the "matrix
trace") of A by

(5.128)

An analogous definition can of course be used for higher dimensional matrices
of operators. If A and B are bounded operators such that AB and BA belong to
the trace class, then the relation tr AB = tr BA holds9 , while usually mtr AB I
mtr BA (even for diagonal matrix operators), because the matrix elements are
operators which need not commute.

Let Q be a supercharge in 5) EB 5), defined with the help of a closed operator
D as in Eq. (5.18). If mtr7(Q2 - z)-I is trace class for some z E C \ [0,00),
then we can define the "resolvent regularized index"

(5.129)

Similarly, ifmtr 7 e- Q2t is trace class for some t > 0, we define the "heat kernel
regularization"

(5.130)

Theorem 5.19. If exp( _Q2 t) is trace class for some t > 0, then Q is Fredholm
and

indt Q = ind Q (independent of t). (5.131)

If (Q2 - z)-I is trace class for some z E C \ [0,00), then Q is Fredholm and

indz Q = indQ (independent of z).

Proof. Since exp(-Q2 t) is trace class, we obtain

indt Q = tr e- tD ' D - tr e- tDD ' .

(5.132)

(5.133)

The self-adjoint trace class operators exp( -tD*D) and exp( -tDD*) have a
purely discrete spectrum in [0,1]. Hence (5.133) evaluates to

(5.134)

9 see [Ka 80), Sect. X.1.4, or lSi 79).
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where .Ai (resp. /-Ii) are eigenvalues of multiplicity mi (resp. ni) of exp(-tD*D)
(resp. exp( -tDD*)). Since for trace class operators the eigenvalue 1 must be
isolated and of finite multiplicity, we conclude that the same is true for the
eigenvalue 0 of D*D and DD*. Hence 0 is not in the essential spectrum of
these operators, which proves the Fredholm property for D* D, DD* and Q2.
By the spectral supersymmetry stated in Corollary 5.6, the contributions of all
other eigenvalues cancel in Eq. (5.134). This proves the first statement. The
proof of the second statement is similar. 0

5.8 Spectral Shift and Witten Index

5.8.1 Krein's Spectral Shift Function

Let 8 and T be self-adjoint, such that 8 - T is trace class. One sometimes
wants to know if also 1(8) - I(T) is trace class, where 1 belongs to a suitable
class of functions which we want to determine. Assuming that 1 is the inverse
Fourier transform of an integrable function, we obtain by the spectral theorem

1(8) - I(T) = _1_100

l(p) (eiPS - e
ipT

) dp.
J27r -00

Using

eipS _ e iqT = 11

do: ip e iapS (8 - T) ei(l-a)pT

we obtain

'and hence the trace norm of 1(8) - I(T) can be estimated by

1 100

111(8) - f(T) Ill::;;n= Ip J(p)J dp 118 - Till.
y21r -00

lienee, a natural class of functions is

9 = {I: IR ---> IR Ii: Il(p)J (1 + Jpl)dp < oo}.

(5.135)

(5.136)

(5.137)

(5.138)

(5.139)

Clearly, Co (IR) c g. Any 1 Egis continuously differentiable and by the
Riemann-Lebesgue lemma 1 and f' vanish as Ixl ---> 00.

A useful technical tool for the calculation of traces (and hence of regularized
indices) is Krein's spectral shift function ~.

Theorem 5.20. Let T 1 and T 2 be bounded and self-adjoint and assume T 1 - T 2

'to be trace class. Then there is an integrable function ~ : IR ---> IR such that
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a) tr (T1 - T2 ) = i: ~(,\) d'\,

b) tr (J(TI) - f(T2 )) =i: ~(,\) 1'(,\) d'\, for all f E g.

c) ~(,\) = 0, for'\ to the left of o-(TI) U o-(T2 ).

~ is determined uniquely a.e. by b) and c).

Proof. We give the proof for the case that T1 and T2 have finite rank r. The
general case is treated in [BW 83], Chapter 19. Let T be self-adjoint with finite
rank r, i.e.,

r

T = L'\i 4>d4>i' .).
i=O

For any continuous function f we can write

r 1+ex:> r
tr f(T) = L f('\i) = L 8('\ - '\i) f('\) d,\

i=O -ex:> i=O

1

+ex:>
== -ex:> n'('\)f('\)d'\,

where n' is the distributional derivative of the step function

(5.140)

(5.141)

(5.142)

n('\) counts the number of eigenvalues of T which are less than or equal to ,\.
Clearly, n is continuous from above, with steps at '\i of size m, if this eigenvalue
occurs m times in the sum (5.140). In terms of the spectral family of T we can
write

n('\) = tr ET ('\).

Now, if T1 and T2 are of rank r, then

(5.143)

(5.144)

In the last step the boundary term from the partial integration vanishes, be
cause nl('\) - n2('\) = 0 for 1,\1 sufficiently large. Hence we can define

~(,\) = n2('\) - nl('\) = tr (ET2 ('\) - ET1 (,\))· (5.145)

~ is continuous from above and vanishes for 1,\1 > max{IIT111, IIT2 11}. 0



(5.146)
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Remark. The equality (5.145) is not true in general. There are examples where
both sides in Eq. (5.145) are well defined but unequal (see Sect. 7.2.3).

Theorem 5.21. Let Q be a supercharge in Sj ffiSj and assume that the operator
IIltrr(Q2 + 1)-1 is trace class in Sj. Then there exists a function ~ : [0, 00) ~ IR
such that

strr(Q2 - z)-I = -100

~(,\) (,\ - z)-2 d'\, for z E C \ [0,00),

'and if f is a function on [0, 00) such that 9 defined as

g(/-l)=f(l//-l-l), /-lE(O,l],

can be extended to a function in g, then

Proof. By Theorem 5.20 there exists a function "I such that

(5.147)

(5.148)

and for 9 E 9 we have

(5.150)

(5.151)

Now the variable substitution ,\ = -1 + 1/ /-l converts these integrals into

11
TJ(/-l) d/-l = 100

"1(('\ + 1)-1) (,\ + 1)-2 d'\,

11
TJ(/-l) g'(/-l) d/-l = -100

"1((,\ + 1)-1) 1'(,\) d'\, (5.152)

"'here we have set f('\) = g( (,\+1)-1). Hence we choose ~(,\) = ~TJ ((,\ +1)-1).
Choosing f(,\) = ('\-z)-I we find that g(/-l) = (/-l-I -l-z)-1 can be extended
to a Co -function, if z (j. [0,00). 0

We see that the regularized index indz Q of a supercharge can be expressed
lVith the help of Krein's spectral shift function ~,

· d Q_ rOOz~('\)d'\
III z ~ 1

0
(,\ _ z)2 . (5.153)

Similarly, indt Q can be expressed by ~ as a consequence of the following theo
rem whose proof is analogous to that of Theorem 5.21.



(5.154)
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Theorem 5.22. Let Q be a supercharge and assume that mtr r e-sQ2 is trace
class for some s > O. Then there is a unique function ~ : [0,00) ----t IR such that

strre-
tQ2

= -t100

~(A) e-At dA, for all t ~ s.

If f is a function on [0,00) such that 9 defined as

(5.155)

can be extended to a function in g, then

(5.156)

Remark 1. For operators of finite rank, we obtain from the proof of Theo
rem 5.20

ind Q == tr [ED. D (0) - EDD • (O)J = -~(O). (5.157)

Again this is not generally true, because equality might fail if Q is not a Fred
holm operator. The meaning of ~(O) in the general case will be described in
Theorem 5.24.

Remark 2. If the assumptions of the Theorems 5.21 and 5.22 are both true,
then the corresponding functions ~ coincide, because the integrals in (5.148)
and (5.156) have the same value for all Co-functions.

Remark 3. By the same arguments as above a spectral shift function can be
defined for arbitrary self-adjoint operators HI and H 2 , for which the difference
[(HI -z)-I- (H2 -Z)-I J or [exp( -sHI}-exp( -sH2 )] is trace class. The spectral
shift function can be interpreted as the determinant of the on-shell scattering
operator for the scattering system (HI, H 2 ), see Sect. 8.1.3. Consider, e.g., the
operators

(5.158)

Under suitable conditions on the potential V we can define the scattering phase
shift 1l(k) and find a finite number of eigenvalues Ai of HI' Krein's spectral shift
function can be expressed as

A> 0,
(5.159)

A < O.
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5.8.2 The Witten Index and the Axial Anomaly

In the physically most important case where Q is not Fredholm one cannot
expect the regularized indices indt Q and indz Q to be independent of t, resp.
z. In this case one defines under the assumptions of Theorem 5.21 the" Witten
index" as

W(Q) = lim indz Q,
z---+O

largzl><>o

(5.160)

whenever this quantity exists. This definition reduces to the notion of the Fred
holm index whenever Q is Fredholm

Theorem 5.23. Let Q be a Fredholm supercharge with mtrT(Q2 + 1)-1 be
longing to the trace class. Then W(Q) exists and

W(Q) = indQ. (5.161)

,Proof. For a self-adjoint Fredholm operator H the resolvent has the Laurent
i~xpansion

(H - Z)-1 = -~P + S(z), (5.162)

where P is the projection onto the eigenspace belonging to the eigenvalue 0 of
J

H (which is isolated and of finite degeneracy by the Fredholm property), and
!S(z) is holomorphiclO . Hence

(where the index "+" belongs to D*D and "-" to DD*). By assumption, the
,operator S+(z) - S_ (z) is trace class for z E C\ [0, (0), in fact even holomorphic
~ z in the trace norm. Hence in the limit z ----> 0 the trace of the expression
(5.163) tends to tr(P+ - P_) = indQ. 0

n, instead, the assumptions of Theorem 5.22 are true, then one can try to define
~he Witten index alternatively as

W(Q) = lim indt Q.
t---+oo

(5.164)

'!'he two definitions are equivalent if Krein's spectral shift function is assumed
to be continuous from above. This is a consequence of the next theorem and of
Remark 2 in the previous section.

'l'heorem 5.24. a) Let e, defined under the assumptions of Theorem 5.21, be
continuous from above at .x = O. Then W(Q), defined by (5.160), exists and

W(Q) = -e(o). (5.165)

lOThe holomorphic part in the Laurent expansion of the resolvent is called the "reduced
resolvent", [Ka 80], Sect. 1.5.3.
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b) Ifeis defined under the assumptions of Theorem 5.22 and if eis continuous
from above at 0, then W(Q), defined by (5.164), exists and (5.165) holds.

Proof. We have to show that

astrT(Q2 + a)-l + e(O) = a l:>O {e(O) - e('\)} (,\ + a)-2 d,\ (5.166)

is less than I:: for a sufficiently small. In (5.166) we have used (5.146) and

t lO a d,\
Jo (,\ + a)2 = 1. (5.167)

Next we split the integral in (5.166) into J: +Jt". Choose 8 small such that
le(O) - e('\)1 < 1::/2 for ,\ < 8. Then the first integral is bounded by

a16Ie (0) - e(,\)1 (,\ + a)-2 d,\ < 1::/2. (5.168)

Given this 8, choose a so small, that the second integral, which is bounded by

a100

le(O) - e('\)I'\-2 d,\ = aconst.(8), (5.169)

is less than €/2. The proof for the second statement is similar. 0

Finally, we define the "axial anomaly" by

A(Q)=- lim indzQ. (5.170)
z~oo

largzl><>O

If e(oo) = limA~oo e('\) exists, we obtain similarly as in Theorem 5.24a the
result

A(Q) = e(oo) (5.171)

5.8.3 The Spectral Asymmetry

We consider a supersymmetric Dirac operator of the form

(5.173)

(5.172)m >0,H=Q+mT,

and define

71t(H) =strsgn (H) e- tH2 =strm(Q2 + m 2)-1/2 e-t(Q2+ m 2)

1
00 d e-t (A+m 2

)

= m e('\) d' dA.
o /\ y!,\+m2

(We have used Eq. (5.155) to obtain the last expression). The "spectral asym
metry" can now be defined as

71(H) = lim 71t(H)
t~O

= -;100

e('\) (,\ + m 2)-3/2 d'\. (5.174)
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0.9 Topological Invariance of the Witten Index

~.9.1 Perturbations Preserving Supersymmetry

~
t Hss = Q+MT be a Dirac operator with supersymmetry. We can decompose
= Weven + Wodd according to Sect. 5.1.2 and write Q== Q+Wodd , M == M +

evenT. If Q and M satisfy the assumptions of Sect. 5.4.1, then H = H ss + W
ould again be a Dir~c operator with supersymmetry. Among other things we
ave to verify on :D(Q) the following condition.

{Q,MT} = {Wodd,MT} + {Q, Weven } + {Wodd, Weven } = 0, (5.175)

f
iCh shows that supersymmetry is very sensitive against perturbations. Usu
y we assume the simplest case that a supersymmetry preserving perturbation
an odd operator W = Wodd so that the summands in (5.175) vanish sepa

ately:

S
Ple 5.25. Let H o be the free Dirac operator and let W = -ca· A(z) =

odd. If H = H o + W is self-adjoint on some suitable domain (see, e.g., Theo
m 4.2), then H is a Dirac operator with supersymmetry.

The following is a simple example for the fact that supersymmetry preserv
Ing perturbations need not be odd operators.

Let P be an orthogonal projection in a Hilbert space 5)+ = 5)-,'xample 5.26.
t.nd let

Ho= (; !m)' m > O.

'or any real a=!- - m, and b=!-m, define

(5.176)

W= (aP
-1

-1)
bP . (5.177)

'hen Ho + W is again a Dirac operator with supersymmetry.

t·9.2 Invariance of the Index under Perturbations

~
ncerning the behavior of the Fredholm index under supersymmetry preserv

. perturbations, we quote the following classical result which is known as the
opological invariance of the index" .

1l'heorem 5.27. Let Q be a Fredholm supercharge, and C be symmetric, odd
[Sect.5.2.2), and compact relative to Q. Then Q + C is a Fredholm supercharge
~ith

ind(Q+C) =indQ. (5.178)
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Proof. See, e.g., [Ka 80], Sect. IV.5.3. o

Remark. For bounded Fredholm operators the topological invariance is USU

ally stated in the following way: Two Fredholm operators have the same index
if and only if they can be joined by a continuous path (i.e., a continuous map
from [0, 1J into the set of Fredholm operators equipped with the operator-norm
topology).

IfQ is not a Fredholm operator, then the (regularized) index is not invariant
under a relatively compact perturbation. Instead, one can prove the invariance
under suitable relative trace class conditions.

Theorem 5.28. Let Q be a supercharge such that mtrTe-tQ2 belongs to the
trace class for all t > O. Let W be a symmetric and odd operator which is
infinitesimally bounded with respect to Q. Assume We- tQ2 to be trace class
in 5j EB 5j such that for all t > 0

IIWe-
tQ2

11 ::::: constr a
, for some 0: < 1/2, (5.179)

IIWe- tQ2 111 ::::: constr13 , for some {3 > O. (5.180)

Then Q+ W is a supercharge for which mtrTe-t(Q+W)2 is trace class in 5j for
all t > 0, and

indt (Q + W) = indt Q for all t > O. (5.181)

Proof. Let us denote Q>. = Q + AW. We give a proof of this theorem under
the assumptions

e-tQ~ - e- tQ2 is trace class for all t > 0, A E JR, (5.182)

W e-tQ~ is trace class for all t > 0, A E R (5.183)

It has been shown in [171], Proposition 3.4, that the conditions (5.179) and
(5.180) are sufficient to imply (5.182) and (5.183). In order to calculate the
derivative of trT(e-tQ~ - e-tQ2 ) with respect to A we consider

= - kit dSTe-8Q~+h (hQ>.W + hWQ>. + h2W2)e-(t-8)Q~. (5.184)

Using (5.183) and the boundedness of operators of the form Q>'l e-tQ~2, we
easily conclude that all summands of the integrand in (5.184) are trace class.
In order to perform the limit h ~ 0 we recall that for A trace class the map
B ~ tr BA is a continuous linear functional on the space of bounded linear
operators. From this we conclude that
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d Q2 Q2
-trT (e- t ,,- e-t )
d>"

=-it dstr [Te-SQ~ (Q>.W + WQ>.)e-(t-s)Q~]. (5.185)

Since the cyclicity of the trace holds for bounded operators, we regularize the
fJperators Q>. and W by replacing Q ----> Q>.,E = Q>.(1 + eQD-I, and W ---->

(1 + eQD-1W. Then all operators are bounded, and Q>.,E anticommutes with
cr, but commutes with e-sQ~. Now we can use the commutation properties and
,the cyclicity of the trace to find

trTe-sQ~ (Q>.,EW + WQ>.,E) e-(t-s)Q~ = 0,

'and, by letting e ----> 0,

d Q2 Q2
-trT(e-t "_e-t )=0
d>" '

hence

trT (e-tQ~ - e- tQ2 ) = 0 for all >...

(5.186)

(5.187)

(5.188)

Now, since mtrTe-tQ2 is trace class by assumption, we conclude the same
reSult for mtr T e-tQ~ and hence

indt (Q + W) = trmtrTe-tQ~ = indt Q.

The assumptions of the theorem are satisfied, e.g., if

W(Q2 + I)-a is bounded for some 0: < 1/2,

W(Q2 + 1)-13 is trace class for some {3 > 0,

~~ause

bnplies (5.179), and a similar argument applies to (5.191) and (5.180).

(5.189)

o

(5.190)

(5.191)

(5.192)

Remark. The theorem above is essentially a result on the invariance of the
Spectral shift functionll . Hence there are analogous invariance results for the
axial anomaly and the spectral asymmetry.

~[561
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5.10 Fredholm Determinants

For practical calculations of the index in special situations, Fredholm determi
nants are a useful technical tool.

Definition 5.29. Let A be a trace-class operator, {¢>;} an orthonormal base in
Sj, and denote by M n the n x n-matrix

Then the determinant of 1 + A is defined by

det (1 + A) = lim det M n ,
n---+oo

and this definition is independent of the chosen orthonormal base.

(5.193)

(5.194)

If Aj are the eigenvalues of the trace-class operator A, then, by Lidskii's
theorem

00

det(I+A) = II(I+Aj),
j=1

00

trA= 2:>j.
j=1

(5.195)

Hence the operator (1 + A)-1 exists if and only if det (1 + A) =I- O. The deter
minant is related to the trace by

det (1 + A) = etr In(1+A). (5.196)

This equation can also be used as a definition of the determinant l2
. For IIAII <

1, the logarithm in Eq. (5.196) is given by the power series 2::=1 (_l)n-l An In.
The importance ofthe determinant in the present context is due to a relation

between tr [(H 2 - z) -1 - (HI - z) -1] and the determinant of an operator to be
defined below.

Let HI and H 2 be self-adjoint operators, HI = H 2 + V, and assume that
V = VU, so that the resolvent difference can be written in the symmetric form

Here and in the following the operator A(z) is defined as

A(z) == U (H2 - Z)-1 V.

Assuming that we can apply the cyclicity of the trace, we calculate

(5.197)

(5.198)

tr { (H2 - z) -1 - (HI - z) -I} = tr { [1 + A (z)]-1 U (H2 - z) - 2 V } =

= tr {[I + A(Z)]-1 d~~Z)} . (5.199)

12[Ka 80j, p. 524
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d
= dz lndet [1 + A(z)J. (5.200)

We can verify the last step by the following formal calculation. If ),.j (z) are the
eigenvalues of A(z), then (5.199) becomes

'"'[I+),.j(z)]-l d),.j(z) = '"' ~ In[1+),.j (z)] = dd lnII[I+),.j(z)], (5.201)
~ dz ~dz z

and the last expression equals (5.200). In the following lemma we collect these
results and the assumptions necessary to justify the calculation above.

Lemma 5.30. Let HI = H 2 +VU, such that z ----> A(z) defined as in Eq. (5.198)
is analytic with respect to the trace-norm for z E p(H2 ) and such that the
operators u(H2 - zo)-l, (H2 - ZO)-I V are Hilbert-Schmidt for some Zo E p(H2 ).

Then

d
tr {(H2 - Z)-I - (HI - Z)-I} = dz lndet [1 + A(z)].

Proof. See [GK 69J, [274J, [56].

(5.202)

D

The quantity det [1 + A(z)J is called "perturbation determinant" or "Fredholm
:determinant" for the operators HI and H 2 • Let us compare this result with the
formula

(5.203)

where eis Krein's spectral shift function for the pair HI, H 2 (see Eq. (5.145)
and Remark 3 in Sect. 5.8.1). Assuming that e(),.)/(1 + 1),.1) is integrable, we
obtain

d d Je()")d)"
dz lndet [1 + A(z)] = dz ~'

~and

lim Je(),.) d)" = O.
z->ex:> ),. - Z

IIrnzl>O

!lience, under the assumption

lim det [1 + A(z)] = 1
z-> ex:>

IIrnzl>O

we conclude

l ex:> e(),.) d)"
lndet [1 + A(z)] = -ex:>~.

(5.204)

(5.205)

(5.206)

(5.207)

We can even obtain a representation of eitself in terms of Fredholm determi
nants. For this we assume that e(),.) is a bounded, piecewise continuous function
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of ,\ E R Then e has a well known representation as the boundary value of a
complex harmonic function, namelyI3

II. 1= e(p,) dp,
i[e(,\+) + e(,\-)J = -2. hm I '\' 12 (5.208)

7r1 <->0+ _= p, - - IE

Here e( ,\±) = liIIl,5->o+ e('\ ± 8). We can write

2iE 1 1
1'\-p,-iEI2 p,-'\-iE p,-'\+iE' (5.209)

and find, since e(p,)/(l + 1p,1) is integrable,

![e(,\+) + e(,\-)J =

= _1 lim {1= e(p,) dp, -1= e(p,) dp, }
27ri <->0+ _= p, - ,\ - iE -00 P, - ,\ - iE

= _1_ lim In det [1 + A('\ + iE)]
27ri <->0+ det [1 + A(,\ - iE)J
1= - lim argdet [1 + A(,\ + iE)]. (5.210)
7r <->0+

Note that He(,\+) + e('\- )] = e('\) if and only if e is continuous at '\. We collect
these results in the following lemma.

Lemma 5.31. Assume the conditions of Lemma 5.30 and Eq. (5.206) and sup
pose the function e(,\)/(l + I,\\) to be integrable. Then

Indet[I+A(z)] = i: el'\2~'\· (5.211)

If, in addition, e is bounded and piecewise continuous on JR, then

~ [e(,\+) + e('\-)] = ~ lim argdet [1 + A(,\+iE)J.
€-----+o+

(5.212)

Remark. Fredholm determinants turn out to be a useful tool for index
calculations especially of one-dimensional Dirac operators. However, the con
dition (5.206) is known to fail in higher-dimensional systems. In this case one
can still reformulate the theory in terms of modified Fredholm determinants.
This works well at least in two dimensions. See [56J for details.

Explicit examples of the index of Dirac operators in special situations will
be presented in later sections. In Sect. 7.3 we consider the index of the Dirac
operator in a two-dimensional magnetic field. In Sect. 9.4 the index of a one
dimensional Dirac operator with a "soliton"-potential is calculated using Fred
holm determinants. Further examples can be found in the literature cited in
the Notes.

13[Br 65], Sects. 5.3 and A.2.5.
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~.11 Regularized Indices in Exactly Soluble Models

5.11.1 Scalar Potential in One Dimension

In the Hilbert space 5j = £2 (JR.?, consider the Dirac operator

(5.213)

~here cP and axcP are bounded, real-valued functions satisfying

(5.214)

± 1±oo(l+x2 ){lcP(X)-cP±1 + IcP3O(x)l}dx < 00. (5.215)

tinder these conditions it will be shown in Sect. 9.4.2 with the help of one
li,mensional scattering theory, that

ind Q - ~ [ cP+ _ cP- ]
z - 2 JcP~ -z JcP~ -z

Bence, using Eqs. (5.160) and (5.170) we obtain

(5.216)

W(Q) = (sgncP+ - sgncP~)/2, A(Q) = O. (5.217)

(5.218)

fie summarize the zero energy properties of D'D and DD' in the following
lable [56]:

Asymptotics of cP Behavior at E=O of W(Q) indQ
D'D DD'

cP- < 0 < cP+ eigenvalue - 1 1
cP- > 0> cP+ - eigenvalue -1 -1

cP- = 0 < cP+ resonance - 1/2 0
cP- = 0 > cP+ - resonance -1/2 0

cP- = 0 = cP+ resonance resonance 0 0
sgn cP- = sgn cP+ =I- 0 - - 0 0

the zero energy results follow from the observation that Af = 0 is solved by

f(x) = f(O) exp{-130

cP(y) dy} = O(e-<t>±3O), as x ----> ±oo,

!and A'9 = 0 is solved by

g(x) = g(O) exp{l3O

cP(y) dy} = O(e<t>±3O), as x ----> ±oo. (5.219)

~e can also evaluate Krein's spectral shift function using Eqs. (5.210), (9.113)
Ibd (9.115). We obtain for all >. E lR
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~(,\) = ~ [0('\ - 4>~) arctan ( v'::"~)- 0('\ - 4>=-) arctan ( v':="~ )]
- O~'\) [sgn4>+ - sgn4>_], if 4>_ =I- 0 and 4>+ =I- 0, (5.220)

~(,\) = ~ 0(,\ - 4>~) arctan ( v'::"~) - O~'\) sgn4>+, (4)_=0=1-4>+). (5.221)

This shows that also ~ (,\) is independent of the local properties of the potential
and depends only on the asymptotic values (topological invariance).

5.11.2 Magnetic Field in Two Dimensions

Let Q be the Dirac operator for an electron in a ego -magnetic field B with
compact support in two dimensions. It is given by

2
Q = L CO"k( -iOk - Ak(x)),

k=l

(5.222)

(5.223)

in the Hilbert space £2(JR2)2, where B = olA2 - 02Al' If we denote the flux of
B by

F = ~ r B(x)d2x,
27f JR2

then (see Theorem 7.3 below)

indQ = (sgnF) . { ~'-1,

and (Theorem 7.4)

if F = n + t",

if F = n,
0< t" < 1,

n = 1,2,3, ... ,
(5.224)

indz Q = W(Q) = -A(Q) = F,

5.11.3 Callias Index Formula

~(,\) = O('\)F. (5.225)

Let Q be the Dirac operator with a Higgs-field P in JRn, n odd. The Hilbert
space in this case is 5j = £2(JRn )2p m, where p = 2(n-1l/2 is the dimension of
the spinor space over JRn. We define the Dirac operator by

(
0 D*)Q= DO'

p

D = -i LTkOk Q91 m - ilp Q9 p(x).
k=O

(5.226)

D is a pm x pm matrix differential operator, and P is a m x m Hermitian
matrix of Coo functions. The constant p x p matrices Tk, k = 1, ... ,n are the
generalization of the Pauli matrices to the present case, they satisfy the algebra

(5.227)
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We assume that 1<t>1 is strictly positive for Ixl > Ro and asymptotically homo
geneous of degree 0 as x ----> 00. We denote

U(x) = <t>(x)/I<t>(x)l, x E IRn , Ixl > RD.

'rhen Q is a Fredhohn elliptic differential operator with index given by

1 ( i ) n;-l 1
indQ = (n-l), -8 lim tr[U(x)(dU(x)t-1].

2 -2-' 7r R-.oo S~-l

(5.228)

(5.229)

Here S~-1 is the sphere of radius R in IRn, centered at the origin. dU(x) is
the matrix of differentials and (dU(x)t- 1 is the (n - l)th power, where the
differentials are multiplied by exterior multiplication.



6 The N onrelativistic Limit

In this chapter we analyze the behavior of the Dirac equation in the nonrelativistic limit and
derive the explicit form of the first order relativistic correction. There are two main reasons
for this investigation. The first is purely conceptual: It is important to see how the relativistic
theory contains the successful nonrelativistic theory as a limiting case. The second reason is
a practical one: In some cases it is useful to replace the Dirac theory by the much simpler
Schrodinger theory together with some relativistic corrections. The first order corrections can
sometimes be calculated explicitly, but it is not always necessary and is often impossible to
calculate higher order corrections or the exact solution of the Dirac equation. Besides, for a
higher accuracy we expect quantum electrodynamical effects to playa certain role (e.g., the
Lamb shift). These effects cannot be described by the Dirac equation alone.

We achieve the nonrelativistic limit by letting c, the relativistic bound for the propa
gation speed of signals, tend to infinity. Unfortunately, the Dirac operator H( c) itself, even
after subtracting the rest mass, makes no sense for C = 00. The correct way to analyze the
parameter dependence of unbounded operators is to look at its resolvent. We shall prove
norm-convergence as c -> 00 of (H(c) - mc2 - Z)-l for one (and hence all) z with 1m z # O.
The nonrelativistic limit of the Dirac resolvent is the resolvent of a Schrodinger or Pauli
operator times a projection to the upper components of the Dirac wavefunction. The Dirac
resolvent is even analytic in l/c (Sect. 6.1).

From the explicit expansion of the resolvent in powers of l/c we obtain complete in
formation about the behavior of the relativistic energy spectrum in a neighborhood of
c = 00 (Sect. 6.2). The necessary background from perturbation theory is quickly reviewed
in Sect. (6.2.1). The Rayleigh-Schrodinger perturbation series for the eigenvalue A(C) of the
resolvent determines its expansion into powers of l/c. The corresponding expansion of the
eigenvalue E(c) of the Dirac operator is easily obtained from A( c) = (E(c) - mc2 - z)-l.
It turns out that the eigenvalues of the Dirac operator are analytic in the parameter l/c2•

We determine explicit formulas for the relativistic corrections to the nonrelativistic binding
energies. For the corrections of order 1/c2 only the knowledge of the corresponding nonrel
ativistic solutions (Schrodinger or Pauli equation) is required. The result can be written as
a sum of expectation values which have a nice physical interpretation (spin-orbit coupling,
etc.).

We formulate the theory in terms of abstract Dirac operators in the supersymmetric
framework of the previous chapter. In this way the calculations can be performed with the
least amount of writing and the results are applicable to the widest range of concrete situa
tions.
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6.1 c-Dependence of Dirac Operators

8.1.1 General Setup

In nonrelativistic physics it is assumed that there is no principal bound for the
propagation speed of signals. In the theory of relativity the constant parameter
c(the velocity oflight) represents such a bound. Nevertheless we expect that the
telativistic theory is similar to the nonrelativistic one, if c is very large compared
~ all velocities of the system under consideration. In the nonrelativistic limit,
c should be "infinitely large" compared to the other velocities. The only way
to achieve this without restricting the consideration to motionless systems is
to allow c to be a variable parameter. The nonrelativistic limit can then be
mathematically described by letting c tend to infinity.

In this chapter we describe the dependence of the Dirac operator on c, es
pecially in the region near c = 00. The parameter c appears in various places in
the Dirac equation. For example, in an electromagnetic field the Dirac operator
reads

H(c) = ca· (-i V' - ~A(z)) + /3mc2 + e <Pel(Z), (6.1)

iefore defining a c-dependent abstract Dirac operator we want to make the
{ollowing two remarks:

?remark 1. The Dirac operator describes the energy of the electron includ
ing its rest energy mc2 (-mc2 in the positron subspace). The rest energy is
a purely relativistic object (it has no nonrelativistic limit) and has to be sub
tracted before letting c tend to infinity. Otherwise there is no possibility to get
anonrelativistic limit for the expression (6.1).

/lemark 2. The factor 1/c in front of A(z) has nothing to do with relativistic
ttuantum mechanics. It's origin is the replacement p ~ p - (elc)A (Le., the
;;'minimal coupling principle") hence it would also appear in the Schrodinger
;equation with an external magnetic field. So if we don't want to "turn the
light off", we have to keep this factor constant in the nonrelativistic limit. For
,unplicity, we absorb the factor 1/c and the coupling constant e into A and
1nite henceforth H(c) = ca . (-i V' - A) + /3mc2 + V.

. Motivated by these considerations we make the following definition of c
(dependence for an abstract Dirac operator.

Let 5j be a Hilbert space with a unitary involution T, in which a supercharge
Qand a strictly positive, self-adjoint operator M commuting with Q are defined
~ in Sect. 5.4.1. Define

H(c) == cQ + MC2
T + V, c > 0,

~here V is symmetric on j)(Q) and bounded relative to Q, Le.,

(6.2)

IIVill < a IIQill + b Ilill, 0< a,b < 00. (6.3)
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Thus, if c > a, then H(c) is self-adjoint on :D(Q) by the Kato-Rellich theorem.
Moreover, we assume, that V is an even operator, i.e.,

TV = VT on :D(Q). (6.4)

Hence we may conclude that H(c) with c > a is an abstract Dirac operator. In
the standard representation we may write

(6.5)

Our assumptions include in particular the Coulomb potential with an arbitrar
ily large coupling constant.

6.1.2 Supersymmetric Dirac Operators

The operator

c> 0, (6.6)

is a Dirac operator with supersymmetry. According to Remark 1 above we
subtract the "rest energy" M c2 and investigate the convergence of H o(c) - M c2

in the limit c ~ 00. It will turn out that only the positive energy part of this
expression survives in the limit. Alternatively, in order to obtain a nontrivial
limit in the negative energy subspace, we can add the term M c2 and consider
the nonrelativistic limit of the operator Ho(c) + M c2 •

The main mathematical tool for investigating the parameter dependence
of unbounded operators (which need not have a common domain of definition
for all values of the parameter) is the resolvent1 . For any self-adjoint operator
A and z with Im(z) =1= 0, the resolvent is defined as the bounded operator
(A - z ) -1. The next theorem gives an expression for the resolvent of the operator
(6.6) from which the nonrelativistic limit can be read off immediately.

We use the following notation. As in Sect. 5.1.1 we define the projection
operators

1
P± == -(1 ± T).

2
(6.7)

(6.8)

M and M- 1 are bounded and commute with Q (Sect. 5.4.1). Hence the operator

H = _1_ Q2
0,00 - 2M

is defined and self-adjoint on :D(Q2). Moreover, Ho,oo is a Hamiltonian with
supersymmetry (see Sect. 5.1.2). From the examples in Sect. 5.5 we See that in
typical applications Ho,oo is a nonrelativistic Schrodinger or Pauli operator (3
perturbation of the Laplacian).

1 see, e.g., [Ka 80] or [RS 72]
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Theorem 6.1. Let Ho(c) = cQ + MC2T be a Dirac operator with supersym
wetry. Then for each z E C \ IR

(Ho(c) ~ Mc2 _ z) -1 =

(
1 CQ±Z)( 1 Z2 )-1

P± ± c2~ 1 ~ c2 2M (±Ho,ex:> - Z)-1 (±Ho,ex:> - Z)-l.

Proof. Denoting

A± = Ho(c) ± Mc2 ±z = cQ ± 2Mc2P± ±z,

we find

A+A_ = A_A+ = c2Q2 - 2Mc2z - z2,

from which we obtain

Using

with

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

Q2
A:::= 2M -z, (6.14)

the result (6.9) follows immediately.

The operators

1 Z2
T±(c) :::= - - (±Ho - Z)-1

c2 2M ,ex:>

o

(6.15)

which occur in Eq. (6.9) are bounded with norm less than 1 for c sufficiently
large (depending on z). In this case we can expand

ex:>

(1 ~ T±(C))-l = L(±T±(c)r, if IIT±(c)11 < 1,
n=O

(6.16)

where the sum is convergent in the operator norm. As c ----> 00, IIT±(c)11 ----> 0,
and we obtain from (6.9) the following corollary.

Corollary 6.2. Let Ho(c) = cQ + M C
2

T be a supersymmetric Dirac operator.
Then

(6.17)



180 The Nonrelativistic Limit

The limit in (6.17) is a norm-limit of bounded operators. In the standard rep_
resentation (6.17) can be written in the form

r (-z
c~~ cD

resp.

(6.18)

cD*)-1=(O
-z 0 (6.19)

(6.20)

Inserting (6.16) into (6.9) gives an expansion of the resolvent of the operator
Ho(c) =F Mc2 into powers of 1/c. Thus the resolvent is holomorphic in 11c in a
z-dependent neighborhood of 11c = O. We extend this result to arbitrary Dirac
operators of the form (6.5) in the next section. We finally mention the following
corollary, which is immediate from Eq. (6.12).

Corollary 6.3. Let M = m1, m > O. Then z E C is in the resolvent set of the
Dirac operator Ho(c) - mc2 if and only if z(l + z/2mc2 ) is in the resolvent set
of Ho,oo = Q2/2m.

6.1.3 Analyticity of the Resolvent

From now on we consider only the Dirac operator with rest energy subtracted.
The calculations are similar in the other case.

Theorem 6.4. Let H(c) = Ho(c) + V be defined as in (6.2)-(6.5). Then, for
1m (z) i- 0,

(H(c) - Mc2 - Z)-1 =

= (p + ~ cQ + z) K(c- 2) (1 + ~ V cQ + zK(C-2))-1
+ c2 2M c2 2M

where

(Hoo
_ Z_ 1 Z2) -1

K(c-
2

) = c2 2M (6.21)

Q2
Roo == (Hoo - z)-I, H oo = 2M + V P+.

and where P+ is defined as in (6.7).

Proof. We denote

K o = (~ - z - :2 2~) -1 ,

(6.22)

(6.23)
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and A_ as in Eq. (6.10). Hence we obtain from (6.12)

(H(c) - Mc2 - z) -1 = (A_ + V)-l = A=l(l + V A=l )-1

( ) ( )

-1
1 eQ+z 1 eQ+z

= P++ e2~ K o l+VP+Ko + e2 V~Ko

The last factor (...) -1 can be written as

Finally, we arrive at the result (6.20), by using the relation

(6.24)

(6.25)

(6.26)

o

Corollary 6.5. Let H(c) = Ho(e) + V be as above. Then the resolvent
(H(c) - Me2 - z)-l, Im(z) i- 0, is holomorphic in lie in a z-dependent neigh
borhood of 11c = 0,

(6.27)

The sum converges in the operator norm. We have

(6.28)

(6.29)

(6.30)

etc.

Proof. Since Roo is bounded for z with Imz i- 0 the operator K(1/c2
) is

analytic in 1/c2 for c sufficiently large. For any fixed z E iC \ lR the norm of the
operator

(6.31 )

(6.32)

is less than 1 for c sufficiently large. In this case the operator 1 + T( c) Ic2

occurring in the last factor of (6.20) is invertible and hence (6.20) is analytic
in 11c around 11c = O. From (6.21) we obtain as in (6.16) explicitly the series
expansion of the operator K(1/c2

)

-2 _ ~~R2 ~~ 3
K (c ) - Roo + c2 2M 00 + c4 4M2 Roo + ...
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Inserting this in the Neumann series of the operator (1 +T(c)/c2 )-1 we obtain
finally the series expansion of the Dirac resolvent. We have used the relation

in order to obtain the above expressions for R 1 and R 2 •

(6.33)

o

Remark. The operators Ro and R 2 are even (they commute with the unitary
involution T), whereas R 1 is odd (Le., anticommutes with T). More generally,
in the expansion (6.27) all operators R 2n are even operators, and all R 2n+1 are
odd. This can be seen as follows. The only odd operator occurring (6.20) is
Q/2Mc. It is also the only operator coming with l/c, all other terms in (6.20)
either contain a factor 1/c2 , or they do not at all depend on c. Therefore the
only odd terms in the expansion (6.27) are those terms which contain an odd
number of factors Q/2Mc, and these are precisely the terms containing an odd
power of 1/c.

6.1.4 Nonrelativistic Limit with Anomalous Moments

As an example we consider the Dirac operator with an anomalous electric and
magnetic moment. This operator has been defined in Sects. 4.2.3 and 4.2.4.
The potential terms describing the interaction due to the anomalous moments
are given by Eqs. (4.21) and (4.25). In these expressions we substitute /-La =

p,e/2mc and 8a = 8e/2mc (where /-L and 8 are real numbers) and absorb the
constant e into cPe! and E = -V'cPe!' As explained in Remark 2 of Sect. 6.1.1,
we also substitute A for (e/c)A and correspondingly B for (e/c)B. With these
conventions, the Dirac operator becomes

H = (mc
2 + V+(c) cD*(c) ) (6.34)
cD(c) -mc2 + V_(c) ,

D(c) = 0" (p - A) - i 2;'cO" (?E + 8B), (6.35)

V±(c) = cPe! ± 2~0" (~E - /-LB). (6.36)

Although the operators D and V± (and hence Q and V) now depend on e,

we can repeat the calculation in the previous section without changes. The
leading term Roo of the Dirac resolvent now also depends on c. We obtain the
expression

Roo(c) = ((Hp(e)o- z)-l ~),

Hp(c) = 2~D*(c)D(c) + V+(c).

A calculation similar to Eq. (5.79) gives

Hp(c) = 2~[(P - A)2 - 0" B] + 2~c2X2

(6.37)

(6.38)
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- 2;'cliO". rot X + 20"' X 1\ (p - A) + div Xl

+ 2~0"' (~E ~ p,B) + ¢Jel, (6.39)

where X = 2~ (?E + 8B). Assume that the c-dependent terms are bounded
with respect to

(6.40)

Then the resolvent equation shows convergence in the operator norm of

(6.41 )

Hence we consider (6.40) as the nonrelativistic limit of the Dirac operator with
anomalous moments (6.34). Finally, we may reintroduce the factor e/c and
obtain the "Pauli operator"

(6.42)

The operator H p describes nonrelativistic particles interacting with an elec
tromagnetic field (¢Jel, A). A term of the form J.L' B describes the interaction
energy of a magnetic mOment p, in a magnetic field. The magnetic moment p"

which is measured in units of Bohr magnetons e/2mc, is proportional to the
spin ~O" of the particle,

(6.43)

The constant in Eq. (6.43) is called g-factor of the particle. For particles with
small anomalous moments like electrons the g-factor is approximately two. This
bas been observed experimentally before the invention of the Dirac equation. A
comparison of (6.43) with (6.42) shows that the Dirac equation gives the right
prediction: The ordina.ry Dirac operator (4.15) describes particles with g-factor
exactly equal to 2. If there is an additional interaction of the form (4.21) we
obtain 9 = 2(1 + p,). An anomalous electric moment gives no contribution in
the nonrelativistic limit.

6.2 c-Dependence of Eigenvalues

6.2.1 Browsing Analytic Perturbation Theory

In this section we state some mathematical results which are needed later. The
reader is referred to the literature for the proofs of the various results2.
. ~et H be a self-adjoint operator in a Hilbert space 5). The resolvent set p(H)
IS gIVen by those complex numbers z for which the resolvent R(z) = (H - Z)-l

exists and is a bounded operator. The complement (j(H) = <C \ p(H) (the
~pectrum of H) is a closed subset of the real axis. The singularities of R(z) are
Just the eigenvalues of H. Let E be an isolated eigenvalue of H and let r be

2 [Ka 80], [RS 78]
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a closed positively oriented curve which encloses .x but no other part of (j(H).
Then

P == -~ J R(z)dz
211"1 Jr

is an orthogonal projector onto the eigenspace belonging to the eigenvalue E.
The multiplicity m == dimP5j of the eigenvalue is assumed to be finite. Then
we have the following representation3 , of H in P5j

PHP = EP =-~ J zR(z)dz.
211"1 Jr

An eigenvalue E is called nondegenerate, if m = l.
Now, let H(K) be an operator valued function of a (possibly complex) vari

able K, such that the resolvent R(K,Z) is analytic in K, i.e.,

R(K,Z) = LKnRn(z),
n=O

ZEC\IR, (6.46)

(6.47)

where all Rn(z) are bounded operators and the sum converges in the operator
norm, uniformly on compact subsets of p(H(O)). Assume that Eo is an isolated
eigenvalue of H(O), and define the closed curve r as in (6.44). Then

P(K) = -~ J R(K,Z)dz
211"1 Jr

is (for sufficiently small IKI) a projection onto an m-dimensionsal subset of H
(the orthogonal direct sum of the eigenspaces of all the eigenvalues of H(K)
lying inside r). Obviously, P(K) is analytic around K = 0,

00

P(K) = L KnPn,
n=O

Pn = -~ J Rndz.
211"1 Jr (6.48)

With the help of the projection operators P(K) and Po = P(O) we define the
unitary operator4

(6.49)

(6.50)

Note that A == (P(K) - PO)2 commutes with P(K) and Po. We can define the
inverse square root in Eq. (6.49) as

(1- A)-1/2 = ~ (-}) (-At = 1 + ! A + ~ A2 + ... ,

if IIAII < 1 which is the case for sufficiently smalllKI, because limK--;o P(K) = Po
in the operator norm.

3 [Ka 80j, Sect. 1.5
4 [Ka 80], Sects. 1.4.6 and 1.6.8.
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The operator valued function U(K) is called transformation function for
P(K), because

(6.51)

i.e., U(K) intertwines between the projections P(K) and Po. Clearly, U(K) is
analytic in K around K = 0, from the expansion of P(K) and Eq. (6.50), we
obtain

(6.52)

(6.53)

Similarly as in Eq. (6.45) we can define an analytic family of bounded self
adjoint operators

P(K)H(K)P(K) = -~ J ZR(K, z) dz.
27Tl Jr

The range of the projection P(K) is generally different for each K. But with the
help of the transformation function we can define an analytic family of bounded
self-adjoint operators which is unitarily equivalent to (6.53) and which acts on
one fixed subspace Pof).

H(K) = U(K)-l P(K)H(K)P(K)U(K)

= -~PoU(K)-l J ZR(K,Z)dzU(K)Po
27Tl Jr

= EoPo - ~ POU(K)-l J (z - Eo) R(K,Z) dz U(K)PO' (6.54)
27Tl Jr

Hence the problem of finding the eigenvalues of H(K) near the eigenvalue Eo of
H(O) is completely reduced to the diagonalization of a self-adjoint operator in
a finite dimensional Hilbert space. Hence we can apply the following theorem
of Rellich.

Theorem 6.6. Let H(K) be a family of operators in a finite dimensional Hilbert
Space, such that H(K) is analytic in a neighborhood of K = O. Suppose that H(K)
is self-adjoint for real K and let Eo be an eigenvalue of H(O) with multiplicity m.
Then there are k < m distinct functions, E1(K), ... ,Ek(K), which are analytic
in K in a neighborhood of K = 0, and which are all eigenvalues of H(K) with

multiplicities m j
, such that 'E7=1 mj = m.

We also note that the eigenvectors of H(K) are simply given by

¢/(K) = U(K)¢~, l = 1, ... ,m, (6.55)

where the vectors ¢~, form a basis of the eigenspace of H o belonging to the
eigenvalue Eo. This result follows immediately from the fact that the unitary
operator U(K) maps Pof) onto P(K)f). Analyticity of iI and its eigenvalues
implies that there is an expansion of the form
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00

H(K) = L H n ,

n=O

00

Ej(K) = LE~.
n=O

(6.56)

If Eo is nondegenerate, then the first order term in the expansion of E(K), is
given by

(6.57)

If Eo has multiplicity m, then Ej (K), j = 1, . .. , k, are the eigenvalues of the
self-adjoint m x m matrix

(6.58)

6.2.2 The Reduced Dirac Operator

We apply the general results of the previous section to the Dirac operator
H(e) - Me2. From Sect. 6.1.3 we know that the resolvent of this operator is
analytic in l/c, and

(6.59)

(6.60)

We assume that Eo is an isolated eigenvalue with multiplicity m of the operator
HooP+. The corresponding eigenspace Pof) is contained in P+f). Let r be a
circle in iC which separates Eo from the rest of a(Ho). The projection operator

1 1 i 2-1P(-)=--. (H(e)-Me -z) dz
c 211'1 r

is analytic in l/e. We can define the transformation operator

U(~) = (1- (P(~) - PO)2)-1/2(p(~)po + (1- P(~))(I-Po)), (6.61)

which is analytic in l/c. We shall need the first term in the series expansion of
U(l/e)Po. From Eq. (6.52) it is clear that

lim U(!- )Po = Po = lim PoU(!-).
c-+oo c c-+oo c

We are interested in the reduced Dirac operator

(6.62)

H(~) = U(~)-1p(~)(H(e) - MC2)p(~)U(~)

= EoPo - ~ POU(1)-1 J (z - Eo) (H(e) - Me2 - Z)-1 dzU(!-)Po (6.63)
211'1 c Jr C

which is bounded and self-adjoint and analytic in 1/e for sufficiently large e. In
order to obtain the series expansion of H in powers of 1/e, we note that

i (z - Eo) Ro(z) dz = 0, (6.64)
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This can be seen from the explicit forms of Ro, R 1 given in Eqs. (6.28), (6.29)
and Cauchy's integral formula, because

If 1f z
- Eo

--. (z - Eo)Roo(z)Podz = --. -- dz = O.
211'1 r 211'1 r Eo - z

(6.65)

Therefore the first nontrivial term in the l/c-expansion of Eq. (6.63) is given
by

1 f 1--. Po (z - Eo) 2" R 2 (z) dzPo.
2~1 r C

But from Eq. (6.30) we find

Hence, with Cauchy's integral formula we obtain immediately

- 1 1 Q Q
H(-) = EoPo + - Po - (V - Eo) - Po + ...

c c2 2M 2M

(6.66)

(6.67)

(6.68)

Remark. It is easy to see that the expansion (6.68) contains only even powers
of l/c. As we know from the remark at the end of Sect. 6.1.3, the 1/C2n+1_

terms in the expansion of the resolvent are all odd operators. Hence the same
is true for the expansions of P(l/c) and hence for the series of U(l/c)Po and
PoU(l/ c)*. Therefore, also in the series expansion of H(l/ c) the odd powers
of l/c can only occur with odd operators. But H(l/c) = P+H(l/c)P+ is an
even operator and hence it is anlaytic in 1/c2

• It follows immediately from this
observation and from Theorem 6.6 that the eigenvalues of H(l/c) are analytic
in 1/c2

• Using first order perturbation theory we obtain the following results.

6.2.3 Analyticity of Eigenvalues and Eigenfunctions

Theorem 6.7. Let H(c) = cQ + TMc2 + V be a Dirac operator defined as
in Eqs. (6.2)-(6.5). Let Eo be an isolated eigenvalue with finite multiplicity
m of the operator HooP+, which is the nonrelativistic limit of H(c) - Mc2

(cf. Theorem 6.4). Then H(c) - Mc2 has k ~ m distinct eigenvalues Ei(1/c2 ),

j = 1, ... , k, with multiplicities mj (with L:j mj = m), such that each Ej is
a~alytic in 1/c2 in a neighborhood of c = 00. The corresponding eigenvectors
'l/JJ,rj, Tj = 1, ... mj can be chosen in the form

(6.69)
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Proof. The result follows immediately from the analyticity of if(~) and Theo
rem 6.6. By the remark at the end of the preceding section, the series expansion
of U( ~) is of the form

(6.70)

Eq. (6.69) follows, because the eigenvectors of HooP+ belonging to isolated (Le.,
nonzero) eigenvalues are in P+5'). 0

6.2.4 First Order Corrections of Nonrelativistic Eigenvalues

Theorem 6.8. Under the assumptions of Theorem 6.7, the eigenvalues Ei of
the Dirac operator H (c) - M c2 have the expansion

where the E{, j = 1, ... , k, are the eigenvalues of the self-adjoint matrix

_(Q i Q k)A ik - 2M cPo, (V - Eo) 2M cPo .

(6.71)

(6.72)

The vectors cPij, ... ,cPo form an orthonormal system of eigenvectors of HooP+
belonging to the eigenvalue Eo.

Proof. See the discussion after Theorem 6.6. o

Remark 1. Note that all eigenvectors cP~ are in P+5'). The commutation re
lation (Q/2M)P+ = P_(Q/2M) shows that only the part V_ of V in P_5') is
relevant for the calculation of the 1/c2-correction to the nonrelativistic eigen
value.

Remark 2. For a nondegenerate eigenvalue Eo, Le., HoocPo = EocPo , with
IlcPo II = 1, there is only one eigenvalue E(I/c2

) = Eo+EI/c2 + .. . of H(c)-Mc2
,

and Eq. (6.72) simplifies to

(6.73)

6.2.5 Interpretation of the First Order Correction

In the standard representation, we denote the component of 1/Jo E P+5') by 1/J;.
Let Eo be a nondegenerate eigenvalue of HooP+ with corresponding eigenvector
1/Jo, Le.,

(6.74)
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According to Eq. (6.73) the first relativistic correction E 1 can be written in the
form

( 1 + 1 +)E 1 = 2M_ D1/Jo , (V- - Eo) 2M_ D1/Jo . (6.75)

The scalar product in (6.75) is the scalar product in P-fJ.
Let us now consider a special case, namely the electron in an electrostatic

potential. We have fJ = L 2 (~3)4, T = (3,

V+(x) = V_(x) = <Pel(x)l2, x E ~3, (6.76)

D = D* = u· p = -iu· \7, M+ = M_ = m. (6.77)

The nonrelativistic limit of the Dirac operator H(c) - mc2 is given in L2(~3?

by the following "Schrodinger operator with spin"

(6.78)

Thus the Schrodinger operator Hoc describes particles with spin (i.e., two
component wavefunctions) but the spin does not interact with the electrostatic
field.

Theorem 6.9. Assume <Pel (X) is a twice continuously differentiable function of
z. Let 1/Jt be a nondegenerate bound state of H oo , i.e., H oo1/Jt = Eo1/Jt, and
II1/Joll = 1. Then a first approximation to the corresponding eigenvalue of the
Dirac operator co: . p + ((3 - 1)mc2+ <Pell is given by Eo + E 1 / c2, where

1 + +E1 = 4m2 (u. p1/Jo , (<Pel - Eo)u. P1/Jo )

Proof. Inserting (6.77) into (6.75) gives

1 + +E1 = 4m2 (1/Jo ,u . p (<Pel - Eo) u . p 1/Jo)

1 + 2 += 4m2 (1/Jo ,{U . P <Pel U . P - Eo (U . p) }1/J0 )

= 4~2 (1/Jt, {U . P<Pel U . P - (2~p2 + <Pel) (U . p)2}1/Jt)

1 (+{ 1 4 [ ] += 4m2 1/Jo' - 2mP + u· p, <Pel U . p} 1/Jo ).

Using p = -i \7 we obtain

[u . p, <Ped u . p = -i (u· \7<Pel) u . p.

From the relation (1.212) we get

(6.79)

(6.80)

(6.81)
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[0" P, <PellO' . P = -(\7<Pel) . \7 + 0' . (\7<Pel) 1\ p.

Next we calculate

(6.82)

(6.83)

(6.85)

(6.86)

(-,pt, ~ (L1<Pel) 1/Jt + (\7<Pel)(\71/Jt))

= ~ (1/Jt, [L1, <Ped1/Jt) = ~ (1/Jt, 2m[<Pel - Eo , <Ped1/Jt) = O.

This gives finally

(1/Jt, [0' . p, <Pel] 0' . P1/Jt) = (1/Jt, {~ (L1<pel) + 0' . (\7<Pel) 1\ p} 1/Jt). (6.84)

c

Remark. The various terms in Eq. (6.79) have a nice interpretation. The term
-(2m)-3 p4 is the kinetic energy correction of order I/c2 as expected from the
correspondence principle: In classical mechanics, the relativistic kinetic energy
as a function of the momentum is given by

I I ( I)ve2p2-m2e4-me2=-p2----p4+0 -.
2m 8m3e2 c4

The second summand in Eq. (6.79), (2m )-20' . (\7<Pel) 1\ p, is called spin or
bit coupling term. It can be explained as follows. The electron has a magnetic
moment /.L = -(egI2me)S = -(e/2me)0' (the Dirac equation without modifi
cations describes electrons with g=2). The magnetic moment interacts with an
external magnetic field, the corresponding contribution to the energy is -/.L' B.
According to the special theory of relativity, an observer moving with veloc
ity v in an electrostatic field of strength E feels a magnetic field of strength
B = - E 1\ vie. Hence we expect that the interaction energy of order IIe2 is
given by

e
- -22 2 0' . E 1\ p.

me

This is twice the spin orbit term, if we set -eE = \7<Pel' But there is still
another contribution coming from the Thomas precession. This is a purely
kinematical effect in the special theory of relativity. An accelerated frame of
reference performs an additional precession with the frequency

w = __I_v 1\ v. (6.87)
2e2

For the motion in an electric field, the acceleration is given by v = -eE1m.
The precession of the spin axis gives an additional interaction term

w . S = 4 e
2

2 0' . E 1\ p, (6.88)
me

which combines with (6.86) to give the spin orbit coupling term. The last
contribution to Eq. (6.79), 8~2 (L1<pel), is known as the Darwin term. It can be
heuristically explained as an effect related to Zitterbewegung.
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6.2.6 Example: Separable Potential

We calculate the first-order relativistic correction for the bound state of the
radial Schrodinger equation with a separable potential V. A separable potential
is an operator of finite rank. Given some v E L 2 ([0, (0); dr) and, > 0 we assume
that V is of the form

V¢=-,(v,¢)v, all ¢E L 2([0,00);dr), (6.89)

where (v,¢) = Itv(r)¢(r)dr is the scalar product in L 2([0,00);dr). The
radial Schrodinger equation with orbital angular momentum 1= 0 and energy
E < 0 becomes

-¢"(r) -J.L(v,¢)v(r) = -f.
2¢(r),

where we have used the abbreviations

(6.90)

2m,
J.L= -2- > 0,

h

2 2mE
f. = --2- >0.

h
(6.91)

A Fourier transformation ¢ -+ ¢, where ¢(k) = J2/7r It ¢(r) sin(kr) dr, con
verts Eq. (6.90) into

Hence the solution ¢. must satisfy

(6.92)

¢.(k) = J.L (v, ¢.) u.(k), where
, v(k)
u.(k) = -2--2'

f. +k
(6.93)

From (v, ¢.) = (v, ¢.) = J.L (v, ¢.) (v, u.) we find

(v,u.) = (v,u.) = 1/J.L. (6.94)

This equation can be used to determine an energy f. for which a square
integrable u. exists.

For the explicit calculation we assume that V is a "Yamaguchi potential",

v(r) = e-ar
, a>O,

lienee we find

. '() II kI.e., v k = - 2 2'
7r a + k

(6.95)

e-ar - e-·r 1
u. (r) = , (v u ) - ------,-_____.,,_

f.2_ a 2 ,. -2a(f.+a)2

Therefore, with Eq. (6.94) we conclude that

f. = (J.L/2a)1/2 - a,

(6.96)

(6.97)

which is only positive for J.L > 2a3 (otherwise u. is not square-integrable). In this
case the radial Schrodinger equation with the Yamaguchi potential supports

. precisely one bound state ¢o with energy Eo,
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(6.98)

The normalization factor has been chosen such that II¢oll = 1.
With our previous notation we have

D = Ti, (!£ -!) ,
dT T

(6.99)

(6.100)

and we can use Eq. (6.73) to calculate E I ,

Ti,4 { [€+a €+a]2 2}=---€a a(€+a) 1-2--ln-- -10 •
8m3 10 - a 2a

The separable potential discussed here can be regarded as a very simple model
of the nucleon-nucleon interaction. For a rough estimate we insert for m the
reduced mass of the proton-neutron system, mc2 = 469,46 MeV, and choose
a = 1, I = 124,3 MeV fm- l

. Then we have Eo = -2.08 MeV and El/c2 =
-0.13 MeV. The constants have been chosen to fit the bound state energy of
the proton-neutron system (the deuteron), E ::::; Eo + El/c2 = -2.22 MeV.
We see that the relativistic correction gives a contribution of about 6% of the
nonrelativistic bound state energy.
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In this chapter we consider Dirac operators with some special external field configurations.
We have chosen problems which permit a very detailed discussion because of an underlying
8upersymmetric structure.

We know already that a spin-l/2 particle moving in a magnetic field provides a canonical
example of a supersymmetric system. Supersymmetry essentially determines the eigenvalues
of the Dirac equation in a homogeneous magnetic field. A further consequence of supersym
metry is the equivalence of the Dirac equation with the Pauli equation for a nonrelativistic
spin-l/2 particle in a magnetic field, but it will turn out that there are some striking dif
ferences to the problem without spin. A very important effect specific to particles with spin
is the existence of eigenvalues at threshold. In two dimensions a complete solution of this
problem can be obtained, which relates the number of threshold eigenvalues with the flux of
the magnetic field. Hence we obtain the index of the Dirac operator, which is not a Fredholm
operator in this case. Hence the index differs from the Witten index, which is calculated in
Sect. 7.2.3. In three dimensions the index always vanishes and only some specific examples
of magnetic fields with threshold bound states are known so far (Sect. 7.2.2).

In Sect. 7.3 we calculate the essential spectrum for Dirac operators with magnetic fields.
A special difficulty occurs since a magnetic field which decays at infinity might require the
introduction of an increasing vector potential. In this case one can still use the local gauge
freedom to conclude the invariance of the essential spectrum. This result is optimal in two
dimensions, where the spectrum is shown to be discrete for magnetic fields which do not
vanish at large distances. In three dimensions, however, the essential spectrum seems to be
always the same as for the free Dirac operator, even if the field strength increases at infinity.
Another curious effect is that in two dimensions, for magnetic fields which decay slowly at
infinity, the spectrum consists of a dense set of eigenvalues. In this case no scattering can
occur; there are only bound states. This can be seen most easily from calculating explicit
examples with cylindrical symmetry (Sect. 7.3.3).

Supersymmetry also plays a role in the Dirac Coulomb problem (Sect. 7.4). We treat
this problem with the help of the angular momentum decomposition obtained in Sect. 4.6.
We shoW that the radial Dirac equation can be transformed to a supersymmetric form which
enables us to give an almost algebraic derivation of the Coulomb eigenvalues and eigenfunc
tions. The solvability of the Dirac-Coulomb problem is related to the existence of a conserved
quantity, the Biedenharn-Johnson-Lippmann operator, which is the relativistic analogue of
the Pauli-Runge-Lenz vector (Sect. 7.4.4). We also discuss the dependence of the eigenvalues
on the coupling constant and compare the behavior with and without an anomalous mag
netic moment. Finally we describe the scattering phase shifts of the Coulomb problem and
the Supersymmetric relation between 8,. and 8-,..
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7.1 Magnetic Fields

7.1.1 Introduction

In any space dimension n 2: 2 the magnetic field strength B is described by a
2-form

n

B(x) = L F;k(X) dXi II dXk
i,k=1
i<k

satisfying dB = °(exterior derivative). Hence we can write B = dA, or

Fik(X) = oAi(x) _ oAk(x)
OXk OX;

with the magnetic "vector" potential (I-form)

n

A(x) = L Ai(x) dXi.
i=1

(7.1)

(7.2)

(7.3)

We want to stress that the vector potential is not directly observable. Therefore,
one should formulate all results under assumptions on the field strengths. Even
tually, we shall use the gauge freedom (see Sect. 4.4.3) to make the description
as simple as possible.

Throughout this chapter we assume that each component of B is a smooth
function in COO(lRn

). In connection with the Dirac equation we are interested in
dimensions n = 2,3. For n = 3, the differential forms B and A can be identified
with vector fields

satisfying B = rotA, i.e., divB = 0. In two dimensions, the magnetic field
strength B = 01A2 - 82A1 is simply a scalar field. This corresponds to the
three-dimensional situation B(x) = (O,O,B(X1,X2))'

7.1.2 Dirac and Pauli Operators

We recall the Dirac operator with a magnetic field

if n = 3,
(7.5)

if n = 2.

It is essentially self-adjoint on Co (JR3)4, resp. Co (lR2?, even without restriction
on the growth of B or A at infinity (Theorem 4.3).

In the standard representation H(A) has the abstract supersymmetric form

H(A) = (mc2

cD
cD· )-mc2 , (7.6)
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where

{
2::=1 (7i(Pi - Ai)

D == (PI _ Ad + i(P2 - A2)

if n = 3,

if n = 2.

(7.7)

Note that D i- D* in two dimensions. The Pauli operator

_ 1 * {HS(A)l - (1/2m)0'· B, if l/ = 3,
Hp(A) = -D D=

2m Hs(A) - (1/2m)B, if l/ = 2,
(7.8)

can be obtained as the nonrelativistic limit of H(A) (d. Sect. 6.1.2). Here,
Hs(A) = 2~ (-i \7 - A? denotes the Schrodinger operator for a nonrelativistic
spinless particle in a magnetic field.

The supersymmetric structure (7.6) and Corollary 5.14 immediately imply
the following result.

Theorem 7.1. The spectrum of H(A) is symmetric with respect to 0 except
possibly at ±mc2. The open interval (-mc2,+mc2) does not belong to the
spectrum. We have

H(A)lJi = mc2 lJi if and only if

with D* D1/Jl = 0 (equivalently D1/Jl = 0). (7.9)

On the other hand,

H(A)lJi = -mc2lJi if and only if

with DD*1/J2 = 0 (equivalently D*1/J2 = 0). (7.10)

Hence in three dimensions, where D* = D, the spectrum is always symmetric,
even at ±mc2 .

Remark. The use of the vector potential in quantum mechanics is sometimes
counterintuitive, because the vector potential is usually nonzero in regions
where the magnetic field strength vanishes. Consider, e.g., a magnetic field B(x)
in two dimensions with compact support and nonvanishing flux JB(x)rPx.
Clearly in this case we expect the particle to move freely once it has left the
Support of B. But using Stokes law 1A ds = JB d2 x, where the circulation
of A is taken along a large circle outside the support of B, we see that A(x)
cannot decay faster than !X!-I, as Ix! -+ 00. Hence the vector potential keeps
influencing the wavefunction of the particle also at large distances from the
Support of B.
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7.1.3 Homogeneous Magnetic Field

Supersymmetry essentially determines the spectrum of H(A) in case of a ho
mogeneous magnetic field B(x) = (0,0, Bo), where we assume B o > 0. For this
situation it is sufficient to consider the two-dimensional Dirac operator H(A)
with the vector potential

Bo
A(x) = 2(-X2 ,X1 )'

With D = (-WI - AI) + (02 - iA2) we find

DD* = D* D + 2Bo. (7.12)

Hence the spectrum of DD* equals the spectrum of D*D shifted by 2Bo.
Since D* D ~ 0, we have DD* ;::: 2Bo, i.e., DD* has no spectrum in [0,2Bo).
But supersymmetry implies a(D*D) = a(DD*) except at 0, and therefore
a(D*D) n (0, 2Bo) = 0. Hence the first nonzero eigenvalue of D* D can only oc
cur at 2Bo. The same chain of arguments works for the next interval (2Bo,4Bo).
We conclude that

a(D*D) C {0,2Bo,4Bo, ...},

a(DD*) C {2Bo,4Bo,.· .}.

Hence we find

(7.13)

(7.14)

a(H(A)) C h/2nBo + mc2 , -.j2(n + I)Bo + mc2 In = 0,1,2, ...}. (7.15)

In order to obtain "::;l" and the eigenfunctions we proceed as follows: Assume
D* D'l/Jo =°or equivalently D'l/Jo = 0 for some 'l/Jo E L 2 (l~2). At the same time
'l/Jo is an eigenvector of DD*, because from (7.12) we obtain DD*'l/Jo = 2Bo'l/Jo·
This shows that 2Bo E a(DD*) provided °E a(D* D). Supersymmetry implies
that 'l/Jl == D*'l/Jo is an eigenvector of D* D belonging to the same eigenvalue
2Bo. Applying (7.12) again we find DD*'l/Jl = 4Bo'l/Jl' If we proceed in this way
we obtain a sequence of eigenvectors 'l/Jn == (D*)n'l/Jo, n = 0,1,2, ... satisfying

D* D'l/Jn = 2nBo'l/Jn,

DD*'l/Jn = 2(n + I)Bo'l/Jn, n = 0,1,2, ... (7.16)

The corresponding eigenvectors of the Dirac equation can be found by an in
verse Foldy-Wouthuysen transformation (Sect. 5.6.1):

H(A) U;~ (~n ) = .j2nBo + mc2 U- 1
( ~n ) , (7.17)

H(A)U;~ (;n) = -J20+ I)Bo +mc2 U-
I (:n)' (7.18)

Hence everything depends on whether we can find a 'l/Jo with D'l/Jo = 0 or
equivalently a solution of the Dirac equation with energy mc2 • This will be
done next.
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We define an auxiliary scalar field

() _BO(2 2¢ X = 4 Xl + x 2),

such that

A(x) = \7 II ¢ = (-02¢, 01¢), i.e., 6¢(x) = B(x).

Then it is easy to verify that if D'l/Jo = 0 the function

w == e4>1/Jo

satisfies

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)

The equation

ow ow
-+i-=O
OXl OX2

is equivalent to the Cauchy-Riemann equations. Hence w must be an entire
analytic function of Xl + i X2. There is one further restriction, namely that
e-<Pw = e-Box2/4w = 1/Jo must be square integrable. Hence any polynomial in
Xl + i X2 gives a solution 1/J;;'; of D1/J;;'; = 0, if we set

(7.24)

where mj E H,~,~, ...}. Moreover,

(7.25)

where J 3 = -iXI02 +iX201 +0'3/2 is the angular momentum of the particle.
We collect our results in the following theorem.

Theorem 7.2. The Dirac operator in two dimensions with a constant magnetic
field Bo has the eigenvalues

V2nBo+mc2, -V2(n+l)Bo+mc2, n=0,1,2, ....

Each eigenvalue is infinitely degenerate.

(7.26)

If we start with Bo < 0 the reasoning is analogous, but we obtain an eigen
value -mc2 instead of +mc2 of H(A). The missing supersymmetry at ±mc2 is
quite typical in two dimensions as we shall learn in the following section.
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7.2 The Ground State in a Magnetic Field

7.2.1 Two Dimensions

The method of finding the ground state of the Dirac operator which we applied
in the last section can be used to obtain the following result

Theorem 7.3. In two dimensions, let B(x) be a magnetic field with compact
support, and denote

(7.27)

a) If F = n + E (where n is a positive integer, and 0 ~ E < 1), then +mc2 (but
not -mc2

) is an eigenvalue of the Dirac operator H(A) defined in (7.5).
b) If F = -n - E, then -mc2 (but not +mc2

) is an eigenvalue of H(A).

In both cases the multiplicity of the eigenvalue is n, if E > 0, and n -1, if E = O.

Proof. The Green function of 6. in two dimensions is 2~ In Ix - yl, therefore

¢(x) = ~ r In Ix - yIB(y)d2y
27r J~2

satisfies 6.¢(x) = B(x), and

1
¢(x) - FIn Ixl = O( j;I)' as Ixl -> 00.

(7.28)

(7.29)

We choose the vector potential A = (-02¢, Ol¢), and look for a solution of

(7.30)

Writing

we find that (7.30) is equivalent to

(7.31)

(7. pW = 0 or (7.32)

(7.33)

(7.34)

These equations are equivalent to the Cauchy-Riemann equations. Hence WI

(resp. W2) has to be an entire analytic function in the variable z = Xl + i X2
(resp. Z = Xl - iX2)' For large Iz[ = Ixl these functions behave as

WI(X) ~ e+Flnlxl.,h(x) = jxj+F.,h(x),

W2(X) ~ e-Flnlxl.,P2(x) = Ix/- F7P2(X).
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If F > 0 then W2 is square integrable at infinity and hence zero, because an
analytic function cannot vanish in all directions, as Izl -> 00. This shows that
1/12 = 0 and therefore only +mc2 can be an eigenvalue of H(A). But for this we
have to fulfill the condition

(7.35)

which requires that WI should not increase faster than IxI F
-

l
-

h
, for some b > O.

Since WI is an entire function, it must be a polynomial in Xl + i X2 of degree
::s n -1 (resp. n - 2, if to = 0). Hence there are n linearly independent solutions
1/11 of D1/11 = 0, namely (for to -I- 0)

-</> -</>( .) -</>( .)2 -</>(' )n-le ,e Xl + 1 X2 , e Xl + 1 X2 , ••• , e Xl + 1 X2 •

An analogous reasoning applies to the case F < O.

7.2.2 Three Dimensions

(7.36)

o

There is no analogue of Theorem 7.3 in three dimensions. Concerning the ex
istence of eigenvalues at ±mc2

, only some examples are known so far.

Example 7.4. If we had a solution of

C7' P lP(z) = 'x(z)lP(z)

for some real-valued ,x, which satisfies

2

(lP, lP) 2 (z) == L 1/1i(z) 1/1i(z) -I- 0,
i=l

(7.37)

(7.38)

then we could find a vector potential A and a solution of C7 • (p - A) lP = O.
First note that it follows from

3

(lP,q-lP)~ = L(lP,17ilP)~ = (lP,lP)~,
i=l

that lP satisfies

3
L 17i (lP, 17ilPh lP - lP
i=l (lP, lPh -,

and hence

C7' A(z) lP(z) = ,x(z) lP(z),

if we choose

(7.39)

(7.40)

(7.41)

(7.42)
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But a solution of (7.37) is easy to find. Choose, for example,

l+iO'·z
lli(z) = (1 + x2)3/2 Po,

where Po E C2 , with (po, poh = 1. Note that

1o~ (lli,O'lli)2(Z) = (1 + x2)3 {(1- x2
)w + 2(w· z)z + 2w 1\ z},

where w = (po, O'Poh is a unit vector in ]R3. We obtain

3
0" P lli(z) = -1--2 lli(z),

+x

(7.43)

(7.44)

(7.45)

and finally

A(z) = 3(1 + x2) (lli, O'llib B(z) = 12 (lli,O'llih (7.46)

The vector field A can be obtained by stereographic projection from a parallel
basis vector field on the three-dimensional sphere. Hence the flow lines are
circles on the Hopf tori.

7.2.3 Index Calculations

Theorem 7.3 shows that for a magnetic field with compact support in two
dimensions the index of the operator

is given by

{
n if F = n + f,

indQ = (sgnF)· n'-l, if F = n.

(7.47)

(7.48)

Here F is the flux of the magnetic field, n a positive integer, and 0 < f < 1.
In three dimensions, since D = D*, the index vanishes. The operator Q is
not Fredholm, because under the assumptions of Theorem 7.3 we have (see
Remark 2 in Sect. 5.7.1 and Theorem 7.7 below)

It is interesting to compare (7.48) with the result for the Witten index.

Theorem 7.5. Under the assumptions of Theorem 7.3, we have

ind z Q = F.

(7.49)

(7.50)

Proof. Here we only give a sketch of the proof, see the Notes for references.
One considers a suitable class of magnetic fields with a fixed value of the flux
F = 2~ JB (x) d2x and defines the Hamiltonians
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(7.53)

(7.52)R> O.

HI = D*D, H2 = DD* = HI + 2B(x). (7.51)

One first shows that the interaction satisfies suitable trace class conditions,
which imply that Krein's spectral shift function e('x) is independent of the
magnetic field in the class and depends only on the flux F (see Theorem 5.28).
Next one considers as an example the family {B R I R > O} of magnetic fields
with flux F, where BR(x) = 6¢R(x), and

{
~ + ~ -In R, Ixl ~ R,

¢R(x) = F

In lxi, Ixl .2 R,

We have ¢R E C2(lR?) and the corresponding Hamiltonians Hf, j = 1,2, satisfy
the following scaling properties,

U.HfU;1 = eHjR, e,R> 0, j = 1,2,

where

U.1jJ(x) = 1jJ(x/e)/e, all1jJ E £2(JR2). (7.54)

Let SR(,X) be the on-shell scattering operator in £2(SI) which is associated
with the scattering system (Hf, Hf) (see Sect. 8.1). Eq. (7.54) implies

SR(,X) = SR/«e2,X), e,R,'x> 0, (7.55)

and for Krein's function eR(,X), which is related to the S matrix by (see also
Theorem 8.4)

SR(,X) = e-hieR(A), for almost every'x E 17a.c.(Hf) = [0,(0), (7.56)

we obtain the same scaling properties,

eR(,X) = eR/'(e2,X), e,R,'x> O. (7.57)

But since the magnetic fields BR all have the same flux F, we find that eR(,X)
cannot depend on R, hence Eq. (7.57) implies that Krein's spectral shift func
tion for ,X > 0 cannot depend on ,X either. From Eq. (5.153) we obtain

indz Q = eo, (7.58)

where' eo is the constant value of the spectral shift function for ,X > O. Hence
the regularized index indz Q does not depend on z. It is most easily calculated
in the limit z -> 00. Iterating the resolvent equation and using appropriate
Bessel function estimates one obtains, with H o = -6,

indz Q = lim ztr[(H2 - z)-I(-2B)(H2 - Z)-I]
z->oo

I arg zl>.>o

lim z tr [(Ho - Z)-I( -2B)(Ho - Z)-I]
z->oo

Iarg zl>.>O

= ~ r B(x)d2x = F.
27r J~2

(7.59)

o
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7.3 Magnetic Fields and the Essential Spectrum

7.3.1 Infinitely Degenerate Threshold Eigenvalues

The proof ofthe Theorem 7.3 shows that if one can find a solution ¢ of 6¢(x) =
B(x), such that e-q, (or eH ) is a rapidly decreasing function in S(lR3 ), then the
eigenvalue +mc2 (or -mc2

) is infinitely degenerate and hence in l7ess (H(A)).
As we have seen, this is indeed the case for a homogeneous magnetic field.

In case of a cylindrically symmetric magnetic field in two dimensions
(B(x) = B(r), r = Ixl) a solution of 6¢(r) = (02

/ or2 + (l/r)%r)¢(r) =
B(r) is given by

i T Ii"¢(r) = ds- dtB(t)t.
o s 0

Hence for a magnetic field with infinite flux like

B(r) ~ rh
-

2
, for some b > 0, r large,

we find

¢(r) ~ b- 2 rh
, for r large,

(7.60)

(7.61)

(7.62)

i.e., e-q, decreases faster than any polynomial in Ixl. Therefore +mc2 is in
finitely degenerate in this case. If even B(r) --> 00, as r --> 00, then the next
theorem shows, that +mc2 is the only possible point in the essential spectrum
of the Dirac operator.

Theorem 7.6. If in two dimensions B(x) --> 00 (resp. B(x) --> -(0), as Ixl -->

00, then ,X with ,X -I- +mc2 (resp. ,X -I- -mc2) is not in the essential spectrum
of the Dirac operator.

Proof. We assume B(x) --> +00, the other case can be treated analogously.
We show that ,X with ,X -I- mc2 is not in l7eoo (H(A)), because for all lli = (~:)

in C8" (lR2)2 with support outside a ball with sufficiently large radius R there
is a constant C('x) such that

II (H(A) - 'x)llill 2: C('x) Illlill·
In order to prove this, we choose R so large, that

1
B(x) 2: 2 1,X - mc21(3 + 21,X + mc21), for alllxl 2: R.

c

Denoting P = (~~) = (H(A) - 'x)lli, Le.,

¢l = CD*'l/J2 - (,X - mc2)'l/Jl'

¢2 = CD'l/Jl - (,X + mc2)'l/J2'

we find

(7.63)

(7.64)

(7.65)
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IID*?P211 2 = (?P2, D* D?P2) = II(p - A)2?P211 2+ (?P2, B(X)?P2)

1
2: 2]'x - mc2

] (3 + 2!,X + mc2
]) 11?P211 2, (7.66)

c
provided SUPP?P2 is outside the ball with radius R. Hence

1
(3 + 21,X + mc21)II?P2112 :s: I,X _ mc21 11 ¢l + (,X - mc

2
)?PIil

2

I,X _lmc21 1141111 2 + 2(sgn'x) Re(411> ?Pd + I,X - mc2111?Pl11 2. (7.67)

Since

(sgn'x) Re(¢1>?Pd = (sgn'x) Re(cD*?P2' ?Pd -I'x - mc2111?Pl11 2

:s: 1I?P2111IcD?P111-1'x - mc
2

111?Pl11
2

:s: 1]?P21111¢211 + I,X + mc2111?P211 2 -I'x - mc2111?Pl112 (7.68)

we find

1
311?P211

2 + I,X - mc2111?Pl112 :s: I,X _ mc2111¢l112 + 211?P21111¢211· (7.69)

Now we have either 1I?P211 :s: 1141211 or 1I?P211 2: 1141211. In each case

II lli l1
2

= II ?PIil
2+ 1I?P211

2 :s: 2 max { 1, (,X _ ~c2)2 } Ilp112, (7.70)

which proves the theorem. 0

7.3.2 A Characterization of the Essential Spectrum

We want to determine the essential spectrum of the Dirac operator with a
magnetic field B(x) which tends to 0, as Ixl --> 00. Our results of Sect. 4.3.4
cannot be applied, because the potential matrix need not decay at infinity. For
example, the vector potential of a two-dimensional magnetic field with infinite
flux might even increase (see the remark at the end of Sect. 7.1.2).

Theorem 7.7. In two or three dimensions, if IB(x)1 --> 0, as Ixl --> 00, then

(7.71)

Proof. It is sufficient to consider the essential spectrum of the operator

"
D" = C LlJ'i(Pi - Ai) == Ct7· (p - A)

i=l

in dimensions v = 2,3, because H(A) is unitarily equivalent to

(7.72)

(7.73)



204 Special Systems

and

(7.74)

In order to prove k E (J'ess (D,,) it is sufficient to find an orthonormal sequence
of vectors y;(n) in the domain of D", such that

lim II(D" - k)y;(n)11 = 0
n--->oo

(7.75)

(Weyl's criterion). Moreover, the distance between k and (J'ess(D,,) is less than
d, if for a suitable orthonormal sequence y;(n)

(7.76)

We are going to construct suitable vectors y;(n) as follows. Let B n = B p.. (x(n))
be a sequence of disjoint balls with centers x(n) and radii Pn. Any two £2_
functions with support in different balls are orthogonal. We use the gauge
freedom to define within these balls vector potentials A(n) which are determined
by the local properties of B in that region (unlike the original A-field). For each
n we define

or, written in components (i = 1, ... ,II)

1 "
A~n)(x) =1~Fki(X(n) + (x - x(n))S)(Xk - x~n))sds.

It is easy to see that

sup IA(nl(x)1 ~ Pn sup IB(x)l·
xEB.. xEB..

Furthermore, if A is the vector potential we started with, then

A - A(n) = "ilg(n) , with g(n) E COO (lR.").

Finally, we choose

where j is a localization function with the following properties:

j E CO'(lR."), suppj C {x Ilxl ~ I}, JIj(xWd"x = 1.

(7.77)

(7.78)

(7.79)

(7.80)

(7.81)

(7.82)

It is easily verified that Suppy;(n) C B n , and 11y;(n)11 = 1. A little calculation
gives for all k E lR.
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{oo· (p- A(x)) - k}1[t(n l (x) =

= -i ~oo. Vj(X-x<n)) ~ (1) _1_ exp (ig(nl(x) - ikxd
Pn Pn V2 1 p~/2

- oo. A(nl(x) 1[t(nl (x).

Using (7.79) we obtain the estimate

II{oo' (p - A) - k}1[t(nl ll ::; ~JIVj(xWd"x + Pn sup IB(x)l·
Pn xEBn

(7.83)

(7.84)

If IB(x)1 -> 0, as Ixl -> 00, then there is a sequence of disjoint balls Bn with
increasing radius Pn, such that

1
sup IB(x)1 ::; 2'

xEBn Pn
(7.85)

But then (7.84) is bounded by constant/Pn -> 0, as n -> 00. Hence any k E lR
is in the essential spectrum of D". D

Remark. If B(x) is bounded, then the distance from an arbitrary point
>. ~ (-mc2

, mc2
) to aess(H( A)) is less than 4V3 sup JIB( x )1. This can be seen

as follows. Assume IB(x)1 ::; M for all x. In the proof of the theorem above,
choose Pn = P, all n, to find that (7.84) is bounded. Let j(x) satisfy (7.82)
and choose j(x) = const. cos2(7rlxl/2) for Ixl ::; 1. Then it is easy to see that
J IVj(x)1 2d3 x R::: 11.62. Setting p = (12/M)1/2 we obtain the bound 4(3M)1/2
for (7.84). Hence the distance of an arbitrary k E lR to aess(D,,) is less than this
constant. The distance from an arbitrary >. ~ (-mc2 , mc2 ) to the next point in
uess(H(A)) is bounded by the same constant.

It is immediately clear from the proof of Theorem 7.7 that the condition
IB(x)1 -> 0 can be weakened considerably. It is sufficient to require that there
is a sequence of balls with increasing radius on which B tends to zero. These
halls can be widely separated and it does not matter how B behaves elsewhere.
This result is not so typical for Dirac operators, because similar statements
are true for the nonrelativistic Schrodinger operator without spin. For Dirac
operators in three dimensions, however, the result is true under much more
general conditions. More, precisely, one defines functions

fAx) = L:1al=r IDaBI , if T 21, and lOO(X) = IB(x)l.
1 + L:1al<r IDaBI

(7.86)

and introduces the assumption

A r : There exist a sequence of disjoint balls B n of radii Tn with Tn ...... 00 such
that the function lOr (X) restricted to the union of these balls tends to zero
at infinity.
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It can be seen that if (Ar ) holds for some r ;::: 2, then one of the assumptions
(Ao) or (AI) is true. If the components of B are polynomials of degree r, then
(Ar + I ) holds. The following theorem applies to this case.

Theorem 7.8. In three dimensions, if (Ar ) holds for some r ;::: 0, then

aess(H(A)) = (-00, -mc2J U [mc2
, 00). (7.87)

It should be clear from Theorem 7.6 that this result is very specific to three
dimensions. Theorem 7.8 is very remarkable, because magnetic fields increas
ing like polynomials are known to yield Schrodinger operators with compact
resolvent.

Finally we quote a theorem which gives criteria for the absence of eigenval
ues in the region (-00, -mc2J U [mc2 , 00).

Theorem 7.9. If B(x) --> 0 and x 1\ B(x) --> 0, as Ixl --> 00, then the Dirac
operator has no eigenvalues oX with loXl > mc2 •

7.3.3 Cylindrical Symmetry

In case of electric or scalar potentials which decay at infinity, the essential
spectrum mainly consists of a continuous spectrum associated with scattering
states. This is not necessarily the case for magnetic fields as can be seen most
clearly by looking at cylindrically symmetric examples.

In two dimensions, if the magnetic field strength is cylindrically symmetric,
we can pass to coordinates

r = lxi, X2
¢ = arctan-.

Xl
(7.88)

in 1R2 \ {O}. We denote the coordinate unit vectors by

(7.89)

write B(x) = B(r), and choose A(x) = A",(r)e"" where

1 l r

A",(r) = - B(s) s ds,
r 0

(
d 1) 1dB(r) = - + - A",(r) = --(A",(r)r).
dr r r dr

In this notation the flux of B is given by

F=21r roo B(s)sds= lim (A",(r)r)10 r-+<Xl

(7.90)

(7.91)

(7.92)

In order to obtain the Dirac operator in cylindrical coordinates we write
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u· (p - A) =(u· e r ) e r . (p - A) + (u· eel» eel>' (p - A).

Using the formulas

207

(7.93)

.0
e r • p = -1 or'

and

-i a 1
eel> • p = - - = -L3

r oep r
(7.94)

we obtain

(7.95)

H(A) =CiT • (p - A) + a3mc2

= c(u· e r ){ -i (:r + 2
1
r) + i ~a3h - ia3AeI>(r)} + a3mc2. (7.96)

The angular momentum operator J3 = L3 + a3/2 commutes with H(A) and
the spinors

a,b E C, (7.97)

form a complete set of orthogonal eigenvectors of J3 in L2 (81)2 with the prop
erties

(
bei (m;-1/2)eI»

(u. er)Xm; = aei (m;+1/2)eI> .

Any function 1Jt(r, ep) in L2(JR2)2 can be written as a sum

(

:.rlm;(r)ei(m;-1/2)eI> )

1Jt(r, ep) = L 1 . '
m; -i yr9m;(r)e1 (m;+1/2)eI>

with suitable functions 1m; and 9m; satisfying

(7.98)

(7.99)

(7.100)

(7.101)

The action of H(A) on 1Jt can be described on each angular momentum subspace
as the action of a "radial Dirac operator" hm ; defined in L 2 ([0, 00), dr)

h . (1m
;) = (mc

2

m, 9m; cD

with

CD*2) (1m ;)
-mc 9m; (7.102)
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d m·
D = - - _J + A", (r),

dr r
(7.103)

and H(A) is unitarily equivalent to a direct sum of the operators hmr A little
calculation shows

D*D}=_ d
2

2
+ (mj=ft)2_~ - 2

mj =f!A",(r)+A:(r)=f B (r). (7.104)
DD* dr r r 'Y

From (7.91) we see that if B(r)r -> 00 then also A",(r) -> 00, as r -> 00. In this
case the term A~ dominates in (7.104) the interaction at large values of rand
clearly the Schrodinger operator D* D (resp. DD*) has a pure point spectrum.
By Corollary 5.14 the same is true for the Dirac operator hmj on each angular
momentum subspace and hence for H(A). Let us summarize these observations
in the following theorem.

Theorem 7.10. In two dimensions, ifB is cylindrically symmetric and B(r)r->
00, as r -> 00, then the Dirac operator H(A) has a pure point spectrum. In
addition, if B(r) -> 0, then B(r)r -> 00 implies that there is a complete set of
orthonormal eigenvectors of H(A) belonging to eigenvalues which are dense in
(-00, -mc2]U [mc2, 00).

7.4 The Coulomb Problem

The Dirac equation with the Coulomb potential ePel(:Z:) = 'Y /1:z:1 describes the
motion of an electron in the field of an atomic nucleus. This problem can be
solved exactly and the solutions almost perfectly agree with the experiments.
Since the hydrogen atom is fundamental to relativistic atomic physics, this
success of the Dirac equation has been one of the main historical reasons for
its quick acceptance. The exact solvability of the Coulomb problem can be
explained with the help of supersymmetric quantum mechanics.

7.4.1 The Hidden Supersymmetry

In this section we show that the Dirac operator for an electron (without anoma
lous moment) has a hidden supersymmetric structure. We start with the radial
Dirac operator (cf. Eq. (4.129))

hl<=( m{~2+;} c{-~+P), K,=±1,±2,.... (7.105)
c dr +;:' -mc + r

and assume -c < 'Y < O. The negative sign of 'Y corresponds to an attractive
Coulomb potential. By our results in Sect. 4.6.6, hI< is essentially self-adjoint
on COO (0,00) for all values of K" if I'YI < cV3/2. For 'Y not in this range we
shall have to specify a boundary condition at zero for the wavefunctions in the
domain of hI<'
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We are interested in the eigenvalues and square integrable eigenfunctions in
£2((0,00), dr)2; i.e.,

(hI< - E) (~) = 0, 10
00

{If(r)1 2 + Ig(r)1 2
} dr < 00. (7.106)

It is useful to rearrange this system of differential equations such that the
derivatives appear in the main diagonal:

ia2 (hI< - E)

= c1 :r + (~~ _~~ ) ; + (E _0mc2 - E~ mc
2

) .

We can even diagonalize the matrix in front of 1/r.

A-I(C~ "Y )A=C(S 0), s=J~2-"Y2/c2,
-"Y -c~ 0 -s

A=(-C(~+S) "Y ).
"Y -c(~ + s)

Therefore, with

(7.107)

(7.108)

(7.109)

(7.110)

we can rewrite the eigenvalue equation (7.106) in the following form

ia2A-lia2(hl< - E)A (~ ) = 0, (7.111)

which is the same as

( mc2 c{-f,.+;}+~)(U)=~E(U). (7.112)
C {f,. + ;} +~ -mc2 v S v

For each E the matrix operator in (7.112) is a Dirac operator with supersym
metry. We denote

d S "YE
Do == Do(E) == dr + ~ + c2 s· (7.113)

By a Foldy-Wouthuysen transformation UFW (d. Sect. 5.6.1) we can transform
equation (7.112) into

~E
";c2DoDo + m 2c4 r:/> = -r:/>, (7.114a)

S

Jc2DoDo+ m2 c4 1/; = - ~E 1/;, (7.114b)
S

where

(7.115)

We want to stress that the pair of equations (7.114) is completely equivalent
to the stationary Dirac equation (7.106).
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7.4.2 The Ground State

It is surprisingly simple to determine a solution of (7.114). Just remember (5.25)
and (5.26): If we could find (for arbitrary E) a vector ¢ in Ker Do = Ker DoDo,
then we could automatically solve (7.114a) by choosing E appropriately. Simi
larly, 1/J in Ker Do would give a solution of (7.114b). Indeed,

* {d S "YEo}D 1/J = -- + - + - 1/J = 0a dr r c2 s

is a very simple differential equation which is solved by

1/Jo(r) = r8ebEo/c28)r.

(7.116)

(7.117)

This solution is square integrable if and only if "YEo < O. Since we have chosen
"Y < 0 we find that we must have Eo > O. From (7.114b) and D oDo1/Jo = 0 we
obtain immediately

1

mc
2

S 2 { "Y2
} -"2

Eo = - -- = mc 1 + 2 2 2
'" C '" -"Y

(7.118)

From Eo > 0 we conclude that", has to be negative for this solution. Obviously,
-",Eo/ s is the smallest positive eigenvalue which can occur in (7.114b). Thus Eo
is the ground state energy of the Dirac-Coulomb problem. The corresponding
solution of the radial Dirac equation (7.106) (with'" < 0 and E = Eo) is given
by

(fa) -1 ( 0 ) ( "Y1/Jo )
90 = nOAUFW 1/Jo = no -c('" + s)1/Jo ' (7.119)

no being an appropriate normalization constant. We have used Eq. (7.109) and
UFW = Ion KerQ (Sect. 5.6.1).

On the other hand, a solution of the differential equation Do¢> = 0 is given
by

(7.120)

Because of the singularity at the origin this solution is not square integrable
for S > 1/2, or I"YI < cy'",2 - 1/4, and has to be excluded. Hence Ker Do = {O}
and Eq. (7.114a) has no L2-solution for E = Eo, i.e., Eo is not an eigenvalue
of hI< with", > O.

For s < 1/2, (7.120) is square integrable if "YE > O. In this case the solution
(7.120) can only be excluded by specifying a boundary condition of the form

lim ¢>(r) = O.
r---+O

(7.121)

This procedure amounts to choosing a distinguished self-adjoint extension of
the operator hI< for values of "Y for which hI< is not essentially self-adjoint.
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Remark. The system of differential equations (h", - E o)1/J = 0 has two indepen
dent solutions which need not be square integrable. The preceding discussion
shows that for l-yl < cJK,2 -1/4 only one of these solutions is in L 2(0,f),
whereas for l-yl > cJK,2 - 1/4 both solutions are square integrable at O. At
r = 00 there is always only one square integrable solution. Thus we are in
the limit point caseI at both 0 and 00, only if l-yl is sufficiently small. In this
case the Dirac operator h"" defined on the set of locally absolutely continuous
functions with compact support in (0,00) has defect indices (0,0) and hence
is essentially self-adjoint there. For l-yl > cJK,2 - 1/4 we are in the limit cir
cle case at 0 and hence the defect indices of h", are (1,1). Our choice of the
boundary condition (7.121) corresponds to choosing the particular self-adjoint
realization of h", on the domain

1:>(h",) = {1Ji E £2(0,00)21 each component of 1Ji is locally absolutely

continuous, and h",1Ji E L2(0, oo?, 1Ji(r = 0) = (O,O)}. (7.122)

7.4.3 Exited States

Iterating Eqs. (7.114) gives the following second order equations

(c2D~Do + m2c4)¢ = {E2 + ::~2 }¢,
(c2DoD~ + m 2c4)1/J = {E2+ ::~2 }1/J.

We have used 1',2 = s2 +-y2/c2. With Do given as in (7.113)

2D*D _ 2{_~ s(s + I)} 2-yE -y2E 2
c oo-c d 2 + 2 + + 22'r r res

2D D* _ 2{_~ s(s -I)} 2-yE -y2 E2
C oo-c d 2 + 2 + + 22'. r r r cs

Inserting (7.124) into (7.123) we obtain

(7.123a)

(7.123b)

(7.124a)

(7.124b)

(7.125a)

(7.125b)

{
2 (_~ S(S+l)) 2-yE 24}o"= E2o"

C d 2 + 2 + + m C 0/ 0/'r r r

{ (
d2 S(S-l)) 2-yE }

c2
-- + + -- + m 2 c4 1/J = E 21/J.

dr2 r2 r

This shows that Eq. (7.123a) can be obtained from Eq. (7.123b) by replacing
the parameter S with S + 1. Hence Eq. (7.123a) is the same as

1 See, e.g., [RS 75J, Appendix to X.1. For systems of differential equations the assertions on
limit point/circle case, defect indices, and self-adjoint realizations are proven in [467J. See
Sect. 4.6.6 for related results.
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(7.126)

(7.127)

(7.128)

(7.129)

with

d s+1 "{E
D I == dr + -r- + C2 (S + 1)"

Again, it is easy to obtain a solution of (7.126). For E = E I , which still has to
be determined, the equation D~ cP = 0 is solved by

()
8+1 ("{EI )

cPI r = r exp c2 (s + 1) r ,

which is square integrable for E I > 0 (since "{ < 0). cPI is a solution of (7.126)
if we choose

EI = mc
2 {I + C2(S"{~ 1)2 } -~.

At the same time, r:/>I is a solution of equation (7.123a) which is identical to
(7.126). The relation between (7.123a) and the Dirac equation (7.106) is given
by the following lemma.

Lemma 1.11. Let E > Eo, "{ < 0, S = (1\";2 - "{2 /C2 )I/2. Then r:/> is a square
integrable solution of (7.123a) if and only if E is an eigenvalue of the Dirac
operators h"" I\"; = ±(s2 + "{2 /C2 )I/2, with corresponding eigenvectors given by

( ~:) = AU;~ ( ~ ) , for I\"; > 0,

(~=) = AU;~ (D~r:/> ) , for I\"; < O.

(7.130)

(7.131)

Proof. Any square integrable solution r:/> of (7.123a) is an eigenvector of D~Do
and hence of the square root operator in (7.114a). However, (7.114a) can only
be satisfied, if I\";E / s > O. Since E > 0 we must have I\"; > O. We have seen
in Sect. 7.4.2 that r:/> is not in Ker Do, because this set contains only the zero
vector. Supersymmetry implies that Dar:/> is an eigenvector of DoDo and hence a
solution of (7.123b) with the same E (cf. Sect. 5.2.3, in particular Eq. (5.29)).
(7.114b) is solved by Dar:/> if and only if I\"; < O. It is clear from (7.110) and
(7.115) that AU;.it turns the solutions (r:/>,O)T resp. (O,DOr:/»T of (7.123) into
solutions of the original Dirac equation with I\"; > 0 resp. I\"; < O. 0

We conclude that El is an eigenvalue of the Dirac operator. El is the smallest
parameter for which (7.126) resp. (7.123a) has a £2-solution (just note that
DIDi is nonnegative). Since the solutions of the Dirac equation with E > Eo
are in one-to-one correspondence to the solutions of (7.123a), we find that there
is no further eigenvalue between Eo and El.
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The key for a complete solution of the Dirac Coulomb problem lies in the
following lemma.

Lemma 7.12. For n = 0,1,2, ... , define the operators

d s+n "(E
Dn =-+--+ .

dr r c2 (s + n)

If, for some n;:::l, ¢ is a £2-so1ution of

(c
2DnD~ + m

2
c
4
)¢ = { E

2 + c2~2::)2 }¢,
then Dn-l¢ is a solution of (7.133)n-I'

(7.132)

(7.133)n

Proof. For n = 1 the result follows from the considerations above. In this
case (7.133h is identical to (7.126) and (7.133)0 equals (7.123b). In the general
case we introduce a supersymmetric partner of Eq. (7.133)n-1 by reversing the
order of Dn-l and D~_l' namely

The operators D n have the following crucial property

"{2E2 "{2 E2
c2D~~lDn_l - 2( )2 = c2DnD~ - 2( )2'

C s+n-1 c s+n

which shows that (7.134) is equivalent to (7.133)n' Moreover,

(7.134)

(7.135)

(7.136)

and hence Ker Dn- 1 = {O}. This shows that any square integrable solution ¢
of (7.134) is an eigenvector of D~_lDn-l belonging to a nonzero eigenvalue.
He~ce, by Corollary 5.6 and Eq. (5.29), the operator Dn-ID~_1 (which occurs
in (7.133)n-I) has the same eigenvalue, and the corresponding eigenvector is
given by 1/J = Dn- 1¢. This is true for any nonzero eigenvalues of Dn-ID~_1
and all corresponding solutions of (7.133)n_1 can be obtained in this way from
solutions of (7.133)n. 0

This lemma tells US how to obtain solutions of Eq. (7.123a): Obviously, if ¢ is
a solution of (7.133)n with n ;::: 2, then

(7.137)

is a solution of (7.126) and hence of (7.123a). In fact, we can determine succes
sively all solutions of (7.123a) by considering only the ground state solutions
for the fictitious problems (7.133)n' This can be seen as follows. Among all
solutions of (7.133)n the ground state has the lowest value of E. Any excited
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state (Le., a solution belonging to larger values of E) belongs to a nonzero
eigenvalue of DnD~. Hence, by the same procedure as in the proof above, we
can obtain the excited state as a solution of (7.133)n+l' Moreover, the first
excited state of (7.133)n is obviously the ground state of (7.133)n+1'

Using Eq. (5.26), we find the ground state solution of (7.133)n from

(7.138)

(7.139)

which gives

./, () s+n (,En )
'l'n r = r exp c2 (s + n) r .

Again, for, < 0, 1/!n is square integrable if and only if En > O. Inserting 1/!n
into (7.133)n gives immediately

(7.140)

(7.141)

(7.142)

Finally, from Lemma 7.11 above, we find the solutions of the Dirac equation
(7.106). For'" > 0,

(
J::(r)) = AU~l (D1D2.. .Dn- l1/!n(r))
g;i(r) FW 0 ' n=2,3, ... ,

is the unique solution of (7.106) with eigenvalue En. For'" < 0 the solution of
(7.106) is given by

(~i~;j) = AU;~ (DoD1D2 .. ~Dn~l1/!n(r))' n = 1,2, ....

Of course these solutions are not normalized.

7.4.4 The BJL Operator

The explicit solvability of the relativistic Coulomb problem is related to the
existence of an additional conserved quantity. A little calculation shows that
the Dirac-Coulomb operator

H = co· p + /3mc
2 + I~I

commutes with the Biedenharn-Johnson-Lippmann (BJL) operator

B == ";c2K,5(H - /3mc2
) + 'kj-S· er .

Here we have used the usual definitions

(7.143)

(7.144)

K=I3(2S·L+l), S = ~o 1\0, L =:Z: I\p,
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(7.145)

The operator iK'Y5 is symmetric and commutes with H - j3mc2 on the domain
C<f(JR3 \ {O})4, hence B is symmetric. Using Temple's operator

we can rewrite B as

B = h5(r - ~KH).

(7.146)

(7.147)

The operator r appears if we write the Coulomb-Dirac operator H with the
help ofEq. (4.104) as

H = -i c(Q . er ) (tr + ~ ~ ~ r) + j3mc2
• (7.148)

Temple's operator r is not symmetric, but i'Y5r is self-adjoint on 1)(K). Elimi
nating H - j3mc2 from (7.144) with the help of (7.148) we obtain the expression

B=~j38·e ('lH-cr(2-+!_!r)).
77tC" r c 8r r r (7.149)

Another form of B can be obtained if we insert K from Eq. (7.145) into
(7.144) and use

(28· L + 1)(8· p) = ~8. (L /\p- p/\ L).

Then we get

B=28· (~er- 2~c(L/\P-P/\L))+i~I;IK'Y5'

(7.150)

(7.151 )

This shows that B is the relativistic counterpart of the Pauli-Runge-Lenz vector

R = 'Yer - 2~ (L /\ P - P /\ L), (7.152)

which is a conserved quantity for the nonrelativistic Coulomb problem. But
in contrast to the nonrelativistic case, the operator B is not reduced by the
angular momentum subspaces (Sect. 4.6.4), because B does not commute with
K. Instead we have

{B,K} = BK + KB = 0, on C<f(JR3 \ {O})4. (7.153)

If tJt is an angular momentum eigenfunction as described in Eqs. (4.124) and
(4.125), with energy E and spin-orbit quantum number "'j, then BtJt is an
eigenfunction of Hand K with eigenvalues E and -"'j. This explains the
degeneracy of the Dirac-Coulomb eigenvalues with respect to the sign of "'.

Finally, we investigate the action of B on the angular momentum eigen
functions

(7.154)
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where the functions P;' K' are defined in Sect. 4.6.4. The operator B has a
" 1"radial part" which acts as a 2 x 2 matrix operator on the radial wavefunctions

and an "angular part" acting only on P;'. K • This is best seen in the expression
]' j

(7.147). The angular part is completely contained in the factor i-r5' Using the
standard representation of -r5, Eq. (2.203), and the explicit form of the angular
momentum eigenfunctions, Eq. (4.111), we easily obtain

(7.155)

with tJtrnj,l<j defined as in Eq. (7.154). Hence the operator -r5 replaces the angular
momentum eigenfunctions P;'. K' with P;'. -K' and the action on the radial

]' 1 ]' ]

part of tJtrnj,Kj is given by

(7.156)

The second factor r - rn
1
c2 K H of B has only a radial part. From Eq. (7.146)

and the properties of the angular momentum eigenfunctions we easily conclude
that Temple's operator in the radial Hilbert space £2(0,00) is given by the
matrix

(

-K,

r = -r/c
(7.157)

We conclude that the action of B on radial wavefunctions (:) is described by

the matrix operator

--rIc) K, ]+ --2 hI< .
K, mc]

(7.158)

Hence, denoting (Z) == bKj (n, we find with tJtrnj,Kj as in Eq. (7.154)

(7.159)

If, moreover, f(E,r) and g(E,r) define a solution of (hI< - E) (~) = 0, then

b (f(E,r)) = ( -rIc
I<j g(E r) K, _ KE, ~

K,+ :'~2) (f(E,r)) = (h(E,r)) (7.160)
-rIc g(E,r) - k(E,r)

is a solution of (h_1< - E) (Z) = O.

7.4.5 Discussion

The eigenstates of the Dirac Coulomb operator H are clearly labelled by the
eigenvalues K, = ±1, ±2, ... of the operator - K, and the quantum number
n = 0,1,2, ... counting the (nondegenerate) eigenvalues of the partial wave
operator h K • Note that the angular momentum quantum number j is uniquely
determined by K"



. = { -I), - 1/2 if I), < 0,
J I), - 1/2 if I), > O.
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(7.161)

(7.162)

We know from Sect. 4.6.5 that hK does not depend on the angular momentum
quantum number mj, the eigenvalue of J3' Hence each eigenvalue has the mul
tiplicity 2j + 1 as a consequence of the spherical symmetry. For the Coulomb
problem, Eq. (7.140) shows that the energies also do not depend on the sign of
It. This doubles the multiplicity of each eigenvalue except of those with n = 0,
for which we must have I), < O. This additional degeneracy occurs because the
BJL operator commutes with Hand anticommutes with K.

In the nonrelativistic limit we find from (7.140)

2 m,2
En - me ~ E n .r . = - 2(n +II),IF'

which shows that for the Schrodinger-Coulomb problem the energy-eigenvalues
depend only on the "principal quantum number"

(7.163)

which implies a much higher degeneracy than in the relativistic case. In the non
relativistic limit, the angular momentum operators 8 and L commute and are
conserved separately. Furthermore, as c ~ 00, we have /3 ~ 1 on eigenstates.
Hence, if the operator K = /3(28 . L + 1) is positive on some eigenstate (i.e.,
It < 0), this means that the spin is parallel to the orbital angular momentum
in the nonrelativistic limit, i.e., j = l + 1/2. On the other hand, I), > 0 implies
j = l- 1/2 (here l is the quantum number for the orbital angular momentum,
cr. Eq. (4.117)). The nonrelativistic quantum numbers N, l, and j are used to
label the Coulomb eigenstates in the "spectroscopic notation" NXj, where x is
a letter characterizing the orbital angular momentum:

l = 0,1,2,3,4, . .. corresponds to

x = s,p,d,f,g,.... (7.164)

Since by Theorem 6.7 there is a one to one correspondence between the rel
ativistic eigenstates and their nonrelativistic limit, the spectroscopic notation
can also be used to formally label the relativistic states. Hence the eigenstates
of hK can be denoted as follows:

etc. (7.165)

Note that j and l differ at most by ±1/2. Clearly, the spectroscopic notation
does not distinguish between states that belong to different eigenvalues mj of
h. Hence all states in (7.165) have multiplicity 2j +1, moreover, the additional
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degeneracy of the Coulomb problem implies, that the following states have,
respectively, the same energy:

Npl/2 ('" = +1) and NS 1 / 2 ('" = -1), N;::: 2,
Nd3/2 ('" = +2) and Np3/2, ('" = -2) N;::: 3, etc.

The states IS 1 / 2, 2P3/2, 3d5/2, etc., corresponding to n = 0 are nondegenerate.
All states with the same N have the same energy in the nonrelativistic limit.
'" is obtained from j and l as follows,

{
l if j = l - 1/2,

'" = -l - 1 if j = l + 1/2.

We also note that the relativistic electron bound state energies are below the
corresponding nonrelativistic eigenvalues.

Next we consider the curves En",,(-y) which describe the coupling constant
dependence of the energies belonging to the quantum numbers nand "'. It
is typical for long-range nature of the Coulomb problem, that if the coupling
strength l-rl is increased, the eigenvalues do not emerge one after another from
the upper continuum at +mc2 . Instead, as soon as hi > 0, all eigenvalues
are present and strictly below the threshold mc2 . If the coupling strength is
increased, the eigenvalues move through the gap towards E = -mc2 , but as
soon as the ground state reaches E = 0 at l-rl = c, the partial wave Dirac
operator with 1"'1 = 1 ceases to be well defined (Sect. 4.3.3). According to
Eq. (7.140) the eigenvalues become complex for 1"'1 = 1 and hi > c which
corresponds to the choice of a non-self-adjoint extension of hK • The ground
state approaches 0, as -r -> -1, with dEo(-y)/d-r -> 00. No eigenvalue dives
below E = O.

There are several possibilities of defining self-adjoint extensions for l-rl > c.
Each choice amounts to some regularization of the Coulomb singularity at the
origin. The singularity is of course a mathematical idealization which does not
take into account the finite size of the nucleus. One can avoid all problems with
the self-adjointness by considering an extended nuclear charge distribution.
This amounts to cutting off the Coulomb singularity. For large nuclear charges,
however, the results depend significantly on the manner in which the potential
is cut off.

As we know from Sect. 5.3.2 an additional term in the Dirac operator de
scribing a small anomalous magnetic moment also has a regularizing influence.
Hence it is interesting to look at the curves En,K(-y) if a small anomalous mag
netic moment is turned on, because then the Dirac operator is well defined for
all values of -r. Since no exact solution is known for this case, we present the
results of a numerical solution in Fig. 7.1. This figure displays the eigenvalues
of the operator

(7.167)

for J.la = 0.00058, -r < 0 and '" = ±1.
As expected, the anomalous moment gives only a little contribution to the

energies for small values of l-rl. However, the degeneracy of the states with ±'"
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1.0

o.s

0.0 ..

11=0

·o.s··················· ·····f

~PII2
;

-1.0 -1.2 -1.4 -1.6

Coulomb coupling constant r

fig. 7.1. Coupling constant dependence of the bound state energies of electrons with an anoma
lous magnetic moment in a Coulomb potential

is removed. As the coupling strength is increased, the eigenvalues now move
continuously through the gap and finally dive into the lower continuum. As !'YI
is increased, the electron becomes more and more localized in the vicinity of
the origin and the anomalous moment becomes the dominating interaction. The
most interesting phenomenon is the level crossing at energy 0 which happens in
a quite similar way also for", = ±2, ±3, etc. The numerical calculation leads to
the following conjecture: If 'Yo is a zero of En,K ('Y) with '" < 0, then this curve
is crossed at 'Yo by the curve En+1,-K(-Y). Hence En,K(-YO) = En+1,-K(-Yo) = o.
For example, at E = 0, lS 1 / 2 is crossed by 2Pl/2' 2S 1 / 2 is crossed by 3Pl/2,
2P3/2 is crossed by 3d3/ 2, etc.

7.4.6 Stationary Coulomb Scattering

Here we give a very brief description of the partial wave scattering theory
for the Dirac-Coulomb equation. Stationary scattering theory is based on the
asymptotic analysis of certain "continuum eigenfunctions" of hK with energies
lEI> mc2

• Physical states in the domain of hK are wavepackets formed with the
help of the regular solution. The regular solution tJt~eg(E, T) is a distributional
eigenfunction of hK , which is defined by its limiting behavior for small T,

(7.168)

The regular solution is real, because it is a solution of a real differential equa
tion with a real boundary condition. For each E E lR the system of differential
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equations (h K- E)tJt = 0 has two linearly independent solutions (in a distribu
tional sense, not necessarily square integrable). The Jost solutions W!(E,r)
are the unique solutions satisfying the asymptotic condition

(
.JE+mc2 )

W!(E,r);:::: '.J 2 exp{±i(kr + vln2kr)},±l E-mc

We have used the abbreviations

(7.169)

"IE
v = - c2 k' (7.170)

The possible asymptotic forms of the solutions for r ~ 0 or 00 are easily
obtained from an asymptotic analysis of the Dirac equation. The logarithmic
phase in Eq. (7.169) is a consequence of the long-range nature of the Coulomb
potential. This is a situation quite similar to the nonrelativistic Coulomb prob
lem. The Coulomb potential keeps influencing the particles at large distances
such that the asymptotic behavior is not comparable to the free motion. This
will be discussed further in Sect. 8.3.2.

The two Jost solutions are linearly independent and hence the regular so
lution must be a linear combination

tJt~eg(E,r) = A~(E) W:(E, r) + A~(E) W;(E, r). (7.171)

Since the regular solution is real, and the Jost solutions are the complex con
jugate of each other, we must have

A~(E) = A;t(E), or (7.172)

(7.173)

(7.174)

The quantity tiK(E) is called the scattering phase shift at energy E. The asymp
totic behavior of the regular solution for large r is now given by

+
(

.JE+mc2 cos(kr+vln2kr+tiK(E)) )
tJt~eg(E,r);:::: 21A (E)I .

K -.JE-mc2 sin(kr+vln2kr+tiK (E))

Since the relativistic Coulomb problem has been solved exactly, the phase shifts
can be calculated by determining explicitly the asymptotic behavior of the
Coulomb eigenfunctions. One obtains

e2ic5K (E) = K, + i("{m/k) r(s + 1 - iv) e-i1rs

s-iv r(s+l+iv)

We finally show that the difference tiK(E) - ti~K(E) is completely determined
by supersymmetry in a straightforward way. We only need to know that for any
eigensolution tJtK of the Dirac operator with energy E in the angular momentum
eigenspace labelled by K" the corresponding eigensolution with -K, is given by
BtJt, where B is the BJL operator defined in Sect. 7.4.4. This remains true for
the distributional eigenfunctions belonging to the continuous energy spectrum.
The action of B on the radial eigenfunctions is given by the matrix operator bK ,
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d. Eq. (7.160). Comparing the asymptotic behavior as r -> 0 of bKtJt~eg(E,r)
with that required for any regular solution, Eq. (7.168), we find

(7.175)

where tJt~e~(E,r) is the regular eigenfunction of h_K. On the other hand, the
action of bK on the Jost solutions is easily determined asymptotically. Inserting
Eq. (7.148) into the expression (7.147) for B and omitting all terms of order
l/r we easily derive

(
"I K,k) ( .JE+17U? )bKW:(E,r);:::: -±i- '.J 2 exp{±i(kr+vln2kr)},(7.176)
e me ±l E-me

as r -> 00. Inserting this asymptotic relation into

bKtJt~eg = A~ bKW: + A~ bKW;

- -l-(A+ W+ A- W- )- C(S-K) -K -K + -K -K

and using (7.172) we obtain

e2iLK (E) = "I + i(K,k/mc) e2ic5K (E) = K, - i{"{m/k) e2ic5K (E)

"I - i(K,k/me) K, + i{"{m/k) .

(7.177)

(7.178)



8 Scattering States

One of the basic problems in a mathematical formulation of scattering theory is the proof
of asymptotic completeness. In this chapter we solve this problem for the Dirac equation
in a number of quite general situations. Asymptotic completeness is a statement 011 the
approximation of scattering states by freely evolving states and implies, e.g., the existence
of a unitary scattering operator (Sect. 8.1). We are going to prove asymptotic completeness
by time dependent methods due to V. Enss. A basic ingredient is the theory of asymptotic
observables which describes the large-time behavior of observables like position, velocity, and
the projections to positive/negative kinetic energy.

For scattering states obeying the Dirac equation the "average velocity" ~(t)/t asymp
totically approaches the classical velocity c2pH~1 (without Zitterbewegung!), as ItI -> 00.

This fact is related to the observation that each of the parts of a wavefunction with pos
itive or negative kinetic energies is conserved asymptotically. From this one can derive a
quasiclassical asymptotic localization of scattering states in phase space, which is impor
tant for proving asymptotic completeness. All these results are true essentially whenever
the external potential decreases sufficiently fast, as I~I -> 00. In Sect. 8.3 the existence and
completeness of wave operators and the scattering operator is proven for short-range po
tentials. Coulomb-type potentials require an asymptotic modification of the approximating
time evolution (corresponding to the logarithmic phase shift in stationary scattering theory,
Sect. 7.4.6). The form of the modifications for long-range electrostatic and scalar potentials
is given in Sect. 8.3.2.

Long-range magnetic fields are an exceptional case because of the supersymmetric struc
ture and the gauge freedom. By supersymmetry, the scattering operators for Dirac particles
in magnetic fields are related to the corresponding nonrelativistic operators. The gauge free
dom can be used to make the description as simple as possible. This is useful because in
general long-range potentials cannot be avoided even for magnetic fields with compact sup
port. We show that in these cases asymptotic completeness holds without modifications in a
suitably chosen gauge and remains true for magnetic fields with a much weaker decay than
one would normally expect (Sect. 8.4). In Sect. 8.4.2 we prove the existence of an unmodified
asymptotic free time evolution for a situation where the corresponding classical trajectories
do not even have asymptotes.

Finally, we investigate time-dependent potentials in Sect. 8.5. Since we consider only
bounded potentials vanishing for large times, the scattering operator can be defined by a
Dyson series. We describe some results which will be needed in Chapter 10.
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8.1 Preliminaries

8.1.1 Scattering Theory

In the following Hand Ho are self-adjoint operators. In the applications, H is
the Dirac operator with a static external field and Ho is the free Dirac operator.
Time dependent fields are discussed in Sect. 8.5. We denote by .ljPP the closure
of the linear span of eigenvectors of H and by .ljcont the continuous spectral
subspace of H,

.ljcont == .ljcont (H) = { 'lj; E .lj I ('lj;, EH(>')'lj;) is continuous }. (8.1)

Here EH (>.) denotes the spectral family of H. If J-L(>') = ('lj;,EH(>')'lj;) is even
absolutely continuous, then we write 'lj; E .lja.c., and if J-L(>') is singularly contin
uous (like a Cantor function with a Cantor set of measure zero), then 'lj; E .ljs.c..

We shall assume that Ho satisfies .ljcont(Ho) = .lja.c·(Ho) =.lj.

It is possible to distinguish geometrically between bound states and scat
tering states as soon as H has the local compactness property (see Sect. 4.3.4).

Theorem 8.1. Assume that H has the local compactness property. Then the
vector 'lj; E .lj is in .ljPP if and only if for all f there exists a constant R > 0 such
that

sup II x(lxl > R) e~iHt 'lj; II < f.
tEIR

(8.2)

(Here X denotes the characteristic function of the indicated region). On the
other hand, 'lj; E .ljcont if and only if for all R E (0,00)

liT . 2
lim - II x(lxl < R) e-1Ht 'lj; II dt = o.

T--+oo T 0

Proof. [Pe 83], Thm.2.1.

(8.3)

o

A state with the property (8.2) is called a bound state. It remains within a
sufficiently large ball for all times. Eq. (8.3) says that the probability of finding
the particle in a ball of radius R vanishes in the time mean in the limit of
large time intervals. Such a state is called scattering state. By the theorem
above these geometric properties can be equivalently characterized as spectral
properties.

Scattering states can only occur if the strength of the external field tends to
zero, as Ixl ---> 00. In this section we are interested in the asymptotic behavior
of scattering states under certain conditions on the decay of V at infinity.
The following problems are of basic interest in any scattering theory. The first
question is whether there exist sufficiently many states 'lj;(t) = exp(-iHt)'lj;,
which for large ItI can be approximated by solutions ¢(t) of the free Dirac
equation. In fact, we want to have a solution of the Dirac equation for every
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incoming asymptotic configuration1 ¢(t), Le., for every "initial condition at
t -t - 00". Hence we ask for conditions on the external field such that the
following statement is true.

Existence. For every asymptotic configuration exp( -iHot)¢, with ¢ E 5),

there exist scattering states 'l/J+ and'l/J_ such that

lim II e~iHt 'l/J± - e-iHot ¢ II = O.
t---+±oo

The states 'l/J± are called "asymptotically free scattering states" .

(8.4)

The next question is whether the scattering solutions of the Dirac equation are
completely characterized by their asymptotic behavior at t -t ±oo.

Completeness. For every scattering state 'l/J E 5)cont there are "asymptotic
configurations" ¢± such that

lim II e-
iHt 'l/J - e-

iHot ¢± II = O.
t---+±oo

8.1.2 Wave Operators

It is useful to introduce the "M0ller wave operators"

(8.5)

(8.6)

which can be defined if and only if the scattering system has the existence
property (8.4). The completeness property is easily seen to be equivalent to

Ran {}+ = Ran {}_ = 5)cont. (8.7)

A scattering system (H, Ho) for which the wave operators exist and are com
plete is called "asymptotically complete".

Theorem 8.2. If the wave operators {}± = {}±(H,Ho) exist, then {}± are
isometric operators from 5) to Ran {}± C 5)cont (i.e., {}±{}± = 1 on 5) and the
operators {}±{}± are projectors onto Ran {}±). We have the following relations:

(8.8)

(8.9)

Proof See [RS 79], Sect. XI.3, or any book on mathematical scattering theory.
o

I We prefer to call the approximating vectors <p(t) "asymptotic configurations" rather than
"states", because they are auxiliary quantities and not states of the scattering ·system.
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Remark 1. Eqs. (8.8) and (8.9) are called intertwining relations. They imply
for any function f with integrable Fourier transform j E £1 (IR)

f(H) il± = vk Jdt j(t) eiHt il±

= il± vkJdt j(t) eiHot = il± f(Ho). (8.10)

Remark 2. If asymptotic completeness holds, then the adjoint wave operators
are given by

il* 'I/J = lim eiHot e- iHt pcont 'I/J for all 'I/J E fj.
± t-.±oo

They map fjcont onto fj. From (8.10) we infer

f(Ho) il± = il± f(H).

(8.11)

(8.12)

Remark 3. If (H, Ho) is asymptotically complete and if Ho has a purely abso
lutely continuous spectrum (like the free Dirac operator), then the singularly
continuous spectrum of H is absent, i.e.,

(8.13)

8.1.3 The Scattering Operator

Theorem 8.3. For an asymptotically complete scattering system (H, Ho) (or
if Ran il+ = Ran il_) the scattering operator

S'I/J =: il~il_ 'I/J = lim eiHot e-2iHt eiHot 'I/J
t-.oo

is defined for all 'I/J E fj and unitary. Moreover, S commutes with Ho.

Proof· Because of Ran il+ = Ran il_ we obtain

S* = il~il+ = {}"~lil+ = (il.+ 1il_)-1 = S-l,

Le., S is unitary. Combining (8.10) and (8.12) we find

Sf(Ho) = f(Ho)S.

Similarly, Eq. (8.9) and its adjoint imply

(8.14)

(8.15)

(8.16)

STJ(Ho) C TJ(Ho), SHo = HaS on TJ(Ho). (8.17)

D
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The scattering operator maps asymptotic configurations for t --> -00 onto
asymptotic configurations for t --> +00. Hence it describes the connection
between the free configurations before and after the scattering process. In
a scattering experiment only the asymptotic configurations can be observed.
Eq. (8.17) expresses the conservation of energy.

Since S commutes with H o, it is decomposable in the spectral representation
of H o, Le.,

(8.18)

where each S(,x), ,x E a(Ho), is a unitary operator in the Hilbert space .It of the
spectral representation. For the Dirac operator, the Hilbert space .It and the
unitary transformation Usp : fj --> .It is given in Sect. 1.4.5. S(,x) is called the
on-shell scattering operator. We quote the following theorem in order to round
off our discussion of Krein's spectral shift function in Chapter 5.

Theorem 8.4. Let (H - Z)-l - (Ho - Z)-l be trace-class and let ~(,x) denote
Krein's spectral shift function for the pair (H, Ho), Le.,

(8.19)

Then the scattering system (H, Ho) is asymptotically complete, and the on
shell scattering operator can be written as

S(,x) = e-2i1rK (A) , (8.20)

where the "phase shift operator" K(A) is a self-adjoint trace class operator
satisfying

tr K(A) = ~(A), for almost every A E a(Ho).

Proof. See, e.g., [BW 83], Sect. 19.1.5.

8.2 Asymptotic Observables

(8.21)

D

We want to describe the asymptotic behavior of selected observables under the
interacting time evolution. With the help of these results we will be able to
give a short proof of asymptotic completeness in Sect. 8.3.1.
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8.2.1 Introduction

Let Q be self-adjoint, H = H o+ V be the Dirac operator in an external field,
and denote

(8.22)

We are mainly interested in the asymptotic behavior, as t --> ±oo of the Zit
terbewegung F (Sect. 1.6), the position operator :z: and the operator

A l (H- 1 + H-1 ) H-1 i H- 1 F=2 a p':Z: :Z:'p a = a P':Z:+2c a Q. , (8.23)

which is defined and essentially self-adjoint on 1'(I:z:I) and on CO(lR3)4. The
operator A is (up to a factor c2 ) the symmetrized inner product of the classical
velocity c2 pHol with the position of the particle. The sign of A determines
whether the averaged motion of the particle is towards the origin or away from
it, and it takes into account that wave packets with negative energy move in
a direction opposite to their momentum. Therefore the spectral projections of
A characterize incoming and outgoing states just as the spectral projections of
the dilation generator D do in the nonrelativistic situation.

We have chosen the standard position operator :z: for a description of the
asymptotic localization of particles. We want to stress, however, that the op
erators :Z:NW and :i: which were discussed in Sect. 1.7 differ from :z: only by
bounded operators so that for large times :z:(t)/t '" :Z:NW(t)/t '" x(t)/t. There
fore our main results (e.g., Theorem 8.17) remain true also with the other
position operators.

We shall prove the results on asymptotic observahles under the convenient
assumption that (each component of) the potential matrix V (:z:) is continuously
differentiable and

V(:z:) --> 0, and :z:. ('VV)(:z:) --> 0, as 1:z:1 --> 00. (8.24)

This implies that V is infinitesimally Ho-bounded and Ho-compact, i.e., the
operator V(Ho - Z)-l is compact for all Z E p(Ho). Hence (Sect. 4.3.4)

(8.25)

Occasionally we shall use further assumptions in order to simplify the proofs.
The results remain true if one includes local singularities of Coulomb type.
More precisely, we can add a singular short-range potential V.r which satisfies

(Ho - Z)-l (1 + 1:z:1) V.r (Ho + V.r - Z)-l is compact. (8.26)

This is essentially a condition on the decay of (1 + 1:z:1) Vsr(:Z:) at infinity (see
Sect. 4.3.4).
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8.2.2 Invariant Domains

The change in time of a self adjoint operator Q is given by i[H, Q(t)]. The
commutator can be defined properly, if there is a dense domain l' C 1'(Q)
which is invariant with respect to the time evolution. As in Sect. 1.6.2 we find
that the domain of x is invariant under the time evolution in the external field.
The proof is the same as for Theorem 1.3, because the position operator x
commutes with the potential V.

Theorem 8.5. Let l' = 1'(Ho) n 1'(V) C 1'(H) be a dense subset of fj, where
V is a 4 x 4 matrix multiplication operator2

• Then

(8.27)

and there are constants kn ( 'I/J) depending only on nand 'I/J such that

(8.28)

Proof. Clearly, 1'(lxIO) = 1'(1) = fj is invariant under the time evolution in
the external field. We proceed inductively and assume that the result is true
for n - 1. The operator

where x == lxi, (8.29)

is bounded and has a bounded derivative. Hence it leaves l' invariant and on
this domain we can calculate

d . iHt a· x ncx
n

-
1

-iHt
-d B),(x(t)) = l[H,B),(x(t))] = e - ( >')2 e .

t x 1 + x n (8.30)

We see that the commutator defines a bounded operator which can be extended
by linearity to all of fj. Hence for 'I/J E fj we find

By assumption, 1'(xn - 1
) is invariant under e- iHs . For 'I/J E 1'(xn ) C 1'(xn -

1
)

this implies that all expressions on the right hand side of Eq. (8.31) are bounded
uniformly in >., as A --> O. Hence we find e-iHt'I/J E 1'(xn ) and

2 This is a condition on the local singularities and can be further relaxed, see [129J. It is
remarkable that this theorem needs no condition restricting the behavior of V at infinity.
The conclusion of this theorem is false in nonrelativistic quantum mechanics [371J.
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(8.32)

D

Remark. The estimate (8.28) for n = 1 shows that irrespective of the external
field the particle cannot escape faster than with the velocity of light. Another
consequence of the finite propagation speed is that the essential self-adjointness
of H is insensitive to the large :z: behavior of the potential (Sect. 4.3.2). This
also shows up in the following corollary.

Corollary 8.6. Let H be as above, 1m z -I 0, and let n, k be integers with
n ;::: 0, and k ;::: 1. Then H is essentially self-adjoint on

(8.33)

Proof. 1) is dense for all k ;::: 0, because 1)(I:z:ln) is dense and (H - z)-k is
a bounded operator with injective adjoint. For 'I/J E 1)(I:z:ln), Imz > 0, (8.28)
implies

111:z:ln (H - z)-k 'I/J II = const. 11100

dt eizt tk- 1 1:z:ln e-iHt 'I/J II

:::; 100

dte-(Irnz)t t k - 1 kn('I/J) (1 + ctt < 00, (8.34)

which shows that 1) C 1)(I:z:ln). Since for k ;::: 1

(H - z)1) = (H - z)-k+l1)(I:z:\n) (8.35)

is a dense set, H is essentially self-adjoint on 1) by the basic criterion ([RS 72],
corollary to Thm. VIII.3). D

Corollary 8.7. Let H be as above. Then the operator tl:z:1 e-iHt converges
weakly to zero, i.e.,

lim I(</>, t!:z:\ e-iHt 'I/J) 1= 0, for all </> E fj, and 'I/J E 1)(I:z:I)·
Itl-+oo

Hence, if C is any compact operator, we have

lim C t I:z:\ e-iHt 'I/J = 0, for all 'I/J E 1)(I:z:I)·
Itl-+oo

(8.36)

(8.37)

Proof. We approximate </> by </>' E 1)(\:z:\) and apply the Cauchy Schwarz
inequality to obtain

1(</>, fl:z:1 e-iHt'I/J) I :::; II</> - </>'11·11 tl:z:le-iHt'I/J II + m111:z:!¢, 11·11'l/J11· (8.38)

The first summand can be made smaller than E/2 by choosing </>' appropriately.
With this </>' the second summand is smaller than E/2 for ItI large enough. This
proves the weak convergence. The result (8.37) follows, because a compact op
erator maps a weakly convergent sequence into a strongly convergent sequence
([RS 72], Thm. VI.ll). D
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8.2.3 RAGE

Our results on asymptotic observables are based on the following lemma which
together with Theorem 8.1 is known as the RAGE theorem.

Lemma 8.8. Let C be compact and H be self-adjoint. Then

i~~ II ~ loT e
iHt

C e-
iHt pcont dt II = 0,

where pcont is the projector onto Sjcont(H).

Proof. See, e.g., [CFKS 87], Thm 5.8.

(8.39)

D

8.2.4 Asymptotics of Zitterbewegung

Our results in Sect. 8.2.2 show that the operators x 2 (t)jt 2 and A(t)jt are
asymptotically bounded. In order to calculate the limit t --> 00 explicitly we
need some information about Zitterbewegung in the presence of external fields.
The time evolution of x 2(t) is described by

(8.40)

on the dense invariant domain n = (H -z)-ln(x2). The operator F describing
the Zitterbewegung has been investigated in Sect. 1.6. We are now going to
describe the time evolution of F and of F . x +x . F in the presence of external
fields. The results are given in the form needed for a proof of the Theorems 8.12
and 8.13 under the simplifying assumption (8.24).

Lemma 8.9. Let H = Ho + V, where V is Ho-compact. Then the operators
F = co - c2pHr;I and G = {3 - mc2 Hr;1 (ef. Sect. 1.6) fulfil

1 rT

i~~ II T 1
0

F(t) pcont dt II = 0, i~~ II ~ loT G(t) pcont dt II = O. (8.41)

Proof. On n(Ho) = n(H) we calculate

d
dt F(t) = i[H, F(t)] = -2i F(t) Ho(t) + i[V, F](t)

= -2i F(t) H + i{V, F}(t). (8.42)

We multiply (8.42) from the right by the bounded operator H- 1 pcont, integrate
from 0 to T, and divide by T. This gives

~ (F(T) - F(O)) H- 1 p cont



(8.43)
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2'lT T= ~ dt F(t) pcont + ~ r dt {V, F} H- 1 pcont.
ToT 10

The operator {V, F} H-l pcont is easily seen to be compact. By Lemma 8.8
the last summand vanishes in norm, as T --> 00. Finally,

~ II (F(T) - F(O) ) H- 1 pcont II ~ ~ ~~ --> 0, as T --> 00, (8.44)

proves the result for F. The proof for G is completely analogous. D

Lemma 8.10. Let WE 1'(x). Then

lim -\- rT

eiHt(F. x + x . F)e- iHt Wdt = O. (8.45)
\TI--.oo T 10

Proof. Since

F· x - x· F = e2(Hr; l ea. p + ca· pHr;l) = ieHr;la. F (8.46)

is bounded it is sufficient to estimate the expression with F . x. We prove
(8.45) under the assumption that (lit) 11(1 - pcont) x(t) wll --> 0, as t --> 00.

This is reasonable, because bound states are expected to stay essentially within
a bounded region. For the general case we refer to the literature cited in the
Notes. We obtain

1 rT

II T2 1
0

F(t)(l - pcont) . x(t) Wdt II

1 rT

~ T21
0

tdtIIFII·II(1-pcont)x(t)wll· (8.47)

Using our assumption this is easily seen to vanish as ITI --> 00. It remains to
estimate

II ;21
T

F(t)pcont. x(t) Wdt II.

With the help of a partial integration we find that (8.48) is equal to

(8.48)

~ lilTdt F(t)pcont . x(T) W- I T

dt ltds F(s)pcont . ea(t) WII

~ II ~ I T

dt F( t )pcont II· ~ II x(T)w II

+ ;2l
T

t dt II ~ It dt F(t)pcont II· Ileall . Ilwll. (8.49)

By Lemma 8.9 and the fact that (lIT)llx(T)W\\ is bounded uniformly in T for
1/J E 1'(x) we easily conclude that (8.49) vanishes, as T --> 00. 0
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8.2.5 Asymptotic Observables

We shall need the following technical results on strong resolvent convergence.

Lemma 8.11. Let Tn and T be self-adjoint in fj.

a) If there is a core no of T (i.e., a domain where T is essentially self.adjoint),
such that no C n(Tn) and limn~ooTn¢ = T¢ for all ¢ E no, then Tn converges
to T in the strong resolvent sense, i.e., for some z E C \ lR

lim (Tn - Z)-l¢ = (T - Z)-l¢, all ¢ E fj.
n~oo

b) If Tn --> T in the strong resolvent sense, then

lim f(Tn)¢ = f(T)¢, all ¢ E fj,
n~oo

for every bounded, continuous function f.
c) If Tn --> T in the strong resolvent sense, then

where>. is not an eigenvalue of T.

(8.50)

(8.51)

(8.52)

Proof. [We 80], Thms.9.16(i), 9.17, and 9.19 or [RS 72], Thms. VIII.20 and
VIII. 24. D

The following result on the asymptotic behavior of the operator A(t) cor
responds to classical kinematics which gives

Theorem 8.12. Let H = Ho + V, and V
Eq. (8.24) and v..r satisfies Eq. (8.26). Then

lim A(t) = (1 _ m
2
c

4
) p cont

Itl~oo t H2

in the strong resolvent sense.

(8.53)

Vir + Vs" where Vir satisfies

(8.54)

Proof. We give the proof for V = Vir. Let H1jJ = E1jJ, f bounded and contin
uous. Then

lim f(A(t)jt)1jJ = lim ei(H-E)t f(Ajt)1jJ = f(O)1jJ
Itl~oo Itl~oo

proves that

lim A(t)/t = 0 on (1 - pcont)fj
Itl~oo

(8.55)

(8.56)
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in the strong resolvent sense. It remains to prove (8.54) on fjcont. Using
Eq. (1.242), the time dependence of A(t) is given by

dA(t)
------;It = i[H, A](t) = (C2p2Hr;I)(t) + qv, A](t)

(8.57)

The commutator is well defined on the domain l' = (H - z)-In(I:z:I), which is
invariant by Corollary 8.6. The second summand in (8.57) is compact. If i [V, A]
is also compact, then we integrate (8.57) and obtain for 'I/J E l'

A(T) ; A(O) pcont 'I/J

= (1 - m 2c4H- 2) pcont 'I/J + ~ iT K 1 (t) dt pcont 'I/J, (8.58)

where K1 is compact and A(O) = A. Next we apply Lemma 8.8 to find that
the last expression vanishes, as T --> 00. Clearly (A/T)pcont'I/J vanishes as
well. This implies convergence of A(T)/T on the dense set n. Since the limit
(1- m 2c4 H-2) pcont is bounded, l' is a core, and strong resolvent convergence
follows by Lemma 8.11. However, there remains a little problem. We have

(8.59)

where K 2 is compact. The first summand is compact whenever :z:[Ho, V] decays
for 1:z:1 --> 00. This is the case for electrostatic potentials, but if V is an arbitrary
4 X 4 matrix, then

:z: [Ho, V] = :z: [co, V] . p +:z: mc2 [,8, V] - i:z: co· ('VV) (8.60)

might even increase at infinity so that (8.59) is not even bounded. In this case
we define the auxiliary operator

A= ~ (H-1p.:z:+:z:.pH- 1)

which is well defined on n(I:z:I) and for which one can show that

. _ m 2c4

l[H, A] = 1 - H2 + K 3 , on 1',

where K 3 is compact. Hence we have the result

(8.61 )

(8.62)

(8.63)

for'I/J in an invariant dense set. By the following argument this would be suffi
cient to prove Theorem 1.2. The difference of A and A is given by

~ 1 H 1)A - A = (pHr; - p - .:z: + B (8.64)



234 Scattering States

where B is bounded. Hence

ill (A(t)-A(t))1jJ11

:::; II (pHO
I - pH-I). t:z:e-iHt1jJ II + ill Be-iHt 1jJ II. (8.65)

The last summand tends to zero as ItI --> 00. Since V H- I is compact, the
difference

is again compact and by Corollary 8.7 the first summand in (8.65) vanishes
asymptotically. Hence (8.63) implies the same result for A(t). 0

Theorem 8.13. Let H = Ho + V, and V = Vir + v"., where Vir satisfies
Eq. (8.24) and v"r satisfies Eq. (8.26). Then

(8.67)

in the strong resolvent sense.

Proof. The proof for bound states is the same as in the preceding theo
rem. It remains to prove (8.67) on fjcont. From Eq. (8.40) we obtain for
1jJ E (H - Z)-I1)(X 2 )

x
2
(t) .1. = X

2
• 1• 2c

2 t d A( )
t2 'I' t2 'I' + t2 1

0
S S 1jJ

1 t 'H 'H+ t2 1
0

dse' '(F·:z:+:z:·F)e-' '1jJ. (8.68)

The last term in (8.68) vanishes as It I --> 00 by Lemma 8.10, and II(x2jt2)1jJ11
decays as well. Next we estimate

(8.69)

The expression (8.69) vanishes, as ItI --> 00, by Theorem 8.12. Therefore
x 2 (t)/t 2 converges on a dense set which is a Core of the bounded limit op
erator. This implies strong resolvent convergence by Lemma 8.11. 0

This result can be used to describe the behavior of states 1jJ E fjcont more
detailed than in Theorem 8.1.

Corollary 8.14. Let H be as above and 1jJ E fjcont. Then



lim Ilx(I:z:1 < R) e- iHt 'l/JII = 0, for all R,
Itl->oo
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(8.70)

where X is the characteristic function of the indicated region.

Proof. Lemma 8.llc and the strong resolvent convergence of x 2 (t)/t imply for
'l/J E fjcont

(8.71)

The characteristic function of H can be defined with the spectral theorem,

X(l - m 2c4 H- 2 < v 2
/C

2
) = l dEH ()..),

where B = {>. E lR 11 - m2c4 /)..2 < V 2 /C
2

}. In the expression

II x(I:z:1 < R) e- iHt
'l/J II

::; II x(I:z:1 < R) e-iHt x(IHI < mc2
/ -y!l - v2 /c2

) 'l/J II

+ II x(I:z:1 < R) e-iHt x(IHI > mc2
/ VI - v2 /c2 )'l/J II

(8.72)

(8.73)

the first summand is < E/2 for some small v. With this v we can choose It I so
large that the second summand is < E/2 by (8.71). Hence x(I:z:1 < R)e-iHt'l/J
is small for large It I which proves the corollary. D

In the next corollary a scattering state with positive energy is asymptotically
approximated by a configuration with positive "kinetic" energy. We denote by
P~~~~eg the projectors on the positive and negative energy subspaces of fjcont.

The projectors Pgos and ~~eg are associated with the free Dirac operator H o,
cf. Sect. 1.4.2.

Corollary 8.15. Let H be as above and 'l/J E fjcont(H). Then

lim II(PO _pcont)e-iHt·"II= lim II(po _pcont)e-iHt·"II=O. (8.74)
Itl->oo pos pos 'I' Itl->oo neg neg 'I'

Moreover, for all 9 E Co(lR)

lim II (g(H) - g(Ho) ) e-iHt 'l/J II = O.
Itl->oo

Proof. Let <I> E fj, 'l/J E fjcont, with 11<1>11 = 11'l/J11 = 1. Then

1(<1>, e-iHt 'l/J)I ::; II x(I:z:1 > R) <I> II + II x(I:z:1 < R) e- iHt
<I> II < E,

(8.75)

(8.76)

if one chooses R large enough to have the first summand < E/2 and then
takes It I large enough to get the second term < E/2 by Corollary 8.14. Hence
exp( -iHt)'l/J converges weakly to zero for 'l/J E fjcont, and if C is any compact
operator, we have
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lim C e- iHt 'I/J = 0, for all 'I/J E fjcont.
Itl-+oo

Since the operator H-I - HOI is compact on fjcont we obtain

(8.77)

(8.78)

i.e., Ho(t) converges in the strong resolvent sense to H. This implies Ppos(t) 'I/J --+

p~~~t'I/J and g(Ho(t))'I/J ----> g(H)'I/J for all 9 E Co' and all 'I/J E fjcont by
Lemma 8.11 (see also the proof of Theorem 8.17 in Sect. 8.2.6). 0

Theorem 8.16. Let H be as above. Then

for all 'I/J E fj cont . (8.79)

Proof. Since H5 = C2p 2 + m 2c4 we have

1 - m 2c4H- 2 - C2p 2 H0
2 = m 2c4 (Ho2 _ H- 2 ), (8.80)

which is compact by our assmnptions on V. By the weak convergence (8.76) of
exp( -iHt)'I/J we conclude as in Corollary 8.7

lim II (1 - m2 c4H- 2
- C

2p 2Ho2
) e- iHt 'I/J II = O.

Itl-+oo

8.2.6 Propagation in Phase Space

(8.81)

o

Theorem 8.17. Let H = Ho + V, and V = Vir + V.., where Vlr satisfies
Eq. (8.24) and v"r satisfies Eq. (8.26). Assume that f or 1 - f is a function in
Co(1R3 ). Then for all'I/J E fjcont

lim II {f(x/t) - f(c 2 pHol
)} e-iHt 'I/J II = O.

Jtl-+oo

Denoting u(p) = c2p/ JC2p2 + m2c4 we have

lim II {f(x/t) - f(u(p))} e-iHt p~~~t 'I/J" = 0,
Itl-+oo

lim II {f(x/t) - f( -u(p)) } e-iHt p~~nt 'I/J II = O.
Itl-+oo g

(8.82)

(8.83)

(8.84)

Proof. By (8.74), Eqs. (8.83) and (8.84) are equivalent to Eq. (8.82). We shall
prove this theorem for 'I/J in the domain

(8.85)

under the assumption that 1) is dense in the subspace P~g~tfj of positive energy
scattering states (without this assumption the theorem is proved with the help
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of an additional approximation argument). The proof for p~~~t SJ is completely
analogous. Now, let 'I/J En, 11'l/J11 = 1,

II {f(x/t) - f(c2pHo-
l
)} e-iHt 'I/J II

= II {f(x/t) - f(u(p))} e-iHt 'I/J II

.::; (21r~3/2 Jd3q[j(q)11I {eiq..,/t - eiq.u(p)} e-
iHt 'I/J II. (8.86)

By the Lebesgue dominated convergence theorem the integral vanishes if the
norm vanishes as ItI --> 00 for any fixed q.

II {eiq ..,/t - eiq.u(p) } e-iHt 'I/J II
.::; II {eiq.[.,/t-u(p)j - I} e-iHt 'I/J II + II e-iq,u(p)eiq':l'/t - eiq.[.,/t-u(p)] II. (8.87)

By the canonical commutation relations,

e-iq,u(p)eiq..,/t = eiq':l'/te-iq.u(p+q/t) ,

eiq.[.,/t-u(p)] = e-iA(p)t eiq..,/t eiA(p)t = eiq..,/t eit[A(p)-A(!p+q/tD] ,

where .\(p) = (C2p 2 + m2c4)l/2. Since

(8.88)

(8.89)

I-t[.\(p) - .\(Ip + q/t\)] - q . u(p + q/t) I

= III ds q. [u(p + sq/t) - u(p + q/t)] I.::; qt211V'ull --> 0, (8.90)

as ItI --> 00 for bounded q, we find that (8.88) and (8.89) are asymptotically
equal and hence the second summand in (8.87) vanishes asymptotically. It
remains to estimate

~ II {eiq.[.,/t-u(p)] - I} e-iHt 'I/J 11 2

q2

= :21111

ds e i8q.[.,/t-u(p)] q. [x/t _ u(p)] e-
iHt 'I/J 11

2

.::; II [X/t - U(p)] e- iHt 'I/J 11 2 = ('I/J, [X/t - c2pHr;1 ]2(t) 'I/J)

.::; II {X:;t) - 2C2A~t) + (C;::f (t) } 'I/J II· (8.91)

From Theorems 8.12, 8.13, and 8.16, we conclude that this expression vanishes
as ItI --> 00 for all 'I/J E n. This proves the theorem. It is immediately clear that
the same proof works for any function f for which F f Or F(I- J) is integrable,
but we shall not need this generalization. 0

Remark. This theorem expresses an asymptotic correlation between the lo
calization of a scattering state and its velocity. If f is a smooth function with a
small support around some average velocity vo, then f(c2 pHo-l )'I/J is the com
ponent of the state 'I/J with velocities near vo. The theorem states that this
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component is localized near vot at large times (where the localization region
spreads linearly in time: f(xlt) describes localization in a narrow cone of space
time). Hence the scattering states asymptotically behave in a quasiclassical way.
Note that we have obtained these results for arbitrary matrix-valued potentials
and with very few assumptions on the decay of the potential at infinity.

Corollary 8.18. Under the assumptions of Theorem 8.17,

lim II {f(xlt - c2pHi)1) - f(O)} e-iHt 11' II = O.
Itl---oo

(8.92)

Proof. Eq. (8.92) is proven on the positive energy subspace by observing that
the first summand in (8.87) vanishes, as ItI ----> 00. D

Corollary 8.19. Let 11' be a positive energy scattering state with energies in
the interval (a, b), i.e.,

11' = x(a < H < b)lP E f)~~~t, mc2 < a < b < 00. (8.93)

Define U a == c(1 - m 2c4I a2)1/2, and similarly Ub. These are the classical ve
locities corresponding to the energies a and b, respectively. Choose a function
9 E Co (lR) such that 9 = 1 on the interval [u~, u~]. Define

¢(t) == e-iHot Pgosg(u2(p)) x(lxl < I5ltl) eiHote-iHt 11'.

Then

lim II ¢(t) - e-iHt 11' II = O.
Itl-H>o

Proof For any 15 > 0,

(8.94)

(8.95)

II x(lxl > I5ltl) eiHote-iHt 11' II

= II x(lxlt - c2 pHol + Bltl > 15) e-iHt 11' II
::::: II f(xlt - c2pHi)1 + Bit) e-iHt 11' II, (8.96)

where f has been chosen such that 1 - f E CO(lR3 ), f(O) = 0, and f(x) = 1
for Ixl ~ 15. The operator B is bounded, as can be seen from Eq. (1.119). Now
Eq. (8.92) implies

lim II x(lxl > I5ltl) eiHote-iHt 11' II = O.
[tl-+oo

Next we estimate

II ¢(t) - e-iHt 11' II
= II {I - Pgos g(u 2 (p)) x(lxl < I5ltl) } eiHote-iHt 'lj; II
::::: IIPgosg(u2(p)) 1I·lIx(lxl > I5ltl)eiHote-iHt'lj; II

(8.97)

(8.98)

(8.99)

(8.100)



(8.103)
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+ II {l- Pgosg(U
2 (p)) }e-iHt 7jJ II. (8.101)

According to (8.97), the expression (8.100) vanishes, as It I --> 00. The summand
(8.101) vanishes, because by Eq. (8.74),

lim II P~eg e- iHt 7jJ II = 0, (8.102)

and by Eq. (8.79),

lim II {g(u2 (p)) - g(c2 (1_ m 2c4H- 2 )) }e- iHt 7jJ II = O.
Itl->oo

D

Corollary 8.19 can be interpreted as follows. For large times Itl, the state
1/J(t) can be replaced by an asymptotic configuration with positive energy, which
has the same velocity distribution as 7jJ(t) and is initially localized in the region
1:z:1 < 81tl (where 8> 0 arbitrarily small).

8.3 Asymptotic Completeness

8.3.1 Short-Range Potentials

Theorem 8.20. Let H = Ho+V be a Dirac operator with a short-range poten
tial, i.e., V is a Hermitian 4 x 4 matrix-valued matrix multiplication operator
satisfying

100

II V (Ho - Z)-l x(I:z:1 > R)II dR < 00.

Then the scattering system (H, Ho) is asymptotically complete.

Proof. We prove that

sup II {e- iHt
- e- iHot } e- iHs 7jJ II --> 0, as 8 --> +00,

t~O

(8.104)

(8.105)

which (together with an analogous statement for negative times) is equivalent to
the completeness property: (8.105) is just the Cauchy criterion for the existence
of the limit (8.5). It is sufficient to prove (8.105) for positive and negative energy
states separately. We give the proof for a dense set 1) of states in .fj~~~t. This
proves (8.105) for all7jJ E .fj~~~t, because the operators in (8.105) are bounded.
We choose 1) to be the set of states with compact energy support away from
threshold. According to Corollary 8.19 any 7jJ E 1) can be approximated at late
times 8 by a "well behaved" state </>(8). We choose 9 in (8.94) with Igl :S 1,
suppg C (4u 2 ,C

2
), U = u a /4 > O. We can choose 8 so large that

sup II {e- iHt
- e- iHot }{e-iHs 7jJ - </>(8)} II < E/2.

t~O

It remains to estimate

(8.106)
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sup II {e-
iHt

- e-
iHot

} </>(s) II
t2:0

::; ~~~ lilt e
iHt

' V(x) e-
iHot

' </>(s) dt' II

::;100

II V(x) e-iHo(t'+s) Pgos g(u2(p)) x(lxl < 81tl) II dt'

::;100

IIV(x)(Ho - z)-llill Pgos x(lxl < (t' + s)u) X

xe-iA(p)(t'+s) (Ho - z)g(u2 (p)) x(lxl < 8s) II dt'

+l OO

IIV(x) Pgosg(u2 (p)) x(lxl > (t' + s)u) II dt'

(S.107)

(S.10S)

(8.109)

By assumption, (8.109) vanishes, as s ----+ 00. Choose 8 = u/2. Then by the
non-stationary phase method one can prove exactly as in Corollary 1.9,

II x(lxl < (t' + s)u) e-iA(p)(t'+s) g(u2 (p)) x(lxl < 8s) II

(8.110)

for any function 9 with the chosen support properties. In particular, each com
ponent of the matrix (Ho- z)g (u2 (p)) satisfies the required properties. Hence
also (8.108) vanishes, as s ----+ 00, and it is possible to choose s so large that
(8.107) is less than ~/2. Together with (8.106) this proves the completeness
property. The same estimates also apply a fortiori, if we replace exp( -iHs)
in (8.105) by exp( -iHos). Hence the existence property (8.4) is proven at the
same time. D

8.3.2 Coulomb Potentials

The result of the previous section is wrong for long-range potentials like the
Coulomb potential 1'/ Ix [. Even in classical mechanics the Coulomb force is
known to distort the asymptotic motion of a scattered particle, so that it can
not be approximated at large times by the motion of a free particle. It is,
nevertheless, possible to describe the asymptotic motion in a simple way with
the help of a time evolution which depends only on the momentum operator.
This "modified free time evolution" is in case of an electrostatic long-range
potential given by

U(t,O) = U+ (t, O)Ppos + U- (t, O)Pneg ,

U±(t, 0) = e'fiA(p)t exp { -i it </>el (±u(p)s) dS}.

(8.111)

(S.112)

Here Ppos , Pneg are the projectors on positive and negative free energy, respec
tively, as defined in Sect. 1.4.2, A(p) = (C2p2 + m 2c4)1/2, u = \7A. In case of a
long-range scalar potential we may choose
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2 itU±(t,O) = e'fiA(p)t eXP{=fi mc <Psc(±u(p)s) dS}.
A(p) 0

241

(8.113)

(8.114)

Remark. The form of the modified free time evolution can be understood with
the help of classical mechanics. For large times quantum mechanical wavepack
ets behave in a quasiclassical way. This means that the time evolution can be
approximated by an expression of the form exp{-iW(t,p)}. Here W(t,p) is
the classical action as a function of the momentum, which is given by

W(t,p) = x(t) . p + it{H(p(s), x(s)) - x(s) . p(s)} ds.

H(p, x) is the classical Hamilton function and (p(s),x(s)) is the solution of
the canonical equations with boundary conditions p(t) = p, x(O) = xo. If the
Hamilton function is of the form

H(p, x) = VC2p2 + m 2c4 + <Pel (X),

or in case of a scalar potential,

H(p, x) = VC2p 2 + (mc2 + <Psc(x))2,

(8.115 )

(8.116)

(8.117)

where the potential functions decay like 1'/lxl, then it is easy to :>ee from
the canonical equations that x(s) and p(s) are asymptotically constant and
therefore x(s) = u(p)s+O(lns) (independent of the initial condition in space).
Inserting this into (8.114) and keeping only the terms which diverge as t ----+ 00

gives a function W(t, p) which approximates the classical action for large times:

W(t,p) = A(p)t + it <Pel (u(p)s) ds,

resp.

- mc2 t
W(t,p) = A(p)t + A(p) io <Psc(u(p)s) ds. (8.118)

Of course this consideration neglects the spin and the negative energy states.
Nevertheless, the following theorem is true.

Theorem 8.21. Let <Pel (resp. <Psc) be a long-range potential satisfying

<Pel(X) = 1'/lxl, for l' E lR and Ixl .2 R o > O.

Then the modified wave operators, defined by

fl± 'l/J = lim e
iHt U(t, 0) 'l/J, for all 'l/J E 5),

t-+±oo

(8.119)

(8.120)

exist and are complete, where U(t,O) is given by Eqs. (8.111) and (8.112)
(resp. (8.113)).

For a proof of this theorem see the references in the Notes.
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8.4 Supersymmetric Scattering and Magnetic Fields

8.4.1 Existence of Wave Operators

We assume that H is a supersymmetric Dirac operator of the form

H = Q + mr, m E JR. (8.121)

The spectral properties of this operator are closely related to the spectral prop
erties of a "nonrelativistic" operator Q2. We expect that a similar relationship
is true for scattering theory. The following theorem is an application of the
invariance principle of wave operators.

Theorem 8.22. Let H = Q+ mr, Ho = Qo + mr be two Dirac operators with
supersymmetry. Assume that for all 0 < a < b < 00 and for 'l/J in some dense
subset of x(a<Q~<b)fja.c. (Q~) the following condition is satisfied for k = 1,2.

JJ(Qk - Q~)e-iQ~t'l/Jll S const.(1 + itl)l-k-C, {j> O.

Then the wave operators !h(H, Ho) exist, and

(8.122h

(8.123)

Proof. The assumption (8.122h implies existence of the "nonrelativistic" wave
operators D~f" == D± (Q2 , Q~) by the following argument. First note that the
set of states 'l/J E fja.c. (Q~) for which there exist constants a and b such that
'l/J = x(a < Q~ < b)'l/J is a dense subset of fja.c. (Q~). For 'l/J in this subset we
have

lim sup II(eiQ2t e-iQ~t _ eiQ28 e-iQ~8) 'l/JII
8-'00 t:;,o

= lim sup 11ft eiQ2t' (Q2 - Q5) e-iQ~t' 'l/J dt' II
8-'00 t:;,O 8

S lim /00 II(Q2 - Q~)e-iQ~t' 'l/JII dt' = O. (8.124)
s---+CX) s

We have used that by (8.122h, the integrand in the last expression decays
integrably in time. But (8.124) is just the Cauchy criterion for the existence of
D~r. A similar argument proves existence of D~r.

According to Theorem 5.13 there are unitary operators

U = a+ + r(sgnQ)a_, Uo = a~ + r(sgnQ)a~, (8.125)

such that UHU' = r\HI, and UoHUo= TIHol· The operators IHI and IHol
are functions of Q2 and Q~, respectively, and by the invariance principle the
existence of the wave operators D±(IHI, \Hol) follows from the existence of .a~r.

Moreover,
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a±(IHI, IHol) = a±r. (8.126)

Hence we conclude the existence of

(8.127)

It remains to show that for all ~ E fJa.c. (Ho) we can find <P± E fJ such that

(8.128)

(8.129)

(8.130)

From the existence of (8.127) we conclude that (8.129) vanishes, if we choose

(8.131 )

Using the explicit forms of U and Uo we can estimate the term (8.130)

II(U - Uo) e-iTlHolt ~II (8.132)

S II(a+ - a~) e-i1'IHo!t~11 + II(a- - a':J e-iTIHolt~11 (8.133)

+ II(sgnQ - sgnQo) e-iTIHolta'=- ~II. (8.134)

The operators a± are bounded functions of IHI = jUHU-11, and alJ: are de
fined in the same way with IHoI. Hence we can apply the intertwining relation
Eq. (8.10),

a± are! = are! alJ:, (8.135)

where are! is either a+! or ar::1 to conclude that (8.133) vanishes, as It I ----> 00.

Since in (8.134) the operator sgn Q is not simply a bounded function of rlHI,
we have to be a little bit more careful. First we note that for "1 = IQol~

II (sgn Q - sgn Qo) e-iQ~t "111 (8.136)

S II(Q - Qo)e-iQ~t~11 + 11(IQI_IQol)e-iQ~t~ll· (8.137)

Here the last summand of (8.137) vanishes for ~ E n(IQol) in the limit It I ----> 00

because of the intertwining relations for a±r. The first summand vanishes by
assumption (8.122h for ~ E x(a < Q~ < b)fJa.c.. The set of all vectors of the
form "1 = IQol~, ~ E x(a < Q~ < b)fJa.c. with arbitrary 0 < a < b < 00 is
dense in fJa.c., hence we have shown for all ~ E fJa.c.

0= lim II(sgnQ - sgnQo) e-iQ~t ~II
Itl->oo

or

= II ((sgnQ)a±r - a±r(sgnQo))~II, (8.138)
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(sgnQ) n'I:r = n'I:r (sgnQo). (8.139)

With the help of (8.127) we can express n'fr in terms of n±!. Taking into
account

(sgnQH(l ±r) = ~(1 =fr)(sgnQ)

and the same result with Qo, we obtain from (8.139)

(sgnQ) nr;! = n~! (sgnQo).

But this implies almost immediately for all X E .fja.c.

lim II (sgnQ - sgn Qo) e-iT'Ho'ta~xll = O.
Itl->oo

(8.140)

(8.141)

(8.142)

This completes the proof of existence of n±(H,Ho). In order to show (8.123)
we note that by (8.135) and (8.139)

Now we calculate, using (8.131)

n±(H,Ho) = U· nr;!Uo

= n'I:rU; ~(1 +r) Uo + n~r U; ~(1- r) Uo.

Finally, the relation

U; ~ (1 ± r) Uo = ~ (1 ± H/IH\) = X(H ~o)

completes the proof of the theorem.

(8.143)

(8.144)

(8.145)

D

Remark. Instead of assuming (8.122h, it would have been sufficient to require
vanishing of (8.136) in the limit oflarge times. In the applications, however, it
is usually easier to verify (8.122h.

8.4.2 Scattering in Magnetic Fields

We know already that long-range magnetic vector potentials can occur even in
short-range situations (see the remark at the end of Sect. 7.1.2). If the potential
matrix co·A(x) decays like lxi-I, a similar consideration as in Sect. 8.3.2 shows
asymptotic completeness with the modified free time evolution

U±(t,O) = e'fiA(p)t exp { =fi it A (±u(p)s) . u(p) dS}. (8.146)

The form of this approximating time evolution has been obtained by replacing
the matrix co· A(x) by ±A(±u(p)s) . u(p) on positive (or negative) energy
states. Since it is not easy to justify the asymptotic vanishing of the Zitterbe
wegung in (8.146), we proceed as follows. We first consider the nonrelativistic
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problem (the Pauli equation) and then use the supersymmetric structure of the
problem (Theorem 8.22) in order to circumvent the problems with Zitterbewe
gung. From Sect. 8.3.2 one expects that the modified asymptotic time evolution
(8.146) has to be used, whenever A(x) vanishes like 1/lxl, as Ixl ----+ 00, which
might be even the case for magnetic fields with compact support (see the re
mark in Sect. 7.1.2). Clearly, it is not satisfying to use a modified time evolution
in situations where particles move freely. Fortunately, asymptotic modifications
of the free time evolution can be avoided by choosing a special gauge.

In order to apply Theorem 8.22 to the Dirac operator in an external mag
netic field we have to verify the two conditions (8.122k The condition (8.122h
is not very restrictive. It just says that we have to choose a gauge in which the
vector potential decays at infinity like Ixl- 6, 8 > O. Since Q - Qo = -co· A,
Eq. (8.122h simply becomes

IIA(x) e- ip2t ~II :::; const.(1 + Itl)-6 (8.147)

for suitable~. If IA(x)1 :::; const.(1 + Ixl)-6, then Eq. (8.147) follows immedi
ately from

(8.148)

The inequality (8.148) holds for all ~ with Fourier transform ,(fJ E Cgo(IR3)4
having support outside the sphere with radius Uo and can be obtained exactly
88 in Corollary 1.9 by a non-stationary phase argument.

The condition (8.122h is more restrictive. With

(8.149)!Q2 _ p2
c 0 - •~Q2 = p2 _ 2A. p + i div A + A2 - u· B,

Eq. (8.122h becomes

II (-2A . p + i div A + A2
- U • B) e-ip2t ~ II :::; const.(1 + Itl)-1-6. (8.150)

It is sufficient to show this condition for ~ with Fourier transform,(fJ E ego (IR3)4
having support in Ipl > Uo > O. Eq. (8.150) can be satisfied by choosing a
suitable gauge under the following assumption on the magnetic field strength.

Assumption: Let the magnetic field strength B decay at infinity, such that for
SOme 8 > 0

IB(x)1 :::; const.(1 + Ixl)-3/2-6. (8.151)

From the form of the modification in (8.146) we see that a simplification
can be achieved, if we require

A(x).x=O. (8.152)

Indeed, we can always find a vector potential with this property. Eq. (8.152)
uniquely characterizes the transversal (or Poincare) gauge which in terms of
the field strength B is given by
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A(x) = 11sB(xs)AXds, (in three dimensions)

or, more generally, by

In the transversal gauge we conclude from (8.151)

IA(x)1 S const.(1 + Ix l)-1/2-6.

(8.153)

(8.154)

(8.155)

Hence the expressions div A, A2, and u . B occurring in Q2 - Q~ are all of
short-range. The crucial long-range term is A(x) . p. It can be written as

A(x)· p = G(x)· (x Ap) = G(x)· L,

where L is the orbital angular momentum, and

G(x) = l i

s B(xs) ds

satisfies,

IG(x)1 s const.(1 + Ixl)-3/2-6.

(8.156)

(8.157)

(8.158)

Using the fact that L commutes with the nonrelativistic free time evolution
exp( -ip2t) we find

II ( -2G . L + i div A + A2
- U • B) e-ip't ~ II

s 211G;dlxl > uot)11 . IILII + 211Gllllx(l x l S uot) e-ip't L ~ II
+ II (i div A + A2

- u· B) x(lxl > uot) II

+ II i div A + A2
- u· Bllllx(lxl S uot) e-ip't ~ II. (8.159)

For ~ with ~ E ego (IR3)4, supp ~ C {p I Ipl > Uo > O} (the Fourier transform
of L~ has the same support properties) we can use a non-stationary phase ar
gument to show rapid decay of Ilx(lxl :::: uot) e-ip't ~ II and the same expression
with L~ (d. Eq. (8.148)). These estimates together with (8.151), (8.155), and
(8.158) prove (8.122h. Since all assumptions of Theorem 8.22 are satisfied, we
have proven the following theorem.

Theorem 8.23. Let H = H(A) be defined as in (7.5) and Ho = H(O) be the
free Dirac operator. Assume that the magnetic field strength B satisfies (8.151).
Then both the relativistic and the nonrelativistic wave operators exist in the
transversal gauge, and are related by (8.123).

Asymptotic completeness is equivalent to the existence of the adjoint wave
operators l1±(H(O),H(A)). Hence we simply have to exchange the roles of H



Supersymmetric Scattering and Magnetic Fields 247

and H o in Theorem 2 in order to get conditions for the completeness of the
relativistic system, which are formulated entirely in terms of the nonrelativistic
time evolution. The proof, however, is more complicated in this case, because
the time dependence of the angular momentum has to be estimated under the
full time evolution exp(-iQ2t). Since magnetic fields are usually not spheri
cally symmetric (in three dimensions, a singularity free magnetic field is never
spherically symmetric), L is not a conserved quantity (i.e., it does not com
mute with exp( -iQ2 t)). Nevertheless, asymptotic completeness is true under
the same decay conditions on the magnetic field strength. We only quote the
corresponding result, see the Notes for a reference to the proof.

Theorem 8.24. Let H(A) and Ho be as above and assume that the magnetic
field strength B satisfies

D'Y B(x) ~ const.(1 + Ixl)-3/2-6-'Y, (8.160)

for some 8 > 0 and multiindices , with 1,1 = 0,1,2. Then the scattering system
(H(A), Ho) is asymptotically complete in the transversal gauge (8.154).

Remark. It is quite remarkable that asymptotic completeness holds without
modifications under the extremely weak decay condition (8.160). These mag
netic fields and the corresponding potential matrix a . A have, respectively, a
much slower decay than the electric field and its potential in the Coulomb case
(where modifications have to be introduced, see Sect. 8.3.2). Even classically
long-range situations are included by our assumptions. From special examples
we know that classical paths of particles in magnetic fields satisfying our re
quirements do not even have asymptotes. In Fig. 8.1 this situation is explained
qualitatively. For B satisfying (8.160) the classical velocity of the particles is
asymptotically constant, v = limx(t) exists. But if we compare the asymptotic
motion of a particle in a magnetic field with a free motion, one would have
to add a correction a(t) == x(t) - vt which is transversal to the asymptotic
velocity v and diverges for 8 < 1/2 like t 1/ 2- 6 . Thus B is classically long-range
for 8 < 1/2 since the time evolution is not asymptotically free. The classical
paths - like parabolas - have an asymptotic direction but no asymptote. The
situation seems to be even worse than in the Coulomb problem. There the
interacting particles also cannot be asymptotically approximated by free par
ticles, but at least the classical paths do have asymptotes. (The correction in
the Coulomb problem increases like In It I and is parallel to the asymptotic ve
locity). Nevertheless, the classical wave operators exist for our magnetic fields
and are asymptotically complete (see [294] for details). Existence follows from
the convergence of b(t) == x(t) - p(t)t, as t ----+ 00, which is indicated in Fig. 8.1.
Here p(t) = x(t) + A(x(t)) is the (gauge-dependent) canonical momentum.

Why is it, that the quantum time evolution has free asymptotes while the
classical time evolution has not? Note that the classical path finally enters
any cone with arbitrary small opening angle around the asymptotic direction.
The correction a(t) is thus asymptotically dominated by the effect of linear
spreading of wave packets in quantum mechanics.
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Fig. 8.1. Classical motion of charged particles in a long-range magnetic field. The convergence
of b(t) explains the existence of classical (unmodified) wave operators.

Asymptotic completeness in the magnetic field case is obviously due to the
transversality of A. In another gauge (e.g., if "il9 is long-range), the unmodified
wave operators possibly do not exist. Instead, we conclude from Theorem 8.24
that the wave operators il±(H(A), H("ilg)) exist and are asymptotically com
plete. Note that although the wave and scattering operators depend on the
chosen gauge, the physically observable quantities like scattering cross sections
are gauge independent.

Under weaker decay conditions on the magnetic field strength the wave
operators would not exist in that form, because then the term A2 occurring
in Q2 - Q6 would become long-range. In this case one needs modified wave
operators even in the transversal gauge.

8.5 Time-Dependent Fields

Here we give a brief discussion of scattering theory for the Dirac operator with
time-dependent fields

H(t) = Ho + >'V(t). (8.161)

We assume that V(t) is bounded for each t, the mapping t ----> V(t)oli is con
tinuous for all oli, and that IfV(t)11 is integrable with respect to time. Then the
time evolution U(t, s) is given by the Dyson series (4.63), and we can define
the scattering operator for all oli E f:J as
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s.p = lim eiHot U(t, s) e-iHos.p (8.162)
t-+oo

8---+-cx>

We obtain from (4.63)

00

S = ~) -i>.tSn,
n=O

j oo jtl jtn
-
1

Sn = -00 dt 1 -00 dt2 ... -00 dtn V(td··· V(tn)

The series for S converges in norm for all >. E C, because

(8.163)

(8.164)

The scattering operator is unitary for real >., and by analytic continuation we
obtain

S(>') S(\)* = SeX)' S(>') = 1, for all >. E C. (8.165)

1fT is a unitary involution in 5j, then we can write S as a matrix (d. Sect. 5.2.1)

(8.166)

The case T = sgn Ho, where Ho is the free Dirac operator, is of particular
interest. We note that in case of static external fields, S commutes with sgn Ho
by Theorem 8.3, hence in this case S+_ = S_+ = O. But for time-dependent
fields, S will not commute with Ho or sgnHo. In this case I(.pout, S+_.pin)! is the
probability that an incoming free particle .pin E 5jpos with positive energy finally
leaves the scattering region 'in a state .pout with negative energy. Similarly,
S_+ describes a transition from negative to positive energies. These scattering
events cannot be explained in a satisfactory way within the framework of one
particle quantum mechanics. In Chapter 10 we are going to describe these
phenomena within quantum field theory as particle creation or annihilation
processes in an external field. But this is only possible, if the scattering operator
can be implemented as a unitary operator in the free particle Fock space. It will
turn out that this is the case if and only if S+_ and S_+ are Hilbert-Schmidt
Operators. This requirement means a severe restriction on the class of allowed
external fields. Let us quote the following result.

Theorem 8.25. We assume that the external field is an operator of multi
plication with a matrix V(t,:r) and denote by Wn(t) the strong derivatives
dVn(t)/dtn, n = 0,1,2. Let the family Wn(t) of matrix-multiplication opera
tors on 5j = £2(IR3)4 be st~ongly continuous in t. Assume that each component
of the Fourier transform Wn(p, t) is integrable and square integrable with re
Spect to p, such that f~oo IIWn (., t)ll k dt is finite for k = 1,2, n = 0,1,2.

Then the operators S+_ and S_+ are Hilbert-Schmidt.



9 Solitons

This chapter is an introduction to the theory of solitons of the modified Korteweg-deVries
(mKdV) equation, which is closely related to the Dirac equation with a time-dependent scalar
potential. The mKdV equation is a nonlinear evolution equation in one spatial dimension.
If 1/>( t, z) is a solution of the mKdV equation, then the spectrum of the (time-dependent)
Dirac operator with the scalar potential 1/>( t, z) is time independent. The Dirac operators
at different times are unitarily equivalent if the potential evolves according to the mKdV
equation (Sects. 9.1 and 9.2).

Under suitable assumptions the potential I/> can be described in terms of the "scattering
parameters", i.e., the eigenvalues En, the bound state normalization constants Cn, and the
reflection coefficient R(E). The unique connection of the scattering parameters and the po
tential is given by the "inverse scattering transformation". The scattering parameters R(E)
and Cn also have a simple and explicitly known time evolution if the potential obeys the
mKdV equation. Hence under appropriate restrictions the mKdV equation is an integrable
system and the scattering parameters provide a "canonical coordinate system" in which every
initial value problem can be solved explicitly, at least in principle.

Of particular importance are the reflectionless potentials (which remain reflectionless for
all times), because in this case the inverse scattering transfOrmation is particularly simple.
The potentials obtained in this way are called soliton solutions of the mKdV equation.

This method of solving the mKdV equation is just a special example of a much more
general method valid for a large class of nonlinear equations. Historically, the first equation
treated in this way was the Korteweg-deVries (KdV) equation, originally designed for the
description of shallOW water waves. It is related to a one-dimensional SchrOdinger operator
which is just the square of the Dirac operator related to the mKdV equation. Hence we
expect some relationship between the solutions of the mKdV and KdV equations. Indeed,
the well known "Miura transformation" gives two KdV solutions for every mKdV solution.
In Sects. 9.1 and 9.2 we describe the connection between mKdV and KdV with Dirac and
Schrodinger operators using the Lax approach. In this framework the supersymmetric back
ground of the Miura transformation becomes especially clear.

In Sect. 9.3 we are going to exploit supersymmetry in order to describe the solutions ofthe
mKdV equation in terms of the KdV solutions (i.e., by "inverting" the Miura transformation
- at least in some sense). This is possible because the underlying Dirac and Schrodinger
problems are essentially equivalent. Starting with a KdV solution V(t, z) one usually obtains
a whole family of mKdV solutions which are related to V by Miura's transformation. We
illustrate this method by constructing the soliton solutions of the mKdV equation from the
well known KdV solitons. We also indicate how to obtain the KdV solitons by the inverse
scattering method for the Schrodinger equation (Sect. 9.5). There exist mKdV solitons which
are kink-like scalar potentials for the Dirac equation with different spatial asymptotics to the
right and left ("critical case"). In Sect. 9.4.1 we give a short introduction to the stationary
scattering theory of the Dirac equation for this situation and describe its supersymmetric
relation to the corresponding Schrodinger scattering problem. In Sect. 9.4.2 we combine the
Jost-function techniques of Sect. 9.4.1 with the results of Sect. 5.10 on FredhOlm determinants
in order to calculate the regularized index indz Q of a Dirac operator with a soliton-like
potential.
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9.1 Time Dependent Scalar Potential

9.1.1 Scalar Potentials in One Dimension

The Dirac operator with a time-dependent scalar potential ¢ in one space di
mension, H(t) = -i 0"Ia:ll+0"3 ¢(t, x), is a supercharge in L2(lR, dX)2 with respect
to the unitary involution T = iO"10"3 (d. Sect. 5.5.1). Here O"k, k = 1, ... ,3, de
note the Pauli matrices defined in Appendix 1A. After a transformation to the
representation where T is diagonal, we obtain the operator

Q(t) = -i0"2a:ll + 0"1 ¢(t,x)

= ( 0 -ax + ¢( t, X)) = (0 V* ) .
a:ll + ¢(t, x) 0 - v 0

(9.1)

This operator is of particular importance because of its striking relation to
some nonlinear partial differential equations. We assume the scalar potential ¢
to be infinitely differentiable with respect to both variables (t, x) such that ¢,
az ¢ == ¢:ll' and a~¢ == ¢zz are bounded, i.e.,

(9.2)

In this case the operator Q(t) is well defined and self-adjoint for all t. The
domain of Q(t) is time invariant by the Kato-Rellich Theorem,

(9.3)

Under the above conditions the existence and uniqueness of solutions of the
Dirac (or Schrodinger) equation is obtained as a consequence of Theorem 4.10.

Theorem 9.1. Let Q(t) be the one-parameter family of Dirac operators defined
above. Then there is a "unitary evolution operator" U(t, s), and if'l/J E 1) ==
1)(Q(t)), then U(s, t)'l/J is in 1) for all t and

i :t U(t, s) 'l/J = Q(t) U(t, s) 'l/J, (9.4)

i :s U(t, s) 'l/J = -U(t, s) Q(s) 'l/J. (9.5)

We define the derivative of the parameter dependent operator Q(t) by

dQ(t) f = lim Q(t + 6) - Q(t) f
dt 6-+0 6

(9.6)

on the domain consisting of all f for which the above limit exists. In case of
our Dirac operator we simply have

dQ(t)
-~ = 0"1 ¢t(t,X).

dt
(9.7)
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9.1.2 Generation of Time Dependence

The time dependence of Q takes the simplest form if

Q(t) = W(t, s) Q(s) W(s, t), (9.8)

where W(t, s) is a unitary evolution operator. In this case the Dirac operators
at different times are unitarily equivalent, hence the spectra of Q(t) do not
depend on t.

We assume that W(t, s) is generated by a family of self-adjoint operators
B(t), such that

i8t W(t, s) = B(t) W(t, S), (9.9)

(9.10)

and such that the commutator [B(t),Q(t)] is densely defined. Then, (9.8) and
(9.9) imply

dQ(t) = -i [B(t), Q(t)].
dt

In view of Eq. (9.7) it would be interesting to find an operator B(t) such that
the commutator with Q(t) is simply a matrix multiplication operator,

-i[B(t), Q(t)] = 0"1 m(t, x), (9.11)

where m is a suitable function which may depend of course on cP. From (9.7)
it is then clear that any time-dependent scalar potential cP satisfying

cPt(t,x) = m(t,x) (9.12)

produces a family of Dirac operators Q(t), t E JR., with a time dependence of
the form (9.8).

From Eq. (9.11) it is clear that in our standard representation - where
both Q(t) and 0"1 are off-diagonal matrices - the operator B must be of the
form

B(t) = (B+O(t) 0)
B_(t) .

Comparing

with Eq. (9.11) we find that the operators B± should satisfy

i (DB+ - B_D) = i(D* B_ - B+D*) = m(t,x).

(9.13)

(9.14)

(9.15)
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9.1.3 The Miura Transformation

Simultaneously with Q(t) we may consider the "Schrodinger operator"

Q2(t) = (-a;+ov+(t,X) 2 0 ( )), V±=¢>2=f¢>z'
-az + v- t,x

(9.16)

Theorem 9.1 also applies to this case. If the time evolution of Q(t) is governed
by Eq. (9.8), then also the time evolution of the corresponding time-dependent
Schrodinger operator (9.16) is determined by W(t, s),

and

dQ;}t) = -i [B(t), Q2 (t)] = -i {Q(t), [B(t), Q(t)]},

where L·} denotes the anticommutator. If B(t) satisfies (9.11) then

-i{ Q(t), [B(t), Q(t)]} = (-mz ~ 2¢>m m
z

: 2¢>m)'

The transition

m(t,x) ------> ±mz(t,x)+ 2¢>(t,x)m(t,x)

(9.17)

(9.18)

(9.19)

(9.20)

is usually called the "Miura transformation". The Miura transformation links
(9.12) with the corresponding equation for the potentials V± defined in (9.16),

(9.21 )

9.2 The Korteweg-deVries Equation

9.2.1 Construction of an Operator B

Next we are going to construct a particular example for the operator B(t) which
we described in Sect. 9.1.2. We assume that B± are differential operators of
the general form

B±(t) = ~ t(bt(t,X)pk +pkbt(t,X)),
k=O

(9.22)

where p = -i az is the momentum operator and bt are real functions which
have to be determined. But since m(t, x) and the expressions for D and D* are
real it is sufficient to look for real operators iB±. All summands in iB± are
real if the derivatives in Eq. (9.22) are of odd order. Hence we choose bt = 0,
for all even k.

Next we determine bt for n = 1, Le., we make the ansatz
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(9.23)

If we insert this into (9.15) we see that the terms containing second derivatives
cancel if and only if bt (t, x) = b1(t, x) == c( t, x). In this case

(9.24)

which is a multiplication operator if c(t, x) is constant with respect to x. Hence
we arrive at

B+ = B_ = c(t)p,

and Eq. (9.12) becomes

W(t )
_ -ip Jt c(-r)d-r,s - e 8 , (9.25)

et>t(t,x) = -c(t)et>",(t,x)

which is solved by

(9.26)

(9.27)

If the time dependence of the scalar potential is as given by (9.27), then the
Dirac operators at different times are unitarily equivalent. However, we could
have known this in advance, because the time-dependent translation x ----> x 
J; c(T) dT is clearly a unitary transformation in £2 (IR)2.

Hoping for a more interesting result we turn to the case where B is of third
order:

(9.28)

Again we calculate iDB+ - iB_D and require this to be a multiplication op
erator. We see immediately that the coefficients of the fourth order derivatives
can only vanish if bt = b3 == b. But then the coefficient of 8~ simply becomes
b",j2. We conclude that b should not depend on x, hence b = b(t). Under this
condition we obtain

i(DB+ - B_D) = (bt - b1 - 3bet>",) 8;

+ (bt", + !(bt", - bl,"') + (bt - b1)et> - 3bet>",,,,) 8",

+!bll ,,,,,,, + !(bt", - bl,,,,)et> - b1et>", - bet>",,,,,,.

The coefficients of the differential operators 8; and 8", vanish, if

and hence

bt(t,x) = -~b(t)(et>2(t,X) -et>",(t,x)) +c(t),

b1(t,x) = -~b(t) (et>2(t,X) + et>",(t, x)) + C(t).

(9.29)

(9.30)

(9.31)

(9.32)



The Korteweg-deVries Equation 255

Finally, using V± defined in Eq. (9.16), we arrive at

B± = -b(t)p3 - ~b(t) {V±, p} + c(t)p. (9.33)

Remark. The operators B± are known explicitly for arbitrary positive odd
integers n in Eq. (9.22). We refer to the literature for details.

9.2.2 Differential Equations for the Potentials

We insert the expression obtained for B into Eq. (9.29) and obtain with
Eqs. (9.15) and (9.12)

(9.34)

The corresponding equation (9.21) for the potentials V± of the Schrodinger
equation is easily determined with the Miura transformation (9.20). We collect
our results in the following theorems.

Theorem 9.2. Assume that eP(t, x) is infinitely differentiable such that eP and
8z eP == ePz are bounded. Assume further that eP is a solution of

(9.35)

where band c are some infinitely differentiable functions. Then the Dirac op
erator Q(t) = -i0'28z + O'leP(t,X) satisfies

Q(t) = W(t, s) Q(s) W(s, t), for all s, t E JR,

where W is a unitary evolution operator.

(9.36)

Theorem 9.3. Assume that V(t, x) is infinitely differentiable such that V and
8zV == Vz are bounded. Assume further that V is a solution of

Vi + ~b(t) (-6VVz + Vzzz ) + c(t) Vz = 0,

with b, c E Coo (JR). Then the Schrodinger operator H s(t)
satisfies

Hs(t) = W(t, s) Hs(s) W(s, t), for all s, t E JR,

where W is a unitary evolution operator.

(9.37)

-8; + V(t, x)

(9.38)

Remark 1. If we choose b(t) = 4 and c(t) 0 we obtain from (9.35) the
"modified Korteweg-deVries equation" (mKdV)

ePt - 6eP2 ePz + ePzzz = O.

and from (9.37) the "Korteweg-de Vries equation" (KdV)

(9.39)
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V±,t - 6V±V±,z + V±,zzz = O. (9.40)

This equation describes the time evolution of waves which are influenced by two
antagonizing effects. The nonlinear term causes a steepening of the wave which
can be compensated by a dispersion due to the third order term. Indeed, the
equation has solutions which preserve their shape. These solutions are known as
"solitons" or "solitary waves". (Strictly speaking, only the one-soliton solution
is shape-preserving. A more precise definition of solitons is given in Sect. 9.5).

Eq. (9.40) was originally derived to describe the behavior of shallow water
waves. There are many other physical applications, e.g., in hydrodynamics,
plasma physics, acoustics, solid state physics, and elementary particle theory.

Remark 2. If ¢ satisfies the mKdV equation then

J(t, x) = ¢ (Jt b~) ds, x - Jt c( s) dS) (9.41)

is a solution of (9.35). A similar statement holds for the KdV equation and
Eq. (9.37). In the following we restrict our attention without loss of generality
to the simpler equations (9.39) and (9.40).

Remark 3. The Miura transformation V± = ¢2 T ¢z gives two solutions V±
of (9.37) for each solution ¢ of (9.35). In that case the operators W in (9.36)
and (9.38) coincide. But since the nonlinearity of (9.37) is weaker than that
of (9.35) it would be more desirable to construct solutions of the modified
equation starting with a solution of (9.37). We shall describe this procedure in
the next section.

Remark 4. The operators B and Q are called a "Lax pair" for the mKdV
equation. Since there is a Lax pair B n , Q for every positive odd integer n
(see the remark at the end of Sect. 9.2.1), one obtains a whole set of nonlinear
equations, the "mKdV hierarchy" . The methods of this chapter can be extended
to all equations of this hierarchy.

9.3 Inversion of the Miura Transformation

We assume that we have a solution V of the KdV equation (9.40) and want to
find a solution ¢ of the mKdV equation (9.39), such that

v(t,x) = ¢?(t,x) - ¢z(t,x). (9.42)

This will give simultaneously a second solution ¢2 + ¢z of the KdV equation.
For each t and given V, (9.42) is a Riccati differential equation for ¢. UsuallY,
it is solved by the substitution
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"p(x) = k exp{ - f'" ¢(y) dy}, (9.43)

where k is some constant, which in our case may depend on the parameter t.
Inserting (9.43) into (9.42) gives for "p the equation

-"p",,,, + V"p = 0, (9.44)

which is just the Schrodinger equation for zero energy. Hence everything de
pends on whether we can choose for each time t a positive solution of (9.44)
in such a way, that -"p",/"p satisfies the mKdV equation. The main problem
here is to choose the correct time dependence. For this we recall that the time
dependence of the Schrodinger operator -8; + V(t, x) is generated by the op
erator

Hence it seems reasonable to assume

"pt = -iB+"p = -4"p",,,,,,, + 6V"p", + 3V",,,p.

With (9.44) this is equivalent to the first order equation

"pt = 2V"p", - V",,,p.

Indeed, a little calculation with ¢ = -"p",/"p gives

¢t - 6¢2¢'" + ¢"'''''''

= "p-2 ("pt"p", - 6V"p; -"p"p"'t + 3"p;", + 4"p",,,p,,,,,,,,, -"p"p",,,,,,,,,,).

(9.45)

(9.46)

(9.47)

(9.48)

This expression can be shown to vanish identically if one takes into account
Eq. (9.46). Hence, at least formally, ¢ defined in this way indeed satisfies the
mKdV equation. We still have to verify that the function "p(t, x) determined
by Eq. (9.46) is a positive zero energy solution of the Schrodinger equation for
all t, and that ¢ has all of the required properties (9.2). The following theorem
states that all smooth solutions of the mKdV equation can be obtained in this
way.

Theorem 9.4. Suppose V E COO(Il~.2) is a solution of the KdV equation (9.40)
such that V and V", are bounded and such that the Schrodinger operator
-8; + V(O, x) is nonnegative. Then

82"p(x)
- (ji2 + V(O,x)"p(x) = 0 (9.49)

has at least one weak solution "po (x) > 0, all x, which is in COO(lR.) (but which
need not be square integrable). Define"p E COO(]R2) as the unique solution of
(9.47) with initial condition "p(O,x) = "po(x), all x E lR..

a) If "po is unique (up to multiplication with a constant), then ¢(t, x) =
-"p",(t, x)/"p(t, x) is the unique solution of the mKdV equation (9.39) satis
fying (9.2) and V = ¢2 - ¢"'.



258 Solitons

b) If (9.49) has two linearly independent positive solutions 1/I±,0 then the so
lutions of the mKdV equation satisfying (9.2) and V = <Ii - </>z form a one
parameter family given by

A. (t ) = _ 1/Ier,z(t, x)
'Per,X 1/Ier(t, x) ,

with 0' E [-1,1].

1- 0' 1 +0'
1/Ier(t,x) = -2-1/I-(t,x) + -2-1/I+(t,x), (9.50)

(9.51 )

Remark. A nonnegative Schrodinger operator Hs = -8; + V(x) is called
"critical" iff H s1/l = 0 has a unique positive solution. (This is case a in the
theorem above. It occurs, e.g., if 0 is an eigenvalue of H s ). Otherwise, H s is
called "subcritical". In this case there are two linearly independent solutions
of H s1/l = 0 which are not square integrable. See [174] for details.

Proof. 1) In a first step we note that the nonnegativity of the Schrodinger op
erator at time t = 0 implies nonnegativity for all times, because Schrodinger op
erators at different times are unitarily equivalent if the potential evolves accord
ing to the KdV equation. (See Theorem 9.3). Nonnegativity of the Schrodinger
operator further implies existence of a positive zero energy solution by well
known Sturm-(non)oscillation-type results1

•

2) In the second step we prove that the function 1/1 determined with (9.46) or
(9.47) is for any t a unique solution of the zero energy Schrodinger equation.
The zero energy Schrodinger equation at time t is equivalent to the Volterra
equation

1/I(t, x) = c(t) + d(t)x +l z

(x - y) V(t, y) 1/I(t, y) dy,

where c(t) + d(t)x with c, dE COO(lR.) is a solution of the homogeneous equation
</>zz = O. For each c(t) and d(t) there is a unique solution of

821/1(t,x)
- 8x2 +V(t,x)1/I(t,x)=O (9.52)

which is obtained by iterating (9.51). In particular c(O) and d(O) are fixed by
1/10, We have to show that there are unique functions c and d such that the
1/I(t, x) also satisfies (9.47). From (9.52) we obtain -1/Itzz + V1/It = - yt1/l. But
the function

!li(t,x) == 2V(t,x)1/Iz(t,x) - Vz(t,x)1/I(t,x) (9.53)

also satisfies -!lizz + V!li = -Vt1/l. Hence (!li - 1/It) is a solution of (9.52). It is
the zero solution iff

0= (lJi - 1/It)(t,O) = 2V(t,0)d(t) - Vz(t,O)c(t) - c(t), (9.54)

0= (lJi - 1/It)z(t,O) = Vz(t,O)d(t) + (2V(t,0)2 - Vzz(t,O))c(t) - d(t), (9.55)

1 See [174].
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from which c(t) and d(t) are uniquely determined given c(O) and d(O). Hence
we obtain a unique 'l/J which satisfies 'l/Jt = l/F, i.e., Eq.(9.47).

3) We show that 'l/J(t,x) > 0 for all (t,x) E lR.2 if'l/Jo(x) > O. Assume that
'l/J(t,x(t)) = 0, for all t E R Differentiating this and using (9.47) gives

x(t) = -2V(t,x(t)). (9.56)

Now, assume 'l/J(to,xo) = 0 for some (to,xo). Then (9.56) has a unique solution
x(t) with x(to) = xo. The function 'l/J(t,x(t)) fulfills the differential equation

d
dt 'l/J(t, x(t)) = 'l/Jt(t, x(t)) + x(t) 'l/J",(t, x(t))

= {2V(t, x(t)) + x(t)} 'l/J",(t, x(t)) - V",(t, x(t)) 'l/J(t, x(t))

= - V",(t, x( t)) 'l/J( t, x( t)) (9.57)

which has the unique solution

'l/J(t, x(t)) = 'l/J( to, xo) exp{lt
V",(t', x( t')) dt'} = o. (9.58)

to

Hence 'l/J(t,.) has a zero for all t if it has a zero for some to. Conversely, if
'l/J(t, .) > 0 for t = 0, then the same must be true for all t.
4) Since 'l/J(t, x) is positive we can form the logarithmic derivative cP(t, x) =
-'l/J",(t,x)N(t,x). Using [Ha 82], Corollary XI.6.5 on p. 358, we find that cP is
bounded, provided V is bounded. Since V = cP2 - cP", and V", are bounded we
obtain boundedness of cP", and cP",,,,. Hence cP satisfies (9.2).

5) Now, assume that we have two solutions 'l/J± of (9.49) from which we obtain
two solutions of (9.52) according to steps 1) to 4). We can form the following
general linear combination

'l/Jcr(t,x) = ~[l-(7(t)]'l/J_(t,x)+~[l+(7(t)]'l/J+(t,x), (9.59)

where (7 : lR. ----> [-1, 1] is in Coo (lR.). Since 'l/Jcr is positive, our results above apply
to 'l/Jcr as well and we can define cPcr = -'l/Jcr,,,,(t, x)/'l/Jcr(t, x). Then Eq. (9.48)
becomes

2k2

cPcr,t-6cP~cPcr,,,,+cPcr,,,,,,,,,,= 'l/J;" W('l/J-,'l/J+)o-, (9.60)

where W('l/J-, 'l/J+) = 'l/J- (8",'l/J+) - (8",'l/J- )'l/J+ is the Wronskian of the two solu
tions. Using Eqs. (9.47) and (9.52) it can be shown that the Wronskian is time
independent. Hence (9.60) vanishes for all t E IR either if (7 = const. or if the
Wronskian W('l/J-,o, 'l/J+,o) vanishes i.e., if the two solutions are linearly depen
dent. In the second case the solution of (9.49) is unique up to multiplication
with a constant and cPcr indeed does not depend on (7. Since 'l/Jcr is the general
solution of the zero energy Schr6dinger equation, the corresponding function
cPcr is the general solution of the Riccati equation (9.42). Hence this construc
tion gives all smooth solutions of the mKdV equation related to V via a Miura
transformation. This completes the proof of the theorem. 0
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9.4 Scattering in One Dimension

9.4.1 The Scattering Matrix

It is useful to have a closer look on the spectral and scattering theory for the
Dirac operator

(0 D*)Q= DO' D = az + </>(x). (9.61)

We shall assume that the potential et> satisfies

lim et>(x) = et>±,z--->±oo
(9.62)

and that the limit is approached sufficiently rapidly. For example, the following
condition would be sufficient,

{±oo
± io (l+x 2 ){1et>(x)-et>±1 + let>z(x)l} dx < 00. (9.63)

Potential functions with these properties arise as soliton solutions of the mKdV
equation, d. Sect. 9.5 below. Supersymmetry allows us to relate the Dirac
operator Q to the following pair of Schrodinger operators

j = 1,2. (9.64)

Hence we can derive the spectral properties of Q from well known results about
one-dimensional Schrodinger operators with bounded potentials </>2 T </>z which
are asymptotically equal to the constants </>~.

We find that Q has finitely many nondegenerate eigenvalues in the interval
(-Iet>-I, Iet>-I) and a purely absolutely continuous spectrum

O"a.c.(Q) = (-00, -Iet>-Il u [Iet>-I, (0). (9.65)

Moreover, Q has simple spectrum in (-I </>+ I, 1</>_1) u (I </>-1, I</>+ I) iff this set is
non-empty. This situation corresponds to total reflection, it does not occur if
Iet>-I = 1et>+I· The spectral multiplicity in (-00, -1et>+ll u [Iet>+I, (0) is two, corre
sponding to the fact that we can form two orthogonal scattering solutions with
same energies, one moving to the right and one to the left (see also Sect. 4.5).
For simplicity, we restrict ourselves to the energy range E 2 > </>~ for the rest
of this section.

Let us first consider the solutions of the Dirac equation Q'ljJ = E'ljJ with a
constant potential et>(x) = et>o. The two linearly independent solutions are given
by

(9.66)
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(9.67)

where k = (E2
- </>~)1/2, and C(E) = JIEI/47rk. These solutions are oscilla

tory and bounded for E 2 > </>~. In this case ~(E,</>o,x)e-'Et is a plane-wave
solution of the Dirac equation which moves to the right. Similarly, ~ is related
to solutions moving to the left.

Remark. A calculation similar to Sect. 1.6 leads to the mean velocity operator
Vel = pQ-I = (72 - i</>oQ-I(73. With the solutions (9.66) and (9.67) we find for
the C2 -scalar product

(9.68)

Hence the expectation value of Vel in a state given as a (square integrable)
superposition of functions w (or w) is always positive (or negative).

-> <-

One defines the "Jost solutions" of the Dirac equation with potential </>(x)
by the following boundary conditions.

1) Outgoing Jost solutions:

2(E,x) "'~ ~(E,</>+,x),

2) Incoming Jost solutions:

(9.69)

t(E,x) "'~ ~(E,</>+,x). (9.70)

Any (distributional) eigenfunction tP = (~~) of Q satisfies

'ljJ2 = E-1D"pI, "pI = E-1D*"p2,

D* D'ljJ1 = E 2'ljJI, DD*'ljJ2 = E 2'ljJ2'

(9.71)

(9.72)

Hence we can relate the Dirac-Jost solutions with the Schrodinger-Jost solu
tions. These can be defined as the unique solutions of the following Volterra
integral equations (for later use we give these equations for complex energies z)

1 (±oo
ft(z,x) = e±ik±'"- k± }", sin[k±(x-y)] [Vj(y)-</>~] ft(z,y)dy

. ± 1 (±oo
gj(z,x) = e'f1k

'" - k±}", sin[k±(x-y)] [Vj(y)-</>~]gj(z,y)dy,

(9.73)

(9.74)

where z E C, x E JR, k± == k±(z) == Jz - </>'1. The square root is defined with

the branch-cut on the positive real axis, so that 1m k± 2: O. Iterating these
equations and applying standard techniques we find that the Jost solutions ft
are analytic with respect to z E <C \ [</>~, (0). The functions f± and g~ are
solutions of the differential equation J J
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{-8~ + Vj(x)}f(z,x) = zf(z,x). (9.75)

For real z = >. > </>~ the Jost solutions ff and 9;C are respectively the
outgoing and incoming generalized eigenfunctions of H j with energy>. which
satisfy the boundary conditions

f ± (\ ) X-'±oo ±ik± x
j A,X ~ e , ±(>. ) x-->±oo =Fik±x

9j ,x -- e , k± = J>. - </>'i. (9.76)

Comparing the asymptotic behavior of ff(>., x), E-1Dff(>.,x), etc., where
>. = E 2 , with the asymptotic behavior of the Dirac Jost solutions (9.69) and
(9.70) we find

(9.77)

(9.78)

We can use the Jost solutions to describe a scattering process. Obviously, for
lEI> 1</>+1, the outgoing solution to the left, 2, must be a linear combination
of the linearly independent solutions 2. and ~, Le.,

T(E))f(E,x) = 2.(E,x) + RT(E)2(E,x). (9.79)

This describes a situation, where a particle beam coming in from the right
is split into a transmitted part escaping to the left and into a reflected part
moving back to the right. Hence T(E) is called transmission coefficient, and
RT(E) is called reflection coefficient to the right. A similar consideration is valid
for particles scattered to the left, with a reflection coefficient Rl (E). Using the
Wronski determinant

(9.80)

and the well known facts that W(<p, oli) does not depend on x and vanishes,
whenever <P and .p are linearly dependent, we obtain from Eq. (9.79)

(9.81)

and similarly

This representation has the advantage that the Wronski determinants can be
evaluated by inserting the asymptotic forms of the solutions. The on-shell scat
tering operator can be represented by the matrix

_ (T(E) RT(E))
S(E) - RI(E) T(E) , (9.83)

Of course, similar considerations hold for the Jost solutions ff and 9;C associ-
ated with the Schrodinger operators H j • One obtains, e.g. .
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x~oo e-ik+x + Rj(>") e+ik+x, >.. > O. (9.84)

Here Rj(>") is the nonrelativistic reflection coefficient, and Tj (>..) the transmis
sion coefficient corresponding to H j , and (with W(f,9) = /8x9 - 98xl) we
obtain

2iv'k+k
Tj = -W-(-/-j--,-/---;-t-:-)' (9.85)

where k± = J>.. - et>~. Because of (9.71) and (9.72) we can even relate the

two Schrodinger problems with j = 1,2 and the Dirac problem. If /~ and 9t
are the Jost solutions of the Schrodinger problem with VI' then the correctly
normalized Jost solutions of the problem with V2 are given by

Conversely,

± ('k± ,I.. )-ID ±92 = =fl + 'I'± 91 .

± (±'k± ,I.. )-ID* ±91 = 1 + 'I'± 92 .

(9.86)

(9.87)

For two (distributional) solutions h(z,x) and 9j(z,X) of (-8; -lrj)~ = z~,

z E C, we find

W(D!I(z),D91(Z)) = zW(!I(Z),91(Z)),

W(D*h(z),D*92(Z)) = zW(h(z),92(Z)).

(9.88)

(9.89)

(9.91 )

Hence we obtain

r -ik++et>+'r
R1 (>..) = 'k+ et> R2 (>"),

1 + +
I ik-+et>- I

R1(>") = .k- et> R2(>"),
-1 +_

Using (9.77) and (9.78) we obtain relations between the Wronskians of the
Dirac solutions and the Wronski determinants of the Schrodinger Jost solutions.
We shall need in particular the following result, which shows that if one of the
potentials et>, et>2 =f et>", is a reflectionless potential, then all three are reflectionless
potentials:

{

RHE2), if E > 1et>+I,
Rr(E) =

R'2(E2), if E < -1et>+I.
In order to prove, e.g., Eq. (9.91) with E < -Iet>+ I, we insert the negative-energy
parts of Eqs. (9.77) and (9.78) into (9.81). This leads to

f +D* - -D*f+ +Rr(E) = _ 2 92 - 92 2 W(9i: , /2 ) ( )
9:}:D*92 - 92 D*9:}: W(92 ,9:}:) . 9.92
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Using the relation I j± (>" x) = gf (>\, x), which holds for>.. E JR, we arrive at

RT(E) = R'2(E2) (E negative) by comparison with Eq. (9.85). Similar calcula
tions show that Eq. (9.91) also holds with RT replaced by Rl or T. Hence we
can represent the relativistic scattering operator in terms of the nonrelativistic
scattering operators 8j(>") (which are defined as in Eq. (9.83) with the help of
the nonrelativistic reflection and transmission coefficients)

(9.93)

9.4.2 Relative Scattering and the Regularized Index

In this section we calculate the index of the Dirac operator with soliton-like po
tentials. This serves as an illustration of the techniques developed in Chapter 5.
We use the Jost solutions If, j = 1,2, given by the Volterra equations (9.73)
and the relation between Fredholm determinants and the index described in
Sect. 5.10. We assume Q to be of the form (9.61), with a scalar potential ¢
satisfying the conditions (9.62) and (9.63).

Since we are interested in relative scattering, we write

v = -2cjJ", (9.94)

(9.95)

and express the solutions ftc with the help of Green-functions associated with
H 2 • We obtain, as usual, the Volterra equations

Jt(z, x) = It(z, x) -l±oog(z, x, y) V(y) It(z, y) dy,

for all z E C \ {O"p(H2) U {cjJ~}}. The integral kernel 9 is given by

1
g(z,x,y) = W(J;(z),g(z)) [/2+(z,x)/;(z,Y)-/2-(z,x)g(z,y)]. (9.96)

Another fundamental solution of the equation (H2 - z)1 = 0 is

The Jost solutions It obey the Fredholm integral equations

± 1 ± /+00 ±11 (z,x) = T(z) 12 (z,x) - -00 g(z,x,y)V(Y)/1(z,y)dy.

(9.97)

(9.98)

The coefficient T(z) is a "relative transmission coefficient" and can be written
as
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T(z) = W(fi(Z),f~(z)) =
w(f;-(z), f 1 (Z))

= {1- W(f2 (Z~,Ji(Z))Jfi(z,x) V(x) Ji(z,x)dx}-l (9.99)

Similar formulas and expressions are familiar from the one-dimensional scat
tering theory with H 2 = Ho = -8;, and the generalization to the present case
is straightforward.

Our aim is to calculate the regularized index indz (Q) with the help of the
Fredholm determinant det (1 + u(H2-z)-IV), where

u(x) == lV(xW/2sgn V(x). (9.100)

We omit the technical proof that (H1-z)-1 - (H2-z)-1 belongs to the trace
class under the assumptions (9.62) and (9.63) (see [159], Thm. 2.8 for details).
One can also show that u(Hj-Z)-lV is trace class. The trace of this operator
is explicitly given by (d. Eqs. (9.97) and (5.125))

-1 j+(Xl
tru(Hj-z)-lv= () + fj-(z, x) V(x) !f(z, x) dx. (9.101)

W(fj z, f j (z)) -(Xl
Next we replace V by ,V and calculate, using Eqs. (5.199), (5.200)

d
d, lndet [1 + ,u(H2-z)-lV] = tr [1 + ,u(H2-z)-lvrl u(H2-z)-lV =

(9.102)

Now, from Eq. (9.99) we find

!:.-lnT(z) = -T(z) dT-1(z) =
d, d,

= T(z) W(fi(z~, fi(z)) Jfi V {rt +,~ft} dx

= W(fl (z~, ft(z)) Jfi V {ft +,:,Ji} dx. (9.103)

We can use the Volterra equation (9.95) to calculate dft /d,. If C+ denotes
the integral operator with kernel given by 9 (Eq. (9.96)) for Y 2 x, and 0 for
y ::; x, then we can write Eq. (9.95) as

hence

.iLf+ = -C+Vf+ - "VC+V.iLf+
d"'l 1 1 I d"'l 1

or

(9.104)

(9.105)
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, d~ it = -(I+,G+V)-I,G+Vit = (1+,G+V)-1 Ii - it·

Inserting this result into Eq. (9.103) we obtain

d~ InT = W(fl (~)~ li(z)) J12- V (1 + ,G+V)-1it dx =

= W(fl (~)~ li(z)) J12- (1 + ,VG+)-IV it dx

In order to evaluate the last integral, we consider first the expression

roo r-, i-oo dx i-oo dyg(z,x,y) V(y) I;(z,y) h(z,x)

roo roo=, i-oo dy I;(z,y) V(y) i
y

dxg(z,y,x) h(z,x)

roo
= i -00 dy I; (z, y)[rVG+ h](z, y),

with some suitable function h. Hence, using (9.95), we calculate

rooi-oo dxl:;(z,x)h(z,x)

(9.106)

(9.107)

(9.108)

(9.109)

Inserting h = (1 + ,VG+)VIi into (9.109), we obtain from Eqs. (9.107) and
(9.101)

d 1 J - +
d,lnT= W(f;(z),li(z)) 11 (z,x)V(x) 11 (z,x)dx

Combining this result with Eq. (9.102) we find

Since, = 0 implies HI = H2 and

(9.110)

(9.111)

det [1 + ,U(H2-Z)-IV] = det 1 = 1 = T(z),

we arrive at

(r = 0) (9.112)
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det [1 + u(H
2
-z)-lV] = _1_ = W(fl-(Z), ft(z)). (9.113)

T(z) W(f;(z), Ji(z))

Finally, we employ the supersymmetric relation between II and 12, namely

fi(z,x) = (±ik± + (p±)Dff(z,x), (9.114)

and the identity W(Df1 (z),Dft(z)) = zW(fl(z),ft(z)), cf. (9.88), to cal
culate

(9.115)

We can now use the results of Sect. 5.10 to obtain the regularized index

indz Q = -z.!!..- lndet [1 + u(H2 -z)-lV]
dz

1 [¢+ ¢_]
= 2 J¢~ - z - J¢: - z

and the other formulas of Sect. 5.11.1.

9.5 Soliton Solutions

(9.116)

As an illustration of the methods described in Sect. 9.3 we are going to construct
the soliton solutions of the mKdV equation from the well known solitons of the
KdV equation. In the next section we briefly describe the KdV solitons and
indicate how to find them. See the notes for references to the literature on that
subject.

9.5.1 Solitons of the KdV Equation

The KdV solitons are usually obtained by the inverse scattering method. The
idea is to use the connection between solutions of the KdV equation and poten
tials for Schrodinger operators (see Theorem 9.3). Instead of solving the (non
linear) KdV equation with initial condition V(O, x) = V(x), one first solves the
(linear) Schrodinger equation

Hs1/J(x) = -8;1/J(x) + V(x)1/J(x) = >'1/J(x). (9.117)

Here and in the following the potential V is assumed to satisfy certain regularity
conditions, e.g,

(9.118)
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In this case the solutions 'ljJ ofEq. (9.117) in turn uniquely determine the poten
tial V (x). The reconstruction of the potential from a certain set of "scattering
data" is the aim of inverse scattering theory. If the time dependence of the
Schrodinger operator is given by (9.38), then the data needed to determine
the potential have a simple, explicitly known time dependence. Hence we can
obtain V( t, x) (i.e., the KdV solution) at any t from the scattering data at time
t.

For the following we assume lim", ~±oo V(x) = m 2
, m ~ 0 (the limit be

ing approached sufficiently fast). We denote by f±(>., x) the Jost solutions of
(9.117) which satisfy the boundary conditions

f ± (\ ) ",-.±oo ±ik",
/\, X ----> e , (9.119)

If A < m 2 , then f+ decays exponentially for x -> +00 and f- for x -> -00.

Therefore, A is an eigenvalue of H s if and only if the f+ and f- are linearly
dependent. In this case there is a square integrable eigenfunction which de
cays exponentially for x -> +00 and x -> -00, and which is unique up to
normalization. The normalized eigensolution f == c± f±, where

behaves asymptotically like

f( ) "'-. ±oo ± '1'''''''x ----> ce ,

(9.120)

(9.121)

We assume that there are N bound states with energies An, n 1, ... ,N,
and denote the corresponding norming constants by c~. It turns out that the
knowledge of the "scattering data" {Rr(A),An,C~}, A > m 2 , n = 1, . .. ,N,
is sufficient to determine the potential V(x) uniquely. In order to obtain the
potentials for some given scattering data, we have to solve the Marchenko
integral equation

K(x, y) + G(x, y) +100

K(x, z) G(z, y) dz = 0,

with

Finally, the potential is given by

V(x) = m 2
- 28",K(x, x).

(9.122)

(9.123)

(9.124)

(9.125)

Now we assume that the potential depends on time, such that it is a solution
V(t, x) of the KdV equation. Then the time dependence of the scattering data
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is easily calculated. We know already that the eigenvalues An do not depend
on time by Theorem 9.3. Furthermore, the time dependence of a bound state
f with energy A is given by

ft = (2V + 4A)f" - V"f (9.126)

as can be seen easily by repeating the steps leading to (9.47). Asymptotically
for x -> 00, (9.126) becomes ft = (2m2 +4A)f" and if we insert the asymptotic
form f(t, x) ~ c+(t) exp( -/\,;x) we obtain an equation for c+(t) which is easily
solved. In a similar way one can determine the time dependence of the reflection
coefficient. We obtain for the time dependence of {R'"(t, A), An, c;t(t)}, if V(t, x)
is assumed to obey the KdV equation, the relations

(9.127)

(9.128)

c;t(t) = c~(o) e(41<~-6m2I<n)t. (9.129)

The procedure above allows us to construct solutions V( t, x) of the KdV equa
tion in a systematic way by simply assuming certain initial values Rr(o, A),
/\';n, c;t(O). The scattering data may be considered a set of "canonical coordi
nates" for the KdV equation, similar to the action-angle variables of an in
tegrable Hamiltonian system. One can solve the initial value problem for the
KdV equation by the following procedure

1. Consider the given function V(O, x) as a potential for the one-dimensional
Schrodinger equation and evaluate the scattering data Rr(o, A), /\';n, c;t(O).

2. Use the time evolution of the sca:ttering data given by Eqs. (9.127)-(9.129)
to determine the scattering data at some later time t.

3. Finally, perform an inverse scattering transformation (Eqs. (9.122)-(9.125))
to determine V(t,x).

Essentially the same procedure works with the mKdV equation and the Dirac
equation2

. In the next section we determine mKdV solutions using a different
method, which is based on the results of Sects. 9.3 and 9.4 and takes the KdV
solutions as a starting point.

By definition, a "N-soliton solution" is a solution of the mKdV equation
which corresponds to a reftectionless potential of the Dirac equation which has
precisely N bound states. All N-soliton solutions can be obtained by an inverse
scattering transformation from N arbitrary values An, c;t(O), assuming

(9.130)

The resulting potentials V(t,x) are reflectionless for all times by Eq. (9.127).
Assuming (9.130) the Marchenko equation greatly simplifies and can be

solved by the separation ansatz

2 See [347], [187], [188].
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N

K(t, x, y) = - L c~(t) Xn(t, x) e-t<n Y ,

n=1

which allows to determine Xn' We obtain

K(t, x,x) = 0", In det (IN + C(t, x)),

(9.131)

(9.132)

(9.133)

where IN is the N x N unit matrix, and C(t,x) = (Ckn(t,X))k,n=l. ..N with

C (t ) - ct(t)c;t(t)e-(t<k+t<n)'"kn ,x - .
"'k + "'n

Hence, using (9.125), the N-soliton solution of the KdV equation reads

V(t,x) = m 2 - 20;lndet (IN + C(t,x)). (9.134)

Example (The one soliton solution). For N = 1, ct == C, "'1 == "', we obtain
from (9.134)

(9.135)

9.5.2 mKdV Solitons in the Critical Case

Next we are going to determine the soliton solutions of the mKdV equation,
which correspond to the KdV solitons (9.134) by Theorem 9.4. We construct
the mKdV solitons from the given numbers m 2

, "'n, c;t(O), where n = 1, ... ,N,
m 2 ~ "'i, "'1 > "'2 > ... > "'N· According to Theorem 9.4, we have to distin
guish between two cases. In this section we treat the critical case, which occurs
if H s = -0; + V(O, x) has a zero eigenvalue .xl = m 2

- "'i = O. Hence we
assume "'1 = m.

We denote the zero energy eigensolution by f(t, x), Le.,

Hs(t) f(t,x) = -f",,,,(t,x) + V(t,x) f(t,x) = O. (9.136)

The potential V(t,x) is connected to {"'n,cn(t)} by Eq. (9.134). We write

Hs(t) = -0; + V(t, x) = D*(t)D(t), D(t) = 0", + ¢(t, x), (9.137)

where according to Theorem 9.4 ¢ is given by

4>(t,x) = -f",(t,x)/f(t,x). (9.138)

In order to calculate ¢ we need not actually solve Eq. (9.136). Instead we use
the relation

l
CXl

l1CXl4> = (lim 4» - 4>",dx = (lim 4» - -2 (V- - V+)dx, .
~-----4'(X) ~ ~~(X) a:

(9.139)
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where V+ = V = ¢2 - ¢", and V_ = ¢2 + ¢". Now it is our main task to
determine the supersymmetric partner potential V_ (t, x). It will turn out, that
V_ corresponds to a N - 1 soliton solution of the KdV equation.

From (9.121) and (9.138) we easily find

lim c/J(t, x) = ±~l = ±m.
~-----4'±0Cl

(9.140)

(9.141)

Using Eq. (9.90), we find that V_ is reflectionless, because its supersymmetric
partner V+ is reflectionless. We conclude, that V_ (t, x) is a soliton solution of
the KdV equation. It can be expressed by a formula like (9.134), if we succeed to
determine the bound state energies belonging to V_ and the norming constants
of the corresponding eigenfunctions.

Eq. (9.140) implies that the solution of D*(t)7jJ = -0,,7jJ + ¢(t, x)7jJ = 0,
which is proportional to exp(J" ¢(t, y) dy) behaves asymptotically, as x ----t

±oo, like const. exp(±~lX) and hence is not square integrable. This implies
that D(t)D*(t) has no zero eigenvalue. But since DD* and D*D are unitarily
equivalent on (Ker D)-l, we find that the operator DD* = -0;+ V_ has exactly
N -1 bound states. If r: is the eigenstate of D* D with f: (t, x) ----t exp( -~nx),
as x ----t +00, then

g;; == 1 Df: "~oo 1 (0" + m)e-I<n" = e-I<n"
m - ~n m - ~n

and g;; is a solution of

D(t)D*(t)g = Ang, (9.142)

The norming constants d;t(O) of the solutions g;t can be obtained by a very
straightforward calculation:

(d;t)2 = IIgnll-2 = (m - ~n?IIDf:II-2 = (m - ~n)2(f:, D*Df:)-2

(m - ~?A-2(C+)2 = m - ~n (c+? (9.143)
n n m+~n n

We have shown that V_ (t, x) is a N - 1 soliton solution of the KdV equation,
which is determined by inverse scattering theory from the N - 1 eigenvalues
An and the corresponding constants

n=2, ... ,N.d;t(O) = (: ~ :: f/2 c;t(O),

Define

d;t(t) == d;t(O) e(41<~-6m2)t.

d+(t)d+(t)
d (t ) = k n e-(l<k+l<n)'"

kn ,x - ~k + ~n '

D(t, x) = (dkn(t, x)) k,n=2, ... ,N·

Then, as in Sect. 9.3.1, the N -1 soliton solution V_(t,x) is given by

(9.144)

(9.145)

(9.146)

(9.147)
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V_(t,x) = m 2
- 28; lndet (IN-I + D(t,x)). (9.148)

(9.149)

If we insert (9.148) and (9.134) into (9.139) we obtain the mKdV solution
¢(t, x), which according to Theorem 9.4 is uniquely determined.

{
det(IN+C(t,x)) }

4J(t,x)=m+8",ln det(IN~I+D(t,x)) .

From Eq. (9.91) it is clear that 4J( t, x) is a reflectionless potential for the Dirac
equation, hence ¢ is a soliton solution of the mKdV equation. If we start from a
critical Schrodinger operator D*D with N bound states, then the corresponding
Dirac operator has 2N -1 bound states. Hence we call ¢(t, x) a 2N - 1 soliton
solution of the mKdV equation.

Example (One soliton mKdV solution). We start with the KdV soliton V =
V+ given by Eq. (9.135) and assume that we are in the critical case, Le., m =
KI = K. With (ct? = 2K we obtain V_ = ¢2 + ¢'" = K

2
, and

4J(t,x) = -Ktanh(Kx + 2K3 t).

9.5.3 mKdV Solitons in the Subcritical Case

(9.150)

Again we start from an N-soliton solution V(t, x) of the KdV equation, given
by the numbers m 2

, K n , c;t(O), where n = 1, ... , N. But now we assume that
the lowest eigenvalue of the operator H s = -8~ + V(O,x) is strictly positive.
.xl > O. Hence there are two linearly independent not square integrable solutions
of Hs'I/J = 0, which are given by the Jost solutions f±(im,x). These solutions
are characterized by the boundary conditions f±(im, x) -> e'fm "" as x ->

±oo. Since they are not square integrable, they must diverge, as x -> =fOO,
respectively. Hence we find, with some suitable constants c±,

f ± (' ) "'-->'fCXl ± 'f"''''1m, x -----. c e . (9.151)

If we now define the functions 'I/J± (t, x) to be solutions of the differential equa
tion (9.47) with initial condition 'I/J±(O, x) = f±(im, x), we find the asymptotic
behavior

(9.152)

(9.153)

from which we conclude the asymptotic behavior of the functions 4JO', which
are defined according to (9.50):

±. {-am for a= ±1 ,
¢O' = hm ¢O'(t, x) = ± 1: E ( 1 1)"'-->±CXl m lor a -, .

With the help of ¢O' we can define a potential VO' = ¢; + (¢O')"" The Dirac
operator Q with the scalar potential ¢O' is related to the two Schrodinger op
erators with the potentials VI = V and V2 = VO' via supersymmetry. A little
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consideration of the asymptotic behavior of solutions of the zero energy Dirac
equation shows that it has no square integrable eigensolution if c/J;; and c/J;
have the same sign. On the other hand QtP = 0 always has a square inte
grable solution if ¢t = -¢;; . This is obviously the case for (J" E (-1,1). From
Ker Q = Ker H s EB Ker H: we conclude that in this case either H s or H~ has
a zero energy eigenstate. Since, by assumption, H s is strictly positive, we find
that the equation H:7jJ = -7jJ",,,, + V".(O,x)7jJ = 0 has a square integrable solu
tion. Hence, for each (J" E (-1,1) we can use the N + 1 soliton potential V". to
construct mKdV soliton solutions as in the previous section in the critical case.
Since the mKdV equation is symmetric with respect to the exchange of Vi and
V2 (this exchange corresponds to the replacement ¢ ---t -¢), we conclude, that
(up to a sign) all these solitons have already been obtained in the last section.

From now on, it is sufficient to consider the cases (J" = ±1. In this case
c/J+ = c/J- and hence H: has no zero energy eigenstate. The eigenvalues of H:
are given by An = m 2 - K;, n = 1, ... , N, and hence V".(t, x) is aN-soliton
solution of the KdV equation. (It is reflectionless by Eq. (9.90)). As in the
previous section we find

V".(t,x) = m 2
- 2B;lndet (IN +D(t,x)),

D(t,x) = (dkn (t,x))k,n=l, ... ,N'

(9.154)

(9.155)

(9.156)(
(J"m -Kk (J"m - Kn )1/2

dkn(t,X) = . Ckn(t,X).
(J"m+Kk (J"m+ Kn

The functions Ckn(t,X) are obtained by (9.129) and (9.133) from the given
norming constants c~(O). The mKdV solutions are now given, as in the previous
section, by Eq. (9.139),

{
det (IN +'C(t,x)) }

¢(t,x)=(J"m+8",ln d ( ()).
et IN + D t,x

(9.157)

Example (Two soliton mKdV solution). Again we start with the KdV soliton
V = V+ given by Eq. (9.135) and (ct)2 = c2 = 2K, now assuming the subcritical
case, Le., m > K. We obtain with (J" = ±1

2 2K2

V".(t,x)=m - 2[ l

cosh (4K3 - 6m2K)t - KX + ~ lnb]

¢".(t, x) = (J"m + Ktanh[(4K3
- 6m2 K)t - KX]

- Ktanh [(4K3
- 6m2 K) t - KX + 4In b] ,

where b = ((J"m - K)/((J"m + K).

(9.158)

(9.159)

(9.160)



10 Quantum Electrodynamics in External
Fields

This chapter is a short introduction to the theory ofthe "second quantized" electron-positron
field interacting with an external classical electromagnetic field. Our discussion neglects the
existence of photons, but provides us with a simple model of quantum field theory without
divergences or ill defined expressions.

First we need a Hilbert space suitable for the description of a system consisting of an
arbitrary number of particles. The appropriate framework is given by the fermionic Fock
space. Its construction is based on the one-particle Hilbert space, which is split into an
electron subspace and a positron subspace. The Fock space is obtained as a direct sum of
tensor products of the one-particle space. It contains vectors corresponding to states with n
electrons and m positrons. There is even a vacuum state n describing the possibility that
there is no particle at all. The basic quantities of the theory are the field operators (the
electron-positron field) which can be understood in terms of (anti-) particle creation and
annihilation operators, see Sect. 10.1.

The one-particle positron subspace is obtained via a charge conjugation from the negative
energy subspace of the Dirac operator. The many-particle theory can be formulated in such
a way that the generator of the time evolution in the Fock space has a positive spectrum.
Hence the Fock space formalism solves the problem with negative energies occurring in the
one-particle theory.

For the external field problem a nonperturbative treatment is possible, because the whole
theory is essentially determined by the corresponding one-particle problem for the Dirac
equation. All results of the second quantized theory are obtained from the corresponding
results for the Dirac equation with the help of some Fock space machinery. In the case of weak
and time independent external fields quantum field theory essentially reproduces the one
particle theory. Everything depends on how the Dirac scattering operator (or even the whole
time evolution generated by the Dirac equation) can be implemented in the Fock space of free
particles. This restricts the class of external fields admitted for our consideration. The crucial
condition for the Fock space implementation of unitary transformations is that the parts
which mix the electron and positron subspaces are Hilbert-Schmidt operators (Sect. 10.2).

The number of particles need not be constant during the time evolution of a quantum
system in Fock space. Hence the theory is designed to describe particle creation and an
nihilation. This phenomenon may happen whenever transitions from positive to negative
energies (or vice versa) occur in the one-particle theory. It can be shown, however, that static
fields vanishing at infinity are unable to create particle/ antiparticle pairs. In this case, the
quantized theory is essentially equivalent to the one-particle theory.

In the case of time dependent fields, the implementation of the time evolution in Fock
space has no covariant meaning, and hence a consistent particle interpretation can only be
maintained asymptotically. The scattering operator is unitarily implementable for a suffi
ciently large class of physically interesting external fields. The possibility of pair creation is
described by the vacuum expectation value of the scattering operator, see Sect. 10.4.

Finally, we briefly discuss the difficulties with defining the "spontaneous pair creation",
Le., a sudden change of the pair creation probability which one expects if the coupling
constant is increased beyond a critical threshold.
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10.1 Quantization of the Dirac Field

10.1.1 The Fock Space

We give a mathematically rigorous version of what is commonly known as the
procedure of second quantization. We first need a Hilbert space which is capable
of describing states with an arbitrary number of particles and antiparticles. It
is convenient to choose the antisymmetrized Fock space J which we are going
to describe in this section.

1. The one-particle subspaces. Let SJ be the Hilbert space of the Dirac equa
tion. We assume that SJ can be split into two orthogonal spectral subspaces of
the Dirac operator H,

(10.1 )

such that SJ+ can be interpreted as the Hilbert space for a particle. In particular
we assume that the Dirac operator H is semibounded from below if restricted
to SJ+. For example, in case of free particles, we choose SJ+ to be the Hilbert
space SJpos of positive energy solutions of the free Dirac equation, d. Sect. 1.4.2.
Similarly, let H be semibounded from above on SJ-.

In view of our considerations on the interpretation of negative energies in
Sect. 1.4.6, we assume the existence of an antiunitary map C (the "charge
conjugation") such that the transformed Dirac operator -CHC- 1 restricted
to the Hilbert space CSJ- can be interpreted as the Dirac operator for an
antiparticle. Then we denote

(10.2)

In order to be concrete, the one-particle Hilbert spaces J~) are both considered

subspaces of SJ = L 2(JR3)4 with the ordinary scalar product, i.e., J~) consist of
four component square integrable functions f. We shall write f.(x) == f(x,s),
s = 1, .. ,4, where x is the space variable of the particle, sits spinor index.
Unlike our earlier notation the spinor index s is written as an ordinary variable
in order to avoid the clustering of indices in the n particle case. Furthermore
we shall use the notation

x=(x,s), XEJR3
, SE{1,2,3,4}. (10.3)

Example: Let H = H( e), the Dirac operator in a sufficiently weak external
electromagnetic field. In this case C is the charge conjugation as defined in
Sect. 1.4.6, and CH(e)C- 1 = -H(-e). The Hilbert space J~) is the subspace

of positive energies SJpos, and J~) = CSJneg. The decomposition (10.1) clearly
depends on the external field and so does the whole construction below. A
difficulty arises if the field is so strong that electron bound states dive below the
E = 0 threshold, so that particles and antiparticles cannot be simply separated
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by the sign of energy. In this case the splitting (10.1) has to be done in a more
subtle way.

2. The n-particle subspaces. The Hilbert space ~c;) of states describing n

particles is defined as the antisymmetrized tensor product 1 of n copies of ~~).
It can be described by forming antisymmetrized products of the one-particle
basis vectors: Let {Ij I j = 1,2, } be a basis in SJ+. Choose n basis vectors
corresponding to the indices h, ,jn and consider the function

which depends on n variables

Xi = (:J:i, Si), :J:i E JR3
, Si E {I, 2, 3, 4}, i = 1, ... , n.

(IDA)

(10.5)

Next consider functions 7jJ(n) which are finite linear combinations of the vectors
(10.4). The 7jJ(n) are antisymmetric in the arguments Xi, i.e., for arbitrary i 1= k
we find

(10.6)

Finally, define a scalar product by

(10.7)

Definition 10.1. The n-particle space ~c;) is the closure of the set of finite
linear combinations of the vectors (10.4) with respect to the norm associated
with the scalar product (10.7).

If {fj} is an orthonormal basis in SJ+, then the vectors (10.4) form an

orthonormal basis of ~c;).

Similarly, we define the Hilbert space ~~m) of m antiparticles as the anti

symmetric m-fold tensor product of ~~). The wavefunction describing m an
tiparticles is antisymmetric in the variables Yk = (Yk' tk), k = 1, ... ,m, where
Yk is the space variable of the k-th antiparticle, t k its spinor index.

3. Arbitrary numbers ofparticles. In order to be able to treat various numbers
of particles and antiparticles simultaneously, we define the Dirac field Fock
space as the direct sum

1 [RS 72J, Sect. 11.4.
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J = EB J(n,m),

n,m=O

J(n,m) = J~) @ J~m), (10.8)

where J~) = C. The Fock space consists of sequences 7jJ of functions 7jJ(n,m) ,

01, _ (ol,(n,m))
If' - If' n,m=O,I,2, ... , (10.9)

where 7jJ(n,m) E J(n,m) depends on (Xl," . , Xn; Y1, ... , Ym) and is antisymmet
ric in particle and antiparticle variables separately. The scalar product of the
vectors 7jJ = (7jJ(n,m)) and 4> = (4)(n,m)) is given by

(7jJ,4»if = L (7jJ(n,m),4>(n,m))nm,

n,m=O

(10.10)

(7jJ(n,m),4>(n,m))nm =
4

L f d3Xl'" d3Ym 7jJ(n,m)(X1,'" Ym) 4>(n,m) (XI, .. , Ym). (10.11)
8, ,... ,i

m
=01 lJR3(n+m)

The usual interpretation is the following: A normalized state 7jJ E J describes a
physical system with a variable number of particles, the probability that there
are just n particles and m antiparticles at a given time is

A state of the form

iA[} = (e ,0,0, ... ) E J, oX E JR,

(10.12)

(10.13)

describes the possibility that there are no particles at all and is called "vacuum" .

10.1.2 Creation and Annihilation Operators

1. Particles. For any ! E SJ+, we define in J the "particle annihilation opera
tor" aU), which maps each subspace J(n+1,m) into J(n,m),

4

=v'n+1Ll d3x!(x)7jJ(n+1,m)(X,X1, .. ,Xn iY1"',Ym), (10.14)
8=01 IR3

where X = (x, s) as in Eq. (10.3). Next we define the "particle creation opera
tor" mapping J(n-l,m) into J(n,m),

1 n .
__ ""(_1),+1 !(x.) 01,(n-1,m)r - . . )- ;;;;L...J ' 'f/ ,X1, .. ,X" .. ,Xn ,Y1, .. ,Ym.

v n j=ol

(10.15)
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(The hat indicates that the corresponding argument has to be omitted). A little
calculation shows the "canonical anticommutation relations" (CAR)

{a(fl),a(f2)} = {a*(fl),a*(f2)} = 0,

{a(fJ), a*(f2)} = (fl, 12)1, (10.16)

for II, 12 E SJ+. Here (fJ, h) denotes the ordinary scalar product in L 2(JR.3)4.
Moreover, we find that a*(f) is the adjoint of a(f),

a*(f) = (a(f))",

and that a(f) and a*(f) are bounded operators on J,

For the vacuum state fJ we obtain

(10.17)

(10.18)

a(f)fJ = 0 E J,

For any 7jJ E J

(a*(f)fJ)(n,m) = {Of for (n,m) = (1,0),
otherwise.

(10.19)

a(f)27jJ = ~ {a(f), a(f)} 7jJ = 0, (10.20)

(10.22)

which shows that 7jJ contains at most one particle in the state f. This is the
famous "Pauli exclusion principle".

2. Antiparticles. For any 9 E SJ- we define the "antiparticle annihilation
operator"

(b(g)7jJ) (n,m)(Xl," ,Xn;Yl, .. , Ym) =

4

(-I)ny'm+1L ( d3y[Cg](y)7jJ(n,m+l)(XI""Xn;Y,YI, .. ,Ym), (10.21)
t=1 lJR3

and the "antiparticle creation opemtor"

(b*(g)7jJ) (n,m) (XI, .. ,Xn;YI, .. ,Ym) =

(-I)n~( l)Ie+I[C]( ) "I,(n,m-I)( ')y'Tii L..J - 9 Yk 'f/ Xb .. , X n;YI, .. , Yk, .. ,Ym ,
1e=1

where C is the charge conjugation. Note that b depends linearly on g, while the
mapping 9 -> b*(g) is antilinear. We find that for g, gl, g2 E SJ- the operators
b(g) and b* (g) are bounded and satisfy the CAR

{b(gd, b(g2)} = {b*(gd, b*(g2)} = 0,

{b(gd,b*(g2)} = (Cgl ,Cg2)1 = (g2,gdl = (91,g2)1,

(note that C is antiunitary!) and in addition

(10.23)
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(where "X" means either "*,, or "no *"). As before,

b*(g) = (b(g)) *, (10.25)

b(g)fJ = 0, (b*(g)fJ) (n,m) = {Co9 for (n,m) = (0,1), (10.26)
otherwise.

The equations a(f)7jJ = 0, b(g)7jJ = 0 for all I E SJ+, 9 E SJ-, imply 7jJ = afJ,
with a E re, i.e., the vacuum is unique up to a constant.

10.1.3 The Algebra of Field Operators

In SJ = SJ+ EB SJ- we denote the projections onto the subspaces SJ± by P±. For
any I E SJ we define a "field operator' P(f) on the Fock space J by

(10.27)

Obviously, P(f) is bounded. It annihilates a particle and creates an antiparticle.
The mapping I --t P(f) is antilinear. The adjoint operator P*(f) depends
linearly on I and is given by

(10.28)

In terms of the field operators the CAR (10.16), (10.23), (10.24) become

{P(fd, P(h)} = {P*(fd, P*(!2)} = 0,

{P(iI), P*(!2)} = (f1' 12) 1, all iI, !2 E SJ.

We easily find

and hence

IIP(f)11 = IIP*(f)11 = 11111·

(10.29)

(10.30)

(10.31)

The mapping I --t P(f) is often referred to as the "second quantized Dirac
field". In a "naive" field theory, the operators P(f) satisfying the CAR would
have been interpreted as annihilation operators. Instead Eq. (10.27) reflects
Dirac's original idea formulated in his "hole theory" . In this intuitive picture the
vacuum fJ describes the "Dirac sea" . It consists of infinitely many electrons with
negative energies which completely fill up the negative energy continuum. Hence
by the Pauli principle, only electrons with positive energies can be created. The
"annihilation" P(P_ f) of one of the electrons with negative energy amounts to
the creation of a "hole" in the Dirac sea. But the holes can be interpreted as
particles with the same mass, but the opposite charge, Le., as antiparticles.
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10.1.4 Irreducibility of the Fock Representation

One often takes the abstract "C' algebra" generated by the field operators lJF as
a starting point. A representation of the CAR is given by some Hilbert space <B
and an antilinear mapping P from Sj into the bounded operators in <B satisfying
(10.29). Given P we define annihilation operators by writing - in analogy to
Eqs. (10.27) and (10.28) - c(f) == P(f) for I E Sj+ and d(g) = P'(g) for
9 E Sj_. If there exists a vector fJ E <B such that c(f)fJ = d(g)fJ = 0 for all
I E Sj+ and 9 E Sj _, then fJ is called the vacuum of the representation. The field
operators in the Fock space <B = ~ given above may be regarded as a special
representation with a vacuum vector. This representation is distinguished by
the property of being irreducible, Le., there is no proper subspace of ~, which
is left invariant by all field operators.

Let {Ii I j = 1,2, ...} (resp. {9k I k = 1,2, ...}) be an orthonormal basis of
Sj+ (resp. Sj _ ). In the expression

(10.32)

the indices can be assumed ordered, h < .. < jn, k i < " < km (by
the CAR, any transposition of creation operators only changes the sign).
A Fock space vector of this type can be identified in a natural way with
a state describing n particles and m antiparticles for every n, m: It is eas
ily verified that (10.32) can be written as the product of (10.4) with an
analogous expression involving the antiparticle states Cgk " ••• , CgkTn • But

these products form a basis of the Hilbert space ~~) 0 ~~m), because the
f's and g's form a basis of Sj. Hence the states obtained in this way for
n, m = 0, 1, 2, ... form an orthonormal basis of the Fock space ~. The set

~ = { ?jJ E ~ I ?jJ is a finite linear combination
of basis vectors of the form (10.32)} (10.33)

is a useful dense domain which will be needed below for the definition of various
operators in ~.

Consider any subspace ~I of ~ which is invariant with respect to all field op
erators. The corresponding projection operator PI commutes with all creation
and annihilation operators. Hence a(f)PIfJ = PIa(f)fJ = 0, for all I E Sj+,

and b(g)PIfJ = 0, for all 9 E Sj_. This implies PIfJ = afJ, because the vac
uum is unique up to a constant. Hence H?jJ = a?jJ for all states ?jJ of the form
(10.32), Le., H = a1 on a dense set. But since H is closed we find PI = al on
~. (In fact, we have shown that any closed operator commuting with all field
operators is a multiple of 1). Finally, since PI is a projection, we find a 2 = (}
which implies ~I = {O} or ~I = ~. Hence we have proven

Theorem 10.2. There is no proper subspace of the Fock space ~ which is
invariant with respect to all field operators lJF(f) and lJF' (f), I E Sj, Le., the
Fock representation is irreducible.
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The next theorem states that the irreducible representations of the CAR
with a vacuum vector are equivalent to the Fock representation.

Theorem 10.3. Let P(f) and p"(f) be another representation of the CAR
which is irreducible on a Hilbert space <B. Define

c(f) = p(f), d(g) = p"(g), for all f E SJ+ and all 9 E SJ-.

The representation P has a vacuum vector il' E <B satisfying

c(f)il' = °= d(g)il' , for all f E SJ+ and all 9 E SJ-,

if and only if there is a unitary transformation 1JJ : ~ --+ <B such that

P(f) = 1JJ If/(f) 1JJ" , for all f E SJ,

where If/(f) are the field operators defined in (10.27).

(10.34)

(10.35)

(10.36)

Proof. The unitary operator 1JJ is easily obtained by extension of the mapping
which sends the basis vector (10.32) of ~ to

c" (fil) c" (fh) ... c" (fin) d" (gkl ) d* (gk2) ... d" (gk,J il' E <B. (10.37)

Conversely, given 1JJ, we can obtain a new vacuum vector as il' = 1JJil. 0

10.2 Operators in Fock Space

10.2.1 Implementation of Unitary Operators

For any unitary operator U which leaves the one-particle subspaces SJ± invari
ant we can define a Fock space operator as foll·ows.

Consider the mapping

If/(f) --; p(f) = If/(Uj), all f E SJ. (10.38)

Obviously, the operators p(f) and p"(f) act irreducibly on the Fock space
and satisfy the CAR, because (f1,h) = (Uh,Uh). Using the assumption
USJ± = SJ± we find that any vector of the form

il' = ei9 il, with arbitrary () E [0,211"), (10.39)

satisfies (10.35). Hence il' is a vacuum vector for the new field operators P. By
Theorem 10.3 we conclude that there is a unitary operator 1JJ in the Fock space
such that

If/(U j) = 1JJ1f/(f) U". (10.40)

Usually, one chooses () = °and hence 1JJil = il.
For the argument above it has been crucial that U leaves the subspaces SJ±

invariant. The implementation of unitary operators in the general case will be
described in Sect. 10.3 below.
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10.2.2 The Time Evolution

In the Hilbert space SJ of the Dirac equation the time evolution is described by
the unitary group exp( -iHt), where H is the Dirac operator (for simplicity, we
assume that H does not depend on time t, leaving the more general case to a
discussion in Sect. 10.4). Obviously, the time evolution leaves the one-particle
subspaces invariant, because SJ± are defined as spectral subspaces of H. Hence
we can apply the results of the preceding section and find that for each t E lR
there is a unitary operator 1IJt in the Fock space such that

The choice of 1IJt is made unique by the condition

(10.41 )

all t E lR. (10.42)

It is easily verified that the operators 1IJt , form a unitary group,

1IJo = 1, all s, t. (10.43)

The strong continuity of e-iHt implies the norm continuity of lfFt(f) by (10.31).
For I E fJ(H) we find, using the antilinearity of lfF and (10.31),

= II[k(e- iHh-1) + iH]111 --t 0, as h --+ o. (10.44)

Hence lfFt(f) is even differentiable in t with respect to the operator norm,

~ lfFt(f) = i lfFt(Hf), all I E fJ(H).

Using (10.27) we find that the operators

a;(f) = a*(e- iHt f), b;(g) = b*(e-iHtg), IE 5)+, 9 E 5)-

are norm differentiable for I and 9 in fJ(H),

(10.45)

(10.46)

:t a; (f) = -i a;(Hf), (10.47)

Now, let 7/! be a basis vector of the form (10.32). We choose the bases {Ij} and
{gk} to be contained in the domain of the Dirac operator H. We conclude

i dd I 1IJt 7/! = i dd I a; (Ii,) .. a; (fj,.) b; (gk,) .. b; (gk,,.) fl
t t=o t t=O

= +a*(HIi,) .. a*(fjn) b*(gkl) .. b* (gk~) n + ...
+ a* (Ii,) .. a* (HIjn) b*(gk') .. b* (gk~) n -
- a* (fj,) .. a* (fjn) b* (Hgk1 ) .. b* (gk~) n - ...
- a* (Ii,) .. a* (fjn) b* (9kt) .. b* (Hgk~) fl. (10.48)
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This shows that the operator

. d IlHI=l-
d

lUt
t t=O

on :D(lHI) = {c/> E ~ I lim i(lUt -1)c/> exists}
t--->O

(10.49)

is densely defined, because the dense set 1) of finite linear combinations of the
basis vectors (10.32) is contained in :D(lHI). We conclude that lUt is strongly
differentiable on a dense set, hence lUt is a strongly continuous unitary group
and its infinitesimal generator is IHI. Using the CAR one can show with a little
calculation that

00 00

JHI7jJ = L L ( (fi, Hfj)a*(fi)a(fj) - (gj, Hgi)b*(gi)b(gj) ) 7jJ.
i=1 j=1

(10.50)

This expression shows that lHI is semibounded, because -H is semibounded
from below on SJ-. The operator lHI implements H into the Fock space. It is
sometimes called the "second quantized Dirac operator". We collect our results
in the following theorem.

Theorem 10.4. The time evolution exp( -iHt) can be implemented as a uni
tary group lUt = exp( -iJHIt) with a positive self-adjoint generator JHI which is
given by (10.50).

We see that the energy of a state 7jJ in the Fock space is always positive.
The problem with the unphysical negative energies obviously has disappeared.
The negative energy states of the one-particle theory are regarded as states
of antiparticles with positive energy. Note, however, that the particles and an
tiparticles in the system described by 7jJ E. ~ do not interact with each other. Of
course this is only a rough approximation to a more complete theory involving
the quantization of the field describing the interaction. Nevertheless, the exter
nal field theory is used in a number of situations (e.g., laser physics, heavy ion
collisions), where the external field is so strong that it dominates the behavior
of the system.

10.2.3 Number and Charge Operators

On the dense domain 1) of finite linear combinations of basis vectors (10.32)
we can define the "number operator'

00

N = L(a*(fJ) a(fJ) + b*(gj) b(gj)),
j=1

and the "charge operator'

00

Q = :L(a*(fJ) a(fJ) - b*(gj) b(gj)).
j=1

(10.51 )

(10.52)
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Both Nand Q are independent of the chosen orthonormal bases. A short
calculation shows that vectors 1fJ of the form (10.32) are eigenvectors of both
N and Q with N1fJ = (n + m)1fJ and Q1fJ = (n - m)1fJ, where nand m are the
numbers of particles and antiparticles in 1fJ. Since these vectors form a complete
orthonormal basis we see that Nand Q both have a purely discrete spectrum
and are unbounded. The eigenspace J q of Q belonging to an eigenvalue q E Z
is called the charge-q sector.

Obviously, the charge operator Q corresponds to the identity 1 in Sj in the
same way as lHI corresponds to H. Similarly, the number operator N corresponds
to the unitary involution 'T = sgn H. The unitary transformations generated by
1 in Sj are the global gauge transformations I --+ eiO I, which leave the Dirac
equation invariant. In Fock space, they are implemented by exp(i8Q).

10.2.4 One-Particle Operators

The operators H, sgn H, 1 considered above leave the subspaces Sj± invariant.
Now we consider a bounded operator A : Sj --+ Sj which need not have this prop
erty. Let us consider first the simplest case where A is a trace-class operator.
We define

00 00 00

AYJ*YJ = L L(ei' Aej) YJ*(ei) YJ(ej) = L YJ*(Aej) YJ(ej),
i=1 j=1 i=l

(10.53)

where YJ(e) = a(P+e) + b*(P_e) is the second-quantized Dirac field, and the
{ej }~1 form an orthonormal base (ONB) of Sj. The definition does not depend
on the choice of the ONE. Writing the trace-class operator in the form2

00

A = L Adgkl') Ikl
k=l

(10.54)

(Ak 2: 0 are the singular values of A and where {ik}, {gd are ONBs in Sj) and
choosing ej = Ij in (10.53) we find

00

AYJ*YJ = L Ak YJ*(gk) YJ(ik).
k=1

(10.55)

Eq. (10.31) implies immediately that the sum converges in the operator norm
and

00

IIAYJ*YJII ::; L Ak == IIAIII
k=l

(the trace norm). (10.56)

Hence for trace-class operators A the expression AYJ*YJ defines a bounded op
erator in J. With the help of some little calculations one finds for trace-class
operators A, B the relations

2 [RS 72], Thm VI.17 (normal form of compact operators).
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A "w"w = (Aw"w)*,

[Aw"w, Bw"w] = Cw"w, where C = [A, B],

[Aw"w, w"(f)] = w"(Af), [Aw"w, w(f)] = -w(A" f).

(10.57)

(10.58)

(10.59)

One can define the exponential exp(it Aw"w) by its norm-convergent power
series and finds

(10.60)

Next we express Aw"w in terms of creation and annihilation operators. Using
Eqs. (10.27), (10.28) we find

Aw"w = Aa" a + Aa" b" + Aba + Abb", (10.61 )

where the summands are defined in the obvious way: Choosing orthonormal
bases {Ij I j = 1,2, ...} of.f)+ and {gk I k = 1,2, ...} of.f)~ we have

Aa"a =l)/i,Afj) a"(fi) a(fj) =A+a"a,
i,j

Aa"b" = l)fj,Agk ) a"(fj) b"(gk) = A+_a"b",
j,k

Aba = l)gk,Afj) b(gk) a(fj) = A_+ba,
k,j

Abb" = ~.)gk,Agl)b(gk)b"(gz) = A_bb".
k,l

(10.62)

(10.63)

(10.64)

(10.65)

(10.66)

Here we denote by A+ = P+AP+, A+-' = P+AP~, etc., the matrix elements of
A with respect to the decomposition (10.1) of the Hilbert space.

It is easy to see that the operators !HI, N, and Q defined in the previous sec
tion all have a vanishing expectation value in the vacuum state fl. Calculating
the vacuum expectation value (fl, Aw"wfl) of the trace-class operator A, we
see immediately that only the last summand in (10.61) can give a non-vanishing
contribution

(fl,Abb"fl) = ~:)gk,Agl)(fl,b(gk)b"(gl)fl)
k,l

= ~.)gk' Agk ) = tr A_ .
k

Hence, if A is not trace-class, not even the vacuum belongs to the domain
of the formally defined operator Aw"w. In this case we have to modify the
definition (10.53). For any expression consisting of a sum of products of the
creation/annihilation operators aC") and bC") we introduce the procedure of
"normal ordering": In each product all creation operators are moved to the
left of the annihilation operators. For each transposition which is necessary to



286 Quantum Electrodynamics in External Fields

perform this rearrangement the product is multiplied with a factor (-1). The
procedure is denoted by double dots, e.g.,

:Abb*: = - L (gk' Agz) b* (gz) b(gk)
k,l

Using the CAR we find :Abb*: = Abb* - tr A_ and hence

(D, :Aw*w: D) = O.

(10.67)

(10.68)

Now we are able to relax the trace-class condition. We first consider the
operator Aa*a, assuming that A is bounded. It is easy to see that the action
on a basis vector

"ljJ = a* (!J,) .. a*UjJ if>, where if> = b* (gk,) .. b* (gk~) D

is simply given by a sum of n terms

(10.69)

(10.71)

Aa* a"ljJ = a* (A!J,) a* Uj,) .. a* UjJ if> + ...
... + a*(!J,) a*Uh)·· a*(AfjJ if>. (10.70)

An analogous calculation can be done for :Abb*:. This shows that the operators
Aa*a and :Abb*: are both well defined on the dense domain (10.33).

Unfortunately, the situation is more complicated for Aa*b*. For simplicity,
let us assume that A+_ is a compact operator from SJ- to SJ+. Hence there
exist orthonormal bases {Uj}~l in SJ+ and {Vj}~l in SJ- such that

A+_ = L Aj (Vj,·) Uj,
j

(The numbers A] are the eigenvalues of the positive operator A: _A+ _). With
these bases in the definition (10.63) of Aa*b* we obtain

Aa*b* = L Aj a*(uj) b*(vj).
j

Using the CAR we calculate

IIAa*b* DI1 2 = L AkAj(D, b(vk)a(uk)a*(uj)b*(vj)D)
k.j

(10.72)

= L A%(D, b(Vk)b*(Vk)D) = L A%. (10.73)
k k

Hence D is in the domain of Aa* b* if and only if Lk A% < 00, which is equivalent
to A+_ being a Hilbert-Schmidt operator. The same consideration with A * lets
us require the Hilbert-Schmidt property also for3 A~+ and hence for A_+.
Having defined Aa*b* on fl and noting that Aa*b* commutes with all creation
operators, we can extend the definition to all finite linear combinations of basis
vectors of the form (10.32).

3 We use the simplified notation A~+ = (A_+)', etc. The reader should be careful with this
notation, because (A_+)' = (A·)+_.
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10.3 Bogoliubov Transformations

10.3.1 Unitary Implementation in the General Case

Any unitary transformation U: S) -t S) induces a transformation of the field
operators by

lJr(f) -t lJr'(f) = lJr(Uf), for all f E S).

This implies for the corresponding annihilation operators

a'(f) = a(U+f) + b*(U_+f), all f E S)+,

b'(g) = a*(U+_g) + b(U_g), all 9 E S)-,

(10.74)

(10.75)

(10.76)

where U+ = P+UP_, U+_ = P+UP_, etc. Obviously, the new field operators
lJr'(f) again satisfy the CAR (10.29).

Definition 10.5. The transformation U is called "unitarily implementable", if
there exists a unitary operator 1IJ such that

lJr' (f) = 1IJ lJr (f) 1IJ* . (10.77)

According to Theorem 10.3 the unitary implementability of U is equivalent
to the existence of a vacuum vector [l' E J for the new annihilation operators

a'(f)[l' = b'(g)[l' = 0 all f E S)+, and all 9 E S)_.

If such a vector exists, then it is a scalar multiple of 1IJ[l.

10.3.2 Even and Odd Parts of Unitary Operators

(10.78)

Here we discuss some mathematical properties of unitary operators which will
be useful later. As always we assume that S) is a Hilbert space with a unitary
involution T which induces a splitting S) = S)+ EBS)- (Chapter 5). In the present
context we have T = sgn H but the results of this section also hold in the general
case.

Any unitary operator U in S) can be decomposed into an even (or diagonal)
part U even which commutes with T and an odd (or off-diagonal) part Uodd which
anticommutes with T,

U (
U+ U+_) U.= U_+ U_ = even + Uodd'

The unitarity condition for U can be rewritten as

0= U:venUodd + U;ddUeven,

UU* = 1 = UevenU:ven + UoddU;dd,

(10.79)

(10.80)

(10.81)

(10.82)



288 Quantum Electrodynamics in External Fields

o= UevenU~dd + UoddU:ven,

From this we conclude immediately,

(10.83)

where we have successively applied Eqs. (10.81), (10.82), and (10.83). This
implies

Uodd Ker Ueven = U Ker Ueven = Ker U:ven ' (10.84)

Now, let us assume that Uodd is compact (for unitarily implementable operators
U we shall even show that Uodd is Hilbert-Schmidt). Then, if 1 is an eigenvalue
of U~ddUodd, it is isolated and has finite multiplicity. Hence

(10.85)

is finite-dimensional and (10.84) implies that Ueven is a Fredholm operator with

ind Ueven == dim Ker Ueven - dim Ker U:ven = o.
Hence the matrix elements U+ and U_ are also Fredholm with

ind U+ = -ind U_.

(10.86)

(10.87)

Since by Eq. (5.26) Ueven maps (Ker Ueven).L onto (Ker U:ven).L, we find that
Ue~;n is well defined and bounded on (Ker U:ven).L. We extend its definition to
all of S) by setting

on (Ker U:ven).L,
on Ker U:ven ,

(10.88)

and obtain from (10.83)

For the matrix elements of U this implies, e.g.,

U+-1U+_U: = -U:+ on (KerU~).L.

(10.89)

(10.90)

In the next section the operator iUoddUe~;n will be used. We show that it
is self-adjoint. From (10.81) and (10.82) we conclude that UevenU:venUodd =
UoddU:venUeven, and on (Ker Ueven).L

Hence, on (Ker U:ven).L we calculate, using Eq. (10.89)

(iUodd U~~n)* = -i(Ue~~n)* U~dd = i{U~~n)* U~~n Uodd U:ven

= i(UevenU:ven)-1 Uodd U:ven = iUodd (U:venUeven)-1 U:ven

= iUoddU~~n'

(10.91)

(10.92)
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10.3.3 The Shale-Stinespring Criterion

In this section we want to prove the main mathematical result of this chapter:
A unitary operator U can be implemented in Fock space if and only if Uodd

is Hilbert-Schmidt. We divide this problem into two steps. Necessity will be
proven in Theorem 10.7. In Theorem 10.6 we prove sufficiency by explicitly
constructing the action of the unitary implementer lU on the vacuum D. Before
doing so we have to define the exponential exp(Aa*b*) of the (unbounded)
operator Aa*b*, where A: SJ- -t SJ+ is Hilbert-Schmidt. As in Eq. (10.72) we
write

Aa*b* = L>j a*(uj) b*(vj), Aj 2: 0,
j

LA; < 00,

j

(10.93)

with orthonormal bases {Uj }~1 in SJ+ and {Vj }~1 in SJ-. The sum is well de
fined on vectors TjJ in the dense set 1) given by Eq. (10.33). Since the summands
in (10.93) commute, we can write

eAa'b' = II e Aj a'(uj)b*(Vj) = II (1 + Aj a*(uj) b*(vj))
j j

(10.94)

(10.95)

(in the last step we have used the Pauli principle a*(uj)2 = b*(Vj)2 = 0). Hence

IleAa'b' DI1 2 = II ((1 + Aj a*(uj) b*(vj))D, (1 + Aj a*(uj) b*(vj))D)
j

= II (1 + A;).
j

This expression is finite since by the Hilbert-Schmidt property Lj A; < 00.

Hence eAa'b' is well defined on the vacuum state. Since eAa'b' commutes with
any creation operator, this operator is also well defined on the basis vectors
(10.32) and hence on 1), the set of all finite linear combinations of these basis
vectors. In the Appendix we list some useful commutation formulas for opera
tors of this type.

Now we are prepared to formulate our first result.

Theorem 10.6. If the operators U+_, U_+ are Hilbert-Schmidt, then U is uni
tarily implementable and

L M
lUD = k e iO IT a*(fz) II b*(gm) eAa'b' D,

1=1 m=1

where

BE [0,211'), (10.96)

(10.97)

(10.98)
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Here {II 1,1 = 1, ... , L} and {grn I, m = 1, ... , M} are orthonormal bases of the
finite dimensional subspaces Ker U: and Ker U~ , respectively, and the products
are in the natural order of the indices. The operator U can be made unique by
choosing B= O.

Proof. 1. Let us determine the normalization constant k. We must have

L M 2

1 = Ilk II a*(fl) II b*(grn) eAa"b" illl = k2II(1 + A;).
1=1 rn=1 j

The last expression can be written as the determinant

II(1 + A;) = det (1 + A* A) = det (1 + AA*).
j

(10.99)

(10.100)

(10.101)

(10.102)

If A is given by (10.97), we can use Eqs. (10.80)-(10.83) to obtain

1 + A* A = {U_U:)-1 = (1 - U_+U:J- 1,

1 + AA* = (U*U )-1 = (1 - U U* )-1+ + +- +- ,

from which we conclude Eq. (10.98) immediately.
2. By Theorem 10.3 we have to show that there is a vacuum il' for the new

field operators a', b', d. Eqs. (10.75), (10.76). Clearly we choose

L M

il' = II a*(fz) II b*(grn) eAa"b" il.
1=1 rn=1

We first prove a'(f)il' = 0 for f E KerU+ C S)+. We find from (10.76)

M

a'(f) = b*{U_+f) = L crnb*(grn)'
rn=l

(10.103)

(10.104)

Here U-+f is in Ker U~ and has been expanded into the basis {grn}~=I' If
we now apply a'(f) to il', then each of the summands in (10.104) can be
combined with the corresponding term in the product (10.103) to yield a factor
b*(grn)2 = O. The proof of b'(g)il' = 0, all 9 E KerU_ is similar.

3. Now, let f E (KerU+)-l. Hence U-+f is orthogonal to KerU~ and U+f
is orthogonal to Ker U:. Hence, if a'(f) = a(U+f) + b*{U_+f) is applied to
(10.103), it can be commuted through all the products in front of eAa"b". But
using Eq. (10.167) we obtain

(a(U+f) + b*{U_+f))eAa"b" il = (b*(A*U+f) + b*(U_+f))eAa"b" il, (10.105)

and using (10.97), (10.90), we obtain

A*U+f = [(UoddU~~n)* UevenJ-+f = -U-+f, (10.106)

which finally proves a' (f) il' = O. The proof of b' (g) Jl' = 0 for 9 E (Ker U_ )l

is analogous. 0
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The next theorem shows that the Hilbert-Schmidt condition is not only
sufficient, but also necessary.

Theorem 10.7. The unitary transformation U in S) is unitarily implementable
if and only if U+_ and U_+ are Hilbert-Schmidt operators.

Proof. The if-part is the content of Theorem 10.6, it remains to prove the
Hilbert-Schmidt property for unitarily implementable operators.

Let {fj}~1 be an orthonormal basis (ONB) of SJ+ which contains an ONB
of Ker U; as a subset. Similarly, let {gk}~1 be an ONB of SJ- containing
an ONB of Ker U~. With these bases we form an ONB of the Fock space ~

according to Eq. (10.32).
If U is unitarily implementable, then il' = lUil E~, with II il'll = 1, is the

unique vacuum vector for the field operators (10.75), (10.76). Since any element
of ~ is a linear combination of the basis vectors (10.32), we can write

il' = {(il,)(n,rn)} _ wheren,7n-O,1,2, ... , (10.107)

(il,)(n,rn) = L a;7:.~t" a*(h)·· a*(fjJ b*(gkJ .. b*(gk",) il, (10.108)
jl, ,jn
k1, ,km.

with suitable coefficients a~.~,rn). Using (10.75) we find for all f E Ker U;

a*(f)il' = lU*a'*(f)lUil' = a'*(U;nil' = a'*(O)il' = O. (10.109)

Similarly, b* (g)il' = 0 for 9 E Ker U~. The coefficients in (10.108) are clearly
given by

(10.110)

If fl is a basis vector of Ker U; with 1~ {h, ... ,jn}, then the coefficient (10.110)
also occurs in the expansion of the vector a*(fz)il', and we can also write

(10.111)

which is zero by Eq. (10.109). With a similar consideration for the basis vectors
of Ker U:: we conclude

(il,)(n,rn)=o ifn<N=dimKerU;, or m<M=dimKerU~. (10.112)

The numbers N and M have to be finite, because otherwise all the coefficients
a~.~,rn) would be zero in contradiction to Ilil'll = 1. We can therefore renumber
the basis vectors such that {fj}f=l and {gk}~1 are the ONB's of Ker U; and
Ker U::. Using this notation we find

N M

(f]')(N,M) = 8 IT a*(fJ) IT b*(gk) il,
j=1 k=l

(10.113)
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where 8 is a norming factor. From (a'(f)il')(N+r,M+8) = 0 and Eq. (10.75) we
obtain for all ! E SJ+

a{U+f)(il')(N+r+l,M+8) = -b*{U_+f)(il')(N+r,M+8-1). (10.114)

Therefore, (il,)(N+r,M+8-1) = 0 implies (il')(N+r+l,M+8) = 0 for all r ~ 0 and
s ~ O. With the help of Eq. (10.112) we infer (il')(N+r+j,M+j) = 0 for all
r > 0 and j ~ O. Similarly, b'(g)il' = 0 implies (il,)(N+j,M+r+ j) = O. Combin
ing these results yields

(il')(N+r,M+8) = 0 for r i- s. (10.115)

The only nonzero components of il' are (il')(N+j,M+j), j ~ O. For example, in
view of Eq. (10.108) we can write

00 00

(il,)(N+l,M+l) = L L 1'jka*(!J )b*(gk){il')(N,M).
j=N+l k=M+l

The coefficients 1'jk must satisfy the condition

(10.116)

(10.117)

otherwise (10.116) would not be normalizable. We further conclude from
(10.116) that k i- 0 in Eq. (10.113), otherwise all components of il' would
vanish. Eq. (10.116) can be written as

(il')(N+l,M+l) = Ka*b* (il')(N,M),

with
00 00

Kg= L L 1'jk !j (gk,g) forallgE(KerU~)-l.
j=N+l k=M+l

(10.118)

(10.119)

K maps (KerU-",)-l onto (KerU;)-l and is Hilbert-Schmidt because of (10.117).
Now we are ready to prove that U+_ is Hilbert-Schmidt. We calculate

0= (b'(g)il,)(N+l,M) = (b{U_g)il' + a*{U+_g)il') (N+l,M)

= (b{U_g) Ka*b* + a*(U+_g))(il')(N,M),

and

(10.120)

00

= L 1'jk a*(fj) [{b(U_g),b*(gk)} - b*(gk)b{U_g)](il')(N,M). (10.121)
j=N+l
k=M+l

For 9 E (KerU_)-l we have U_g E (KerU~)-l, using the CAR and (10.113) we
find that
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b(U_g) (f]')(N,M) = 0 for all 9 E (KerU_)1-. (10.122)

Finally, using the CAR (10.23),

00

b(U_g) Ka*b* (f]')(N,M) = L 'Yjk a*(fj) (gk' U_g)(D')(N,M)
j=N+I
k=M+l

(10.123)

Therefore

(10.124)

for all 9 E (KerU_)1-. We have KU_g, U+_g E (KerU;)1-, hence Eqs. (10.113)
and (10.124) imply a*(KU_g) D = -a*(U+_g) D which leads to

(10.125)

This shows that U+_ is a Hilbert-Schmidt operator on (Ker U_)1-. Since U+_ is
of finite rank on KerU_ (by Eq. (10.84) we have U+_KerU_ = KerU;, which
is finite dimensional), we conclude that U+_ is a Hilbert-Schmidt operator on
fJ- = KerU_ EB (KerU_)1-.

Similarly, the equation (a'(f)D')(N,M+I) = 0 with f E (Ker U+)1- proves the
Hilbert-Schmidt property for the operator U_+. 0

10.3.4 Unitary Groups, Schwinger Terms, and Indices

If A is a bounded operator with Aodd Hilbert-Schmidt, then eiAt can be defined
by a norm-convergent power series and it is easy to see that the odd part
converges even in the Hilbert-Schmidt norm (using IIB1B2112 ::; IIB1 1111B2112
if B 1 is bounded and B2 is Hilbert-Schmidt). Hence [eiAt]odd is a Hilbert
Schmidt operator. If A is self-adjoint, the Shale-Stinespring criterion implies
that the unitary operators eiAt can be implemented in Fock space. The theorem
below states that the implementers can be chosen to form a strongly continuous
unitary group in the Fock space.

Theorem 10.8. Let A be bounded and self-adjoint with A+_ = A~+ being
Hilbert-Schmidt. Then :AtP*tP: is well defined and essentially self-adjoint on
XJ(N) (the domain of the number operator N). If A is the unique self-adjoint
extension in ~, then the unitary group exp(iAt) implements exp(iAt), i.e.,

eiAt tP(f) e-iAt = tP(eiAt f) for all t. (10.126)

Proof. See [86], Proposition 2.1. 0

For trace-class operators A, Eq. (10.126) follows from (10.60), because then
A = :AtP*tP: = AtP*tP - tr A_.
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It is perhaps surprising that for two operators commuting at the one-particle
level the Fock space implementers do not necessarily commute. If A and B are
trace-class operators we can apply the CAR to obtain the result

where C = [A, B]. (10.127)

Inserting Aq;*q; = :Aq;*q;: + tr A_, etc., gives immediately

[:Aq;*q;:, :Bq;*q;: 1= :Cq;*q;: + tr c_. (10.128)

From c_ = A_+B+_ - B_+A+_ + [A_, B_1 and tr [A_, B_] = 0 we find the
formula

[A, lB] = iC + s(A, B)1,

where

(10.129)

(10.130)

is called the "Schwinger term". By the Baker-Campbell-Hausdorff formula we
find

if [A,b] = O. (10.131)

For operators A, B satisfying the assumptions of Theorem 10.8, Eq. (10.131)
remains true, and Eq. (10.129) still holds on 1)(N) .

For the following we assume that A = A* is bounded with Aodd being
Hilbert-Schmidt. Let U be a unitarily implementable operator in f) commuting
with A. Then both exp(iAt) and 'Vt == U exp(iAt)U* implement the unitary
group eiAt

. But since the implementers are unique up to a phase, 'Vt must be
equal to ei9(t)eiAt. The group property implies B(t) = "'{t with some real "'{. Thus
UAU* = A + "'{1 is the generator of 'Vt . Writing il' = Uil we calculate, using
Eq. (10.68)

o= (il, Ail) = (il', U* AUil') = (il', Ail') + "'{,

Le., "'{ = - (il' , Ail'). This implies the formula

UeiAtU*=e-it(n',An')eiAt (h [UA] 0 rl' Url )were , =, H = H.

We are now ready to prove

(10.132)

(10.133)

Theorem 10.9. Let U be unitarily implementable. An implementer U maps
each charge-k sector ~k onto ~k-q(U)' where q(U) is the Fredholm-index of U+,

q(U) = ind U+ = -ind U_.

If A satisfies the assumptions of Theorem 10.8, then

(10.134)

(10.135)
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Proof. The gauge group eit is unitarily implemented by eiQt
, where Q is the

charge operator. If U is implementable, then Eq. (10.133) implies

Since Q has integer eigenvalues, e21riQ = 1, and hence

q(U) == (llJ.o, AU.o)

(10.136)

(10.137)

is an integer. This number depends only on U, because the implementers
are unique up to a phase which cancels in the scalar product (10.137). Now
Eq. (10.136) implies for all k E Z that llJ maps the eigenspace ~k of Q (the
charge-k sector) onto ~k-q(U)'

Now, if llJ = eiAt , then [A, QJ = 0 by Eq. (10.129). Hence

q(eiAt ) = (eiAt.o,QeiAt.o) = (.o,Q.o) = O. (10.138)

Next we use the explicit form for llJ.o obtained in Theorem 4.7. First we note
that eAa"b".o is a charge-O state, because the operator Aa·b· creates particles
and antiparticles only in pairs. Hence the charge of llJ.o is completely deter
mined by the difference of the number of particle and antiparticle creation
operators in the product

L M

II a·(fz) II b·(gm)
1=1 m=1

appearing in (10.96). Obviously, the charge is

-q(U) = L - M = dim Ker U; -: dim Ker U·

= dimKer U_ - dimKer U: = ind U_ = -ind U+.

This proves the theorem.

10.3.5 Example: The Shift Operator

(10.139)

(10.140)

o

An elementary mathematical example of a unitary transformation generating
a charged vacuum is the shift operator T. For some physically more relevant
examples we refer to the literature cited in the notes.

In SJ = SJ+ EBSJ- choose an orthonormal basis (ONB) {ej I j E Z} such that
{ej I j 2:: O} is an ONB in SJ+, and {ej I j < O} is an ONB in SJ-. Then

(10.141)

defines a unitary operator in 5), called "right shift". One finds immediately that

(10.142)

are Hilbert-Schmidt operators. This shows that T is unitarily implementable
in~. Moreover, T maps 5)+ into 5)+, and KerT+ = {O}.
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The operator T· = T- 1 is the "shift to the left". From T·eo = e-l E SL
we conclude that KerT+. = {eo}, i.e.,

indT+ =-1. (10.143)

Similarly one verifies KerT_ = {cd, KerT~ = {O}, hence indT_ = 1, as
expected. We conclude from Theorem 10.9 that the unitarily implemented shift
operator 1I' maps the vacuum into the charge-1 sector. The heuristics is of course
the following: B moves a state from the negative energies to SJ+ without leaving
a hole in the Dirac sea. Hence the vacuum is turned into a single-particle state.
We can directly verify this in the following calculation. Writing

Q = ~)a·(ej) a(ej) - b·(cj-d b(e_j-d},
j'20

and using Eqs. (10.75)-(10.77) gives

1I'Q1['" = ~)a· (ej) a(ej) - b· (Cj) b(e_ j)} - a(eo) a· (eo)
j'21

=Q-1.

In particular, this implies

(1I'il,Q1I'il) = (il, (Q + l)il) = 1,

which is in accordance with our previous observations.

10.4 Particle Creation and Scattering Theory

(10.144)

(10.145)

(10.146)

The splitting of the Hilbert space of the Dirac equation into a one-particle and
a one-antiparticle space can be made explicit in the case of free particles (see
Section 1.4.2), but is extremely difficult in the presence of external fields. If the
field is even time-dependent, then also the Fock space would depend on time,
because its construction is based on the positive/negative spectral subspaces
of the Dirac operator H(t).

We assume that the hypotheses of Theorem 4.9 are satisfied, hence there is
a unitary propagator U(t, s) in SJ = L2(JR3)4. At some initial time, say t = 0, we
can split the Hilbert space into SJ = SJ+ EBSJ- as in Eq. (10.1), and build a Fock
space from the vacuum il, which is characterized by a(P+f)il = b(p_f)il = O.
At time t we can write

SJ = U(t, O)SJ+ EB U(t, O)SJ-,

and the corresponding projection operators are given by

P±(t) = U(t, 0) P± U(O, t).

There is a vacuum vector ilt, given by

(10.147)

(10.148)
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a(P+(t)U(t, O)f)nt = b(P_(t)U(t, O)f)nt = 0, (10.149)

and a Fock space given as the closure of the linear hull of the vectors

II a·(U(t, O)fj) b·(U(t, O)gk) nt,
j,k

(10.150)

where {fj}~l is a basis in SJ+ and {gk}k'?:l in SJ-.
In this formulation the Fock representation depends on time while the field

operators remain unchanged ("Schrodinger picture"). This means that at each
instant of time the interpretation of particles and antiparticles changes. In order
to avoid these difficulties and to obtain a particle interpretation for all times,
one tries to describe the whole theory in a fixed Fock space. If all particles
are asymptotically free (scattering theory), then it seems to be reasonable to
choose the free particle Fock space.

We denote by ~o the Fock space associated with the free Dirac operator H o.
Its construction is based on the splitting of the one-particle Hilbert space SJ into
SJpos and SJneg, the spectral subspaces of Ho which are defined in Sect. 1.4.2.
We obtain field operators which satisfy the CAR

etc. (10.151)

Let SJ+ and SJ- be the the positive and negative energy subspaces of the Dirac
operator with an external field. We can build a new Fock space ~ starting with
the splitting SJ = SJ+ EBSJ-. This defines field operators and CAR for interacting
particles. But now we want to describe the particles in an external field within
the framework of the original free particle Fock space ~o. For this we have to
represent the "interacting field algebra" in ~o, Le., we look for operators aU),
b(g) in ~o such that

etc. (10.152)

One can describe interacting particles within this framework, if it is possible
to implement the time evolution exp(-iHt) of a particle in an external field
as a unitary operator in the free particle Fock space. By Theorem 10.7, it is
necessary and sufficient that the operators

Ppos exp(-iHt) Pneg , Pneg exp(-iHt) Ppos (10.153)

are Hilbert-Schmidt. This of course restricts the class of external fields which
can be described by this method.

10.4.1 The S-Matrix in Fock Space

It is not clear whether it is always useful to implement the whole time evolu
tion in the Fock space of free particles. Scattering theory, however, describes
asymptotically free states and the scattering operator S maps free incoming
states onto free outgoing states. Therefore the free particle Fock space ~o is a
natural framework for the implementation of scattering theory, at least if we
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assume that the operators PposSPneg and PnegSPpos have the Hilbert-Schmidt
property.

One of the most interesting phenomena which can be described as a scat
tering process in QED is the possibility of pair creation from the vacuum. If the
scattering operator is implementable, then I(il, §ilW is the probability that a
system which is in the vacuum state for t --) -00 is still in the vacuum state
for t --) +00, Le., after the scattering by the external field. Hence

(10.154)

is the probability of pair creation from the vacuum.

Remark. Particles are usually created in pairs as a consequence of the charge
conservation. Let H = Ho +,XV and assume that the scattering operator S('x)
depends continuously (in operator norm) on the coupling constant 'x. (Note
that S given by Eq. (8.163) is even analytic in ,x). In the set F(SJ+) of all
Fredholm operators on SJ+ the operator S+('x) is therefore connected by a
norm-continuous path with the identity operator S(O) = 1. By the topological
invariance of the Fredholm index, all operators in the same path component of
F(SJ+) have the same index,

indS+('x) = indl = O. (10.155)

By Theorem 10.9, if S('x) is unitarily implementable, the implementer § leaves
all charge sectors invariant, q(S('x)) = 0, and therefore

§Q = Q§. (10.156)

If the external field does not depend on time, then S commutes with the
free Dirac operator and hence it leaves the spectral subspaces 5)+,_ invariant.
Therefore, S+_ = S_+ = 0, and we conclude the following theorem which
states that static external fields are unable to create pairs.

Theorem 10.10. Let V be a static external field such that the scattering op
erator S exists and is unitary. Then S is unitarily implementable in Fock space
and

§il = il,

Le., the probability of pair creation is zero.

(10.157)

However, a scattering operator can also be defined for time dependent fields.
Criteria for the Hilbert-Schmidt property of the operators S+_ and S_+ are
given in Sect. 8.5, Theorem 8.25.

Theorem 10.11. Let H = Ho + 'xV(t) and let S(,X) be the scattering operator
for the pair (H, Ho). Assume that S+_('x) and S_+(,X) are Hilbert-Schmidt
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operators for all A E C. Then the map A --) §(A)'l/1 is holomorphic on IRI. for any
'ljJ which is a finite linear combination of the basis vectors (10.32).

Proof See the Notes

10.4.2 Spontaneous Pair Creation

o

Originally, the notion of "spontaneous pair creation" should describe a jump in
the probability of pair creation if the external field strength exceeds a critical
threshold (below that threshold no pair creation is expected). However, our
considerations above give no hint for the existence of such a phenomenon within
the present framework. For static fields, the notion of spontaneous pair creation
makes no sense at all, because in this case there is no pair creation at all, no
matter how strong the external field might be. For time dependent fields the
Fock space scattering operator § depends analytically on the coupling constant
A of the external field. Therefore, also (il, §(A) il) is analytic in A, i.e., there
is no sudden change in the probability of pair creation if the strength of the
external field is varied.

One possibility of treating spontaneous pair creation comes from the adi
abatic switching formalism. One considers time dependent fields with a large
probability of pair creation from the vacuum. Following Nenciu [336] we say
that a spontaneous pair creation appears, if the probability of pair creation is
still large in the adiabatic limit, Le., if the field varies very slowly in time. Let
the potential be of the form

(10.158)

where V is a time independent potential such that the Fock space scattering
operator §(V>.,€) exists for all A, E > O. It is believed there exist potentials for
which there is a critical threshold Ac , such that

lim (il, §(V>.,€ )il)
€-->O {

-I
<k<l

for A < Ac ,

for A > Ac •
(10.159)

In the "overcritical" case A > Ac , one would say that "spontaneous pair cre
ation" occurs. The existence of the overcritical case has not been shown yet,
although some partial results were obtained (see the Notes). The discontinuity
with respect to the coupling constant A only occurs in the adiabatic limit E --) O.
For any fixed E > 0, the probability of pair creation is a smooth function of A,
by Theorem 10.11. If the scattering operator §(V>.,o) exists for all A, then the
probability of pair creation is even zero for all A by Theorem 10.10.

Theorem 10.12. A static field is undercritical, if during the switching the
eigenvalues emerging from the upper (resp. lower) continuum do not reach the
lower (resp. upper) continuum.

Proof See the Notes. o
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It has been conjectured that a field is overcritical if the electron eigenvalues
dive into the positron continuum (or vice versa) during switching the field on
and off.

Appendix

We list some useful formulas with Aa*a, Aa* b*, etc., where A is bounded with
Aodd being Hilbert-Schmidt. We have

(Aa*bT = A*ba,

(Aa*a)" = A*a*a,

(Aba)" = A*a*b*,

(AbbT = A*bb*.

(10.160)

(10.161)

On the domain :D given by Eq. (10.33) we define the exponentials

eAaobO =~ ~ (Aa*b*t, etc.,
LJ n!
n=Q

(10.162)

where (choosing orthonormal bases {fj I j = 1,2, ... } of SJ+ and {gk I k =

1,2, ...} of SJ-)

(Aa*b*t =

L (Ii" Agk, ) .. (fjn' Agkn ) a* (Ii, )b* (gk , ) .. a* (fjn )b* (gkn) =
h···in
kl···k n

it ···in
kl···k n

In case of mixed creation and annihilations operators we define besides the
ordinary n-th power

(Aa*at =

L (Ii" Ali,) .. (lin, Afjn) a* (Ii, )a(li,) .. a* (lin )a(fjn)
ito .. in

it ···in

the "normally ordered" operators

: (Aa*at: ==

L (Ii" Ali,) .. (fin' Afjn) a* (Ii,) .. a* (fin )a(fjn) .. a(li,)
ito .. in
h···in

(10.164)

(10.165)

(10.166)
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in which all creation operators appear to the left of the annihilation operators.
A little calculation shows the following commutation relations for all f E SJ+
and 9 E SJ-

[eAaobO , a(f)] = -b*(A*f)eAaobo,

[eAaobo, b(g)] = a*(Ag) eAaobo,

[eAaobo ,a*(f)] = [eAaobo, b* (g)] = 0,

[eAba,a*(f)] = b(Af)eAba ,

[e Aba , b*(g)] = -a(A*g) eAba ,

[e Aba , a(f)] = [e Aba , b(g)] = 0,

: e(A-I)aoa: a*(f) = a*(Af): e(A-I)aoa:,

:e(A-I)aoa: a(Af) = a(f): e(A-I)aoa:,

[: e(A-I)aoa:, b*(g)] = [: e(A-I)aoa:, b(g)] = 0,

: e(1-A)bbo: b*(g) = b*(A*g): e(1-A)bbo:,

:e(1-A)bbO : b(Ag) = b(g) : e(1-A)bbO : ,

[: e(1-A)bbo: ,a(f)] = [: e(1-A)bbO : ,a* (f)] = O.

(10.167)

(10.168)

(10.169)

(10.170)

(10.171)

(10.172)

(10.173)

(10.174)

(10.175)

(10.176)

(10.177)

(10.178 )



Notes

Chapter 1

Section 1.1. The Klein-Gordon equation was already known to E. Schrodinger in 1926 but he
found it gave the wrong solutions to the hydrogen problem. ("Z.B. fiihrt das relativistische
Keplerproblem, wenn man es genau nach der eingangs gegebenen Vorschrift durchrechnet,
merkwiirdigerweise auf halbzahlige Teil quanten." [407], p. 372). Subsequently, this equation
was rediscovered by several authors [104, 145, 146, 180, 272, 277]. The Dirac equation ap
peared first in Dirac's paper [113]; see also [114]. Sect. 1.1 follows essentially the presentation
in Dirac's famous book [Di 76]. Similar considerations can be found in nearly any physics
book dealing with the Dirac equation. A still very readable introduction is Pauli's article for
Handbuch der Physik [358], or [Pa 90]. Concerning the square-root Klein-Gordon equation
Dirac remarks: " ...although it takes into account the relation between energy and momentum
required by relativity, (it) is yet unsatisfactory from the point of view of relativistic theory,
because it is very unsymmetrical between PO and the other p's, so much so that one cannot
generalize it in a relativistic way to the case when there is a field present." ([Di 76], p.255).
The bad behavior under Lorentz transformations, when external fields are introduced by
"minimal coupling", is discussed in mOre detail in [434]. More about the history of the Dirac
equation can be found in the book [SW 72] and in [323, 324, 325].

Section 1.2. Some standard books on linear functional analysis as it is needed for quantum
mechanics are, for example, [Ka 80, RS 72, We 80]. There are several excellent textbooks
on the mathematical foundations of quantum mechanics, e.g., [Th 79]. More details on the
material in this section can be found in [Pr 71].

Section 1.3. The association of observables with operators is the one made implicitly in most
textbooks. Problems arising with the position observable will be discussed in Sects. 1.7 and
1.8. The choice of the standard position operator lets 1'l/J1 2 become the position probability
density. This was also an implicit motivation for our choice of Hilbert space: A normalized
state describes a particle which is "somewhere" in space with probability one.

Section 1.4. The Foldy-Wouthuysen transformation owes its name to [148]. In this paper the
authors aim at finding the transformation in presence of external fields. This results in a
formal perturbation series for the Dirac operator in the parameter 1/c2 . We shall not follow
this approach here because even now there is no rigorous formulation of this method (see
the notes to Sect. 6.1). For free particles the diagonal form of Ho already appears in [369].
Further details and references are given in the notes to Sect. 5.6.

A detailed proof of the domain properties, the self-adjointness and the spectrum of the
Dirac operator (Sect. 1.4.4) is contained in [We 80], Sect. 10.6; see also [Ka 80], Sect. V.5.4.

The interpretation of the negative energy states usualiy involves the notion of the "Dirac
sea" which consists of the negative energy continuum filled up with electrons. The positrons
then appear as "missing electrons with negative energy", Le., as holes in the Dirac sea. This
heuristic explanation has surely inspired the quantum field theoretic point of view which to
day is commonly accepted in the physics community despite the mathematical difficulties it
presents. We did not present the "hole theory" at this point because We want to stay concep
tually within the usual quantum mechanics as long as possible. An appreciation of the hole
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theory and its impact on physics is contained in [475]. The difficulties with negative energies
have inspired various new approaches to relativistic quantum mechanics among which we
mention a stochastic interpretation [368], an approach using an algebra of pseudodifferential
operators [95, 96], and a formulation in terms of a proper time parameter which is proposed
for spin-1/2 particles in [363, 377]; see also [126]. The proper time formalism is related to
ideas used by Schwinger [411] for calculating propagators in the presence of external fields.

The reader might wish to compare the spectral transformation of the Dirac operator given
in Sect. 1.4.5 with that for the free Schrodinger operator which is given, e.g., in [AJS 77],
Eq. (5.95). The spectral transformation Usp is not widely used because it is simpler to USe
the "almost spectral transformation" W of Sect. 1.4.1 [386].

Section 1.5. A discussion of the time evolution kernel in the spirit of this section is given
in [367]. The most important distributions appearing in this context are discussed in the
appendix. For details see [Ja 69], Sect. IV, and [386]. The integral kernel of the operator

exp{-tv!p2 + m 2} is calculated, e.g., in [290], Eq. (2.13), from where we obtained our ex
pression for K(t,:c) by analytic continuation.

We did not mention the path integral representations of the evolution kernel (propaga
tor). There are three different approaches to path integrals for particles with spin. These
constructions are based on random walk in a spinor space [239], representations of the ho
motopy group (paths on multiply connected spaces) [410] (see also [112]), and on holonomy
[35, 364].

Section 1.6. Breit [69, 70] was the first to notice that Dirac's velocity operator co has the
eigenvalues +c and -c. The Zitterbewegung was discovered by Schrodinger [408] and inves
tigated subsequently by many authors, e.g., [31,34, 196, 224,227, 244,361]. Concerning the
older literature see the review article by Honl [226]. The asymptotic damping of the Zitter
bewegung according to the Riemann Lebesgue lemma can be found in [292]. The notation
for the operators F and G is that of Enss and Thaller in [129], where the behavior of these
operators is investigated in the presence of external fields, see also Sect. 8.2.4. Ref. [129] also
contains a more general result on the invariance of the domain of the position operator. For
the Schrodinger equation the non-invariance (!) of the domain of:c is discussed in [371]; see
also [128]. General techniques for defining commutators on invariant domains are introduced
in [155]; see also the discussion of Nelson's theorem in Sect. 2.3.

Section 1.1. Concerning the huge amount of literature on relativistic observables, in par
ticular the possible choices of position operators, we refer to the review article by KaInay
[283]. Observables restricted to the positive energy subspace are considered in [369]; also
the Newton-Wigner operator appears in this paper for the first time. Newton and Wigner
[340] take a different point of view. Their basic assumption is that localization in a finite
region is a property which a relativistic particle with positive energy can have. They derive
their position operator as the unique operator for which this localization property satisfies
the assumptions of Sect. 1.7.3. Their approach was put on a sound mathematical basis 'by
Wightman [474]. This reference contains the proof of Theorem 1.5 (in fact of a more general
result ).

Section 1.8. The result on causality and localization in final form is due to Hegerfeldt and
Ruijsenaars [208]. In their paper a slightly more general theorem is proven; there are also
similar results for scattering states in the presence of external fields. A similar causality
problem can be shown to arise for exponentially decaying wavepackets [207]. Instantaneous
spreading from compact regions was already shown in [206] for quite general notions of lo
calization; cf. also [360]. Of COUrse this result also holds for nonrelativistic systems, where
e.g. >..(p) = p2/2m. For the Newton-Wigner operator and some other notions of localization
this phenomenon has been known for some time [144, 158,362]. In fact, Newton and Wigner
[340] had already noticed the missing Lorentz invariance of their notion of localization, which
is a related problem: Take a particle which is NW-Iocalized in a finite region of space with
respect to a particular Lorentz frame of reference. In general, the particle will not be local
ized in a finite region with respect to another Lorentz frame related to the first by a boost.
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The detection probability of acausal events associated with the Newton-Wigner localization
was estimated by Ruijsenaars [391], who found that this probability is practically negligi
ble. An explicit example is given in [384]. The remarks concerning the compact support of
wavefunctions are from [445]. More recently, the assumptions, implications and meaning of
Hegerfeldt's "paradox" were discussed in [119, 255] with the result that the effect cannot be
used to transmit signals.

Section 1.9. The results in this section are not specific to the Dirac equation. It is a quite
general phenomenon that the quantum mechanical motion is for large times close to the
motion of an ensemble of classical particles with a statistical distribution of initial positions
and momenta. More about stationary phase methods can be found, e.g., in [RS 79], Appendix
1 to XI.3, and in [Pe 83], Chap. 1.3. A more general version of Theorem 1.8 is due to
Hormander [228].

Chapter 2

Section 2.1. Concerning the definition of Lorentz transformations and the underlying princi
ples we mention the paper of Berzi and Gorini [50], in which a derivation of Lorentz trans
formations is based on the principle of relativity, the homogeneity of space-time and the
isotropy of space. This paper also contains references to earlier work on Lorentz transforma
tions. In particular, Zeeman [503] has shown that the Lorentz transformations together with
dilations form the group of causal automorphisms of space time. A one-to-one mapping r of
the Minkowsky space M onto itselfis called causal if x < y :¢:o (xO < yO and (y-x, y-x) > 0)
is equivalent to r(x) < r(y), for all x, yEM (neither linearity nOr continuity of r is assumed).
Zeeman proved that any causal automorphism is of the form r(x) = Arx + a, with some real
r, four-vector a, and some Lorentz transformation A with AOO 2:: 0 (for this result dim M > 2
is crucial).

In the examples of Sect. 2.1.3 and throughout the book we use the active point of view.
This means that a Lorentz transformation changes the state of the physical system under
consideration without changing the state of the observer. An alternative but equivalent inter
pretation is the Lorentz transformation as a change of the observer: After the transformation
the system is still the same but it is seen from a different inertial frame. This "passive"
point of view would result in a different sign for the velocity or the rotation angle in the
matrix A. Similarly, while exp(-iHt) is the time evolution of a quantum particle as seen
from an observer who changes his position in time (because he is getting older), an active
time translation of a state q; is given by exp( +iHt)q;.

Section 2.2. A good explanation of the relativistic invariance of a quantum system is given
in lSi 68]. As a general reference for further reading on this and related topics we also
recommend [Va 85]. The Wigner-Bargmann theorem was first formulated in Wigner's book
([Wi 31]' pp. 251-254; [Wi 59], pp. 233-236), but there the theorem is not proved in full
detail. The complete proof is due to Bargmann [29]. More on the history of this theorem and
further references can be found in [419].

Section 2.3. The existence of a dense invariant domain for a unitary representation of a Lie
group has been shown by Garding [199]. The reader should compare our proof in Sect. 2.3.1
with the proof of Stone's theorem (see for example [We 80], Sect. 7.6). The counterexample
in Sect. 2.4 is due to E. Nelson. It is discussed in [RS 72], Sect. VIII.5. Nelson's theorem of
Sect. 2.4 is proved in [332]. See [155] for related results. In Sect. 2.5 we prove the essential
self-adjointness of Q using Konrady's trick, which is described in detail in [RS 75], pp. 174
176. In this book one can also find further possibilities of proving this result, analogous to the
various ways of proving essential self-adjointness of the anharmonic oscillator Hamiltonian.

Section 2.4. It was again Bargmann who solved the problem of lifting projective representa
tions [28] of Lie groups and applied these results to the Poincare group. A modern but very
abstract proof of the results in Sect. 2.4.2 can be found in lSi 68], Sect. 2.
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Section 2.5. This section provides an example for the use of Clifford algebras in the theory
of representations of Lie groups. The classical approach presented here is sufficient for our
purposes. See [Ru 70] for additional information on the group SL(2) and its representations;
for a classical treatment of spinors see [Co 53J. Among the more recent books on the Poincare
group we mention [K~ 86J. A modern presentation of the deep results on "spin geometry"
(which are beyond the scope of this book) can be found, e.g., in the book of Lawson and
Michelson [LM 89]. The elementary proof of Lemma 2.25 is due to Pauli [357]; see also [179].

The formulas in the Appendix are obtained by lengthy calculations. See [304] from where we
took in particular Eq. (2.218) in Sect. 2.D.

Chapter 3

Section 3.1. Wigner gave a classification of the irreducible representations of the Poincare
group (the "inhomogeneous Lorentz group") in his classic paper [477]; see also [30]. This was
the first analysis of a group with no non-trivial finite dimensional unitary representations.
Further studies of Poincare transformations including the discrete transformations were done
in a series of papers by Shirokov [421, 422, 423, 424,425] and Joos [249]. See [182] for some
recent work on that subject. The mathematical theory of induced representations is mainly
due to Mackey [305], [Ma 68]. A systematic theory of induced projective representations in the
presence of antiunitary operators has been formulated by Parthasarathy [354] and applied to
the Poincare group. Induced representations and their application to physics are also treated
in [BR 86]. A physics book on this subject is [Oh 88].

Sections 3.2-3. The presentation of the material in these sections has been inspired in part
by [341]. Almost all the results have an analog for particles with spin other than 1/2. Details
concerning the representations for particles with higher spin can be found in the literature,
for example in the books [Co 53, VW 77, BR 86, Oh 88]. Classical papers on relativistic
wave equations are [30, 478]. See also the references in [Co 53]. Various representations ofthe
Poincare group and the meaning of the wave equations are investigated in [471]. However, the
higher spin equations have gone a little bit out of fashion, since Velo and Zwanziger observed
that in some cases the wavefunctions of particles with spin ~ 1 propagate faster than light
in an external electromagnetic field [452, 453]. The Foldy-Wouthuysen transformation can
be defined for particles with any spin as the transformation linking the covariant realization
with the Wigner realization [303]. A new interpretation of the Dirac equation, based on an
analysis of the representations of the Poincare group in stochastic phase space is attempted
in [368].

Section 3.4. The results in this section are essentially due to Wigner [477]; see also [425, 479,
480].

Chapter 4

Section 4.2. Scalar potentials which increase as 1;Ili -'> 00 (e.g., like a harmonic oscillator) have
been used as models of quark confinement [234, 373, 374, 375, 420, 427, 433, 441]. Increasing
electrostatic potentials are known to give a continuous scattering spectrum with the Dirac
equation (see Sects. 4.6.6 and 4.7.1). The potential describing anomalous magnetic moment
coupling was introduced by Pauli; see [358], p. 157. The anomalous electric moment terms
are treated in [140, 396].

Section 4.3. The problem of self-adjointness of Dirac operators has a long history. In fact,
for some time most of the mathematical investigations of Dirac operators dealt with this and
related questions [254]. Theorem 4.2 was obtained by Kato in his book [Ka 80], Sect. V.5A.
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Arai [17, 18] showed that Kato's result is optimal for matrix-valued potentials (cf. the remark
in Sect. 4.3.1). It follows from results of Weidmann [467] that the Dirac operator with a
Coulomb potential,/r is essentially self-adjoint if and only if, ::; cV3/2 (a proof of this
fact had already appeared in unpublished lecture notes of F. Rellich in Gottingen, 1953,
"Eigenwerttheorie partieller Differentialgleichungen"). These proofs make use ofthe spherical
symmetry of the potential. Results of this type cannot be shown with the help of the Kato
Rellich Theorem, because the relative bound of l/r with respect to Ho is exactly two [355].
The first part of Theorem 4.4, namely that l<Pel(Z)1 < cV3/2r implies essential self-adjointness
of the Dirac operator Ho + <Pel1, was proved by Schmincke [404]. In this case the domain of
the self-adjoint extension is just the domain of Ho, as shown in [286, 287]; see also [19,
265]. A new proof of this result is given in [456]. For the Coulomb potential ,/r the Dirac
operator is not essentially self-adjoint if, > cV3/2 [331, 467] (see also Sect. 4.6.6). But there
are several self-adjoint extensions. Schmincke [403] and Wiist [490, 491, 492] investigated
a self-adjoint extension in the case, < c, which is distinguished by the property that all
states in the domain of Dirac operator have finite potential energy. On the other hand,
Nenciu [333, 334] required that all states in the domain of the self-adjoint extension have
finite kinetic energy. Klaus and Wiist showed that the self-adjoint extensions considered
by Wiist and Nenciu are the same [270] and have the same essential spectrum as the free
Dirac operator [271]. So all these authors have contributed to the second part of Theorem 4.4.
More recently, Vogelsang investigated distinguished self-adjoint extensions for larger coupling
constants [457, 458]. In this case, however, the physical meaning of the extensions is less clear
[331] (for, > cor Z > 137 the radially symmetric problem displays an oscillatory limit circle
case), in particular, the behavior of the eigenvalues is ambiguous [79]. The breakdown of
self-adjointness at high nuclear charges is related to a "collapse to the center" [366], allowing
the particle to reach the singularity in a finite time.

Most of the investigations mentioned so far dealt almost exclusively with electrostatic
potentials. More general matrix-valued potentials are considered in [333] and in a series
of papers by Arai and Yamada [17, 18, 19, 498]. They prove essential self-adjointness, the
existence of distinguished self-adjoint extensions and invariance of the essential spectrum for
a class of matrix-valued potentials. Ref. [18] contains a generalization of Theorem 4.4 to a
matrix potential of the form {3<P.c + <Pel + i{3a· x<Pam with a l/r-singularity. Potentials of this
type occur in the description of particles with anomalous magnetic moments. In a Coulomb
field, however, a particle with an anomalous magnetic moment would feel a l/r 2 singularity;
see Sect. 5.3.

The essential self-adjointness of the Dirac operator on a domain of functions with support
away from the origin (Theorem 4.2) shows that one cannot introduce relativistic point inter
actions in three dimensions in the same way as in the nonrelativistic theory. The Schrodinger
operator is not essentially self-adjoint on that domain, and point interactions can be associ
ated to its self-adjoint extensions [AGHH 88]. In one dimension, however, point interactions
can be defined also for the Dirac operator; see [170]. Further treatments of the relativistic
6-potentials can be found in [116, 117, 120, 137]. Periodic point interactions serve as an ex
plicitly soluble model in solid state physics; see [108, 109, 110], where relativistic effective
masses are calculated.

In 1972, Jorgens [251] proved essential self-adjointness of the Dirac operator for all matrix
potentials with elements in Lfoc' which shows that only the local behavior of the potential
affects the question of essential self-adjointness, and that the smoothness required in The
orem 4.3 is not really necessary. The proof of Theorem 4.3 is a slight generalization of the
proof for Dirac operators with magnetic fields given in [212], Proposition 1.1. A similar result
appears in a paper of Chernoff [89]. It is proven there with a different method, which can be
used for Dirac operators on Riemannian manifolds; see also [90, 483]. In one dimension or for
radial Dirac operators Theorem 4.2 also follows from [133], p. 538, and [467], Theorem 5.1.

Many center Coulomb potentials are treated in [41, 203, 257, 265, 334, 457].

Section 4.4. In this section we consider only smooth gauge transformations. Gauge trans
formations of singular magnetic vector potentials are discussed in [289] in the context of
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Schrodinger operators. The gauge invariance of the Dirac equation is treated in [390] in
the context of the implementation of scattering theory in Fock space. The remark after
Lemma 4.11 is due to Arai [18].

Section 4.5. In 1928, O. Klein discovered oscillatory solutions inside a potential step where
a nonrelativistic solution would decay exponentially [273]. He determined the reflection and
transmission coefficients for a rectangular step potential <PoB(x). Subsequently F. Sauter
investigated Klein's paradox for a smooth potential, which gave the same qualitative result,
but with a much smaller transmission coefficient [398]. Klein's paradox is also described in
the book of Bjorken and Drell [BD 64], but in their "plane wave treatment" of the problem is
a serious error, as was pointed out first by Dosch, Jensen and Muller [121]. Bjorken and Drell
considered a solution as "transmitted" which in fact corresponds to an incoming particle.
Obviously they neglected the fact that the velocity of the transmitted wave is opposite to
its momentum (which is typical for negative energy solutions, cf. Sect. 1.5, and was already
noted by Klein). They concluded that more is reflected than comes in, which is incorrect and
contradicts, e.g., the unitarity of time evolution. Unfortunately the same error is contained
also in many papers which treat that subject on a formal level. The most comprehensive
and mathematically complete analysis of the Klein paradox up to now has been given by
Bongaarts and Ruijsenaars [59, 60]. Their goal was to treat that phenomenon in the context
of quantum field theory. They arrived at the negative conclusion that the scattering operator
for that situation cannot be implemented in the Fock space.

The one-dimensional Dirac operator with a step-like potential is of certain interest in solid
state physics, where it can be used to model the transition between two periodic structures
[110].

Scalar step potentials occur as soliton solutions ofthe mKdV equation (Chap. 9); see the
Notes to Sects. 9.4 and 10.3.

Section 4.6. The angular momentum decomposition of the Dirac equation is treated in most
textbooks, but usually only at a formal level. An extensive and rigorous discussion is contained
in [376]. The separation of Dirac operators in other coordinate systems is carried through in
[93, 402]. The partial wave expansion in the presence of a magnetic monopole is considered
in [262, 489]. The radial Dirac operator for an electrostatic potential is treated, e.g., in [71,
198,381]. More general first order systems of ordinary differential equations are investigated
in [467, 468] by methods simiiar to those for Sturm-Liouville problems. These results can
be applied immediately to the radial Dirac operator. Lemma 4.15 is proved in [18]. The
absence of eigenvalues for increasing spherically symmetric electrostatic potentials is shown
in [130, 135, 204, 216, 447]. Further results which are relevant for the radial Dirac operator
are contained in [201, 215]. The radial Dirac operator with a scalar potential is treated in
[433] (see also Sect. 4.2.). This is a special case of a supersymmetric system; see Chap. 5.
A systematic study of the spectral theory of one-dimensional Dirac and Sturm-Liouville
operators allowing a detailed comparison of all aspects is the goal of the book [LS 91].

Section 4.7. Theorem 4.20 and its proof is given in [132, 134]. In the latter paper it is
shown that e"entially the same proof allows one to include an additional magnetic vector
potential which in the spheres B n can be approximated by a gradient vector field in the
mean square sense. The paradoxical result that the spectrum in the relativistic case consists
of the whole real axis but is discrete in the nonrelativistic case poses the question in which
sense these situations are connected in the nonrelativistic limit c ...... 00. Titchmarsh [448]
studied the Dirac operator with the electrostatic potential >"Izl and showed that the analytic
continuation of the Green function has poles which for large values of c are close to the
eigenvalues of the corresponding Schrodinger operator. The question has also been treated
by Veselic [454], who showed for a large class of potentials bounded from below that the
transition from the continuous spectrum to a discrete spectrum can be interpreted in terms
of a spectral concentration. Hence it is clear that the Schrodinger bound states are turned
into resonances for the Dirac operator. This phenomenon is also treated by G. Hachem [200]
for a linearly increasing electromagnetic field.



308 Notes

The diving of Dirac eigenvalues into the lower continuum at some critical value of the
coupling constant is another source of resonances associated with the Dirac equation. This
phenomenon, which has no nonrelativistic counterpart, is of particular interest for modeling
"spontaneous pair creation" in the field of superheavy nuclei generated during heavy ion
collisions, see Chap. 9.

The techniques of describing resonances for the nonrelativistic Schrodinger equation are
based on the method of complex scaling due to Aguilar and Combes [5], [RS 78], Sect. XII.6,
and on the semiclassical analysis of Helffer and Sjostrand [214]. The two methods, if both can
be applied to a potential, give the same resonances [210]. Both approaches were applied to the
Dirac equation. R. Weder [465] and P. Seba [413] generalized the method of complex scaling
to Dirac operators. B. Parisse [352, 353] gave a definition of resonances in the semiclassical
limit and proved that the dimension of the space of resonance functions is even. Resonances
for the Dirac equation as poles of an analytically continued S-matrix have been investigated
further by Balslev and Helffer [26] with the help of stationary scattering theory. Their method
is based on an extension of the limiting absorption principle for Dirac operators (see also [455,
458], and in particular [65]).

The relativistic virial theorem was proven for the Dirac equation for the first time in
[8], p. 247ff. A more general version of Theorem 4.21 has been obtained by Kalf [252]. His
conditions include the Coulomb singularities described in Theorem 4.4. At a more formal
level the relativistic virial theorem is treated also in [68, 178, 185]. As in nonrelativistic
quantum mechanics, the virial theorem can be used to prove the absence of bound states
in the continuum [253]. A more powerful method is based on Carleman inequalities and the
unique continuation property [47, 48, 49, 63, 245]. The unique continuation property states
that solutions of the equation HTjJ = >'TjJ that vanish on an open subset vanish identically.
In particular, any eigensolution with compact support is identically zero. In [63] it is shown
that the unique continuation property holds for Dirac operators Ho + V in three dimensions
with V E £7

1
/2.

oc
The spectrum of the Dirac operator - at least for potentials that are small at infinity -

is expected to consist of finitely degenerate eigenvalues in the gap (-mc2 , mc2 ), with possible
accumulation points only at ±mc2 and an absolutely continuous spectrum outside. This is
also shown for a large class of potentials in [65] by a method based on the Mourre estimate
(see also [64] and the references therein).

Further results on the number of eigenvalues can be found in [266, 278, 436]. New and pre
cise estimates are obtained by Ivrii [231]. The behavior of the eigenvalues near the threshold
to the continuous spectrum was investigated in more detail by Klaus [267].

In recent years the semiclassical point of view has become increasingly important also
for the spectral theory of Dirac operators; see, e.g., [213] (in particular pp. 266-267) and
[231, 232, 233], which are concerned with the counting of eigenfunctions in an interval. The
book [Le 90] contains a section on the asymptotic distribution, as 1'1 ...... 0, of the discrete
eigenvalues of Dirac operators. Semiclassical methods (WKB) are also employed in [317, 352,
462], treating the double (multiple) well problem. The classical limit of the Dirac equation
was treated in some detail also by K. Yajima [494, 495, 496].

Chapter 5

Section 5.1. Supersymmetry has its origin in particle physics and quantum field theory [472]
as a symmetry between bosons and fermionsj see [Fe 85] for a commented collection of
relevant papers. E. Witten initiated studies of systems with a finite number of degrees of
freedom [481]; for some early applications to quantum mechanical models see, e.g., [98, 263,
395] and the references therein.

In this chapter we present "N = 1 supersymmetry", also known as "factorization" or
"commutation methods" [106, 405]. As a method for factorizing differential operators some
"supersymmetric ideas" can be traced back literally for centuries - not under this name, of
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course. A historical review is given in [429]. Meanwhile there are many examples of the use of
supersymmetric methods in differential geometry and quantum mechanics. Some applications
of supersymmetry to differential geometry can be found, e.g., in [61, 184, 378, 482], [Gi 84] (see
the references to Sect. 5.7). Here the index of the Dirac operator is of special importance,
because it provides a link between the analysis of operators and topological properties of
spin manifolds. Special quantum mechanical systems which have been studied with super
symmetric methods include quantum mechanics in a magnetic field or Yang-Mills-Higgs fields
and the Coulomb problem (see the Notes to Sects. 5.5, 5.11 and Chapter 7).

Section 5.2. The standard representation described in Sect. 5.2 was used by Cirincione and
Chernoff [92] in their treatment of the nonrelativistic limit (Chapter 6). The basic commuta
tion results in Sect. 5.2.3 are proven in [106] by different means. Nelson's trick in connection
with the polar decomposition is described in [443]. For some background on closed operators
we refer to the books on linear operators in Hilbert spaces, e.g., [Ka 80, We 80]. The proper
ties of the matrix elements of unitary operators in the standard representation are described
in some detail in Sect. 10.3.2.

Section 5.3. Theorem 5.31 is taken from [173], where it is applied to the problem of elec
trons with an anomalous magnetic moment in a Coulomb potential. Implicitly, the results
of Sect. 5.3.2 were already contained in [467] (see also [468]). The first rigorous treatment of
Dirac particles with anomalous magnetic moments in singular potentials is due to Behncke
[39, 40, 41], who proved the essential self-adjointness and some spectral properties of the
Dirac operator with techniques from the theory of ordinary differential equations. These
results are extended to multi-center problems in [257]. Possible resonances in the electron
positron problem due to anomalous moments are discussed in [32, 33]. The occurrence of
resonances seems to be indicated by the shape of the effective (energy-dependent) potential
arising after an iteration of the Dirac equation with anomalous magnetic moment.

Sections 5.4 and 5.5. The supersymmetric structure ofthe Dirac equation is implicit in many
investigations of the special situations listed in this section, see, e.g., [321, 385, 450, 464].
Writing the Klein-Gordon equation as a first-order system is a very natural procedure and had
already been suggested for a transparent interpretation by Feshbach and Villars [141]. A point
of view which is similar to our' approach is taken in [466]. Among the further mathematical
literature on the Klein-Gordon equation we mention [300, 329, 401]. Unfortunately, we have
no occasion to discuss Dirac-type operators over Riemannian manifolds, which also provide
us with realizations of supersymmetric Dirac operators [92]; see the Notes to Sect. 5.7.

Section 5.6. Our treatment of the Foldy-Wouthuysen transformation differs from those usu
ally found in the textbooks, e.g., [Das 73, Me 70]. The Foldy-Wouthuysen (FW) transforma
tion was introduced in an effort to understand how the Dirac theory approaches its nonrela
tivistic limit [148]. Independently, Pryce [369] and Tani [439, 440] found the same transfor
mation in a different context; see also [247]. Foldy used this transformation for a systematic
"canonical" description of covariant wave equations [147]; another variant was proposed in
[88]. At that time the canonical form of the Dirac equation after an FW transformation was
considered to have significant conceptual advantages. This and the beautiful interpretation
of the relativistic correction terms arising by the FW method elicited considerable interest
in this transformation; see the references in the review article of deVries [111]. There were
generalizations [131, 279] and applications to some of the special situations listed in Sect. 5.5
[87, 348]. The FW transformation has even been considered as a Lorentz transformation.
This is not quite correct. It is not a Lorentz transformation, but in momentum space the FW
transformation is related to a Lorentz transformation to the rest frame, because it gives just
the relation between the covariant representation and the Wigner representation of Lorentz
transformations [303] (see Sect. 3.3). The generalization of the FW transformation to super
symmetric quantum mechanics is given in [443]. A further generalization is obtained in [183]
and [75]. See also [37, 319] for some related work.



310 Notes

The Cini-Touschek transformation [91], which had already been given by Mendlowitz
[312], has been used for a discussion of the ultrarelativistic limit c ...... 0 of the Dirac equation.
Other related transformations are given, e.g., in [38, 42, 311, 321, 397, 463].

Section 5.7. In this book we describe the index theory of Dirac operators on an elementary
but abstract level. In the literature, the index has been studied most extensively for Dirac op
erators on compact manifolds. Some of our results apply to this case as well, because Dirac
operators on manifolds also have the structure of the abstract Dirac operators considered
here, see, e.g., [92]. In this context appears the famous Atiyah-Singer index theorem (see,
e.g., [BB 85, LM 89]), which links the index of Fredholm operators with certain topologi
cal invariants (A genera). Hence Dirac operators have become an important tool in modern
geometry. Unfortunately, these topics are beyond the scope of this book. In quantum me
chanics, index theory has been applied by Callias [82], who derived an index formula for the
Dirac operator with an external Yang-Mills-Higgs field (Sect. 5.11.3). This problem requires
the discussion of Dirac operators on open (i.e., non-compact) manifolds [10, 62]. Some im
portant investigations studying this problem with respect to applications in quantum theory
are [9, 149, 150, 153, 217, 218, 240,241, 242, 243, 297, 299, 344, 470], see also the review
article of Niemi and Semenoff [343]. Important mathematical contributions to index theory
on open spaces are further given in [10, 11, 13, 14, 16, 45, 55, 73, 175, 184, 320, 378, 426];
see also the books [Gi 84, Ro 88]. The Notes to Sect. 5.11 contain references for the index
problem in magnetic fields and the Yang-Mills-Higgs fields describing fermion monopole and
fermion vortex interactions. The index has also been studied with the help of supersymmetric
scattering theory (Chap. 8), e.g., [15, 56, 61, 77, 149].

Section 5.8. The connection between index theory and Krein's spectral shift function was
found in [56, 57, 159] and in [149]; see also [61]. Our presentation mainly follows [171]. For the
connection of Krein's spectral shift function with scattering theory, see also Sect. 8.1.3. The
spectral shift function is related to Fredholm determinants, or modified Fredholm determi
nants; see Sect. 5.10. The axial anomaly is the origin of the breaking of the chiral symmetry
of the Lagrangian in gauge field theory with fermions; see, e.g., [67, 82, 506]. We recommend
[393] as an elementary introduction to anomalies and their occurrence in quantum field the
ory from a mathematical point of view. For more references and applications to physics see
[BW 85]. We have introduced the Atiyah-Patodi-Singer TJ invariant or "spectral asymmetry"
following the definition of [56], which is very convenient in the present framework but differs
slightly from earlier definitions [21, 125].

Section 5.9. The topological invariance of the Fredholm index is a classical result; see, e.g.,
[Ka SO], Sect. IV.5.3. Theorem 5.28 is taken from [171], where a slightly more general result is
proven. This paper also contains the derivation of Eqs. (5.182) and (5.183) from the assump
tions of the theorem. A similar result holds for the invariance of the resolvent regularized
index; see [56], where these results are applied to various physical problems.

Section 5.10. For the connection of Krein's spectral shift function and Fredholm determinants,
see, e.g., [274], [BW 83]. Fredholm determinants are used to calculate the index of one
dimensional Dirac operators in [159] and [56]; see also Sect. 9.4.2. For higher dimensional
systems, modified Fredholm determinants lSi 79] have to be used to overcome the singularity
of the Green function for x = y. This idea was used in [56] to calculate the index of the Dirac
operator in a two dimensional magnetic field. For background information on (modified)
Fredholm determinants, see, e.g., [GK 69, Si 79] and [275].

Section 5.11. The index of the Dirac operator in one space dimension with a scalar potential
is investigated in [7, 56, 66, 82, 159,217,218, 229, 298, 431]. We give an explicit calculation
based on stationary scattering theory (Jost function techniques) in Sect. 9.4.2. This approach
follows [159] and [56]. For the two dimensional magnetic field problem we refer to [6, 56, 57,
160,171,235,264]; see also Sect. 7.2.3 and [CFKS 87] (in particular Ch. 6.4). The difference
between the £2 index and the Witten index has been related to the TJ invariant in [12]. Callias'
index formula is obtained in [82]; his results and methods are discussed and generalized, e.g.,
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in [11, 16, 62]. As further examples of index calculations for Dirac operators we mention the
fermion-vortex system [223, 238, 470], the Yang-Mills-Higgs monopole [82, 342, 351, 469, 501]
and the instanton background field [72, 237]. The above examples are also discussed in the
review article [343].

Chapter 6

Section 6.1. Pauli was the first to study the connection between the Dirac theory and its
nonrelativistic approximation by separating the "large" and "small" components of the wave
function [358]. For the early literature on this subject, see [51] or [BS 59]. We mention [417],
where Eq. (6.73) is derived for a special case using formal expansions of wavefunctions. Pauli's
method was developed further in [302], still at a formal level, and more rigorously by Schoene
[406], who investigated in particular the convergence of the solutions in the nonrelativistic
limit. The spherically symmetric case is studied rigorously by Titchmarsh in [449], spherically
symmetric scattering problems are treated in [379, 380].

A completely different approach was taken by Foldy and Wouthuysen [148], who devel
oped a formal scheme of applying successively Foldy-Wouthuysen (FW) transformations in
order to obtain operator perturbations of the nonrelativistic Pauli operator H p of order l/c2

and higher. In principle, this method gives an expansion of the Dirac operator into powers of
1/c2 • This method became the most popular one [111] and can be found in most text books
on relativistic quantum mechanics. However, even the first order perturbation of H p is so sin
gular that it destroys completely all spectral properties of H p • For example, all bound states
of H p dissolve into a continuous spectrum [167]. Mathematically, one is actually forced to
consider H p as a small perturbation ofthe l/c2 term. Adding higher order corrections makes
the situation even worse. The divergence of the Foldy-Wouthuysen series for a special case
is also noted in [54]. Nevertheless, the first order corrections of eigenvalues obtained in this
formal way are correct and agree with the expressions obtained in Theorem 6.9. Therefore
it should be clear that the "operator perturbations" cannot not be taken literally. The FW
corrections are not meaningful in an operator sense and should only be considered if applied
to wavefunctions with energies in a neighborhood of the bound state energy under consid
eration. We refer to [183] for fmther clarification. Attempts to understand the status of the
FW method are also made in [75, 163, 167, 282].

The resolvent approach which is presented here was suggested first by Veselic [454].
He derived the analyticity of the resolvent by perturbation theoretic arguments. A similar
approach was used by Hunziker [225] for a larger class of potentials. The explicit expansion
of the resolvent into powers of l/c was obtained for the first time in [164] and [166]. The last
paper also contains estimates on the convergence radius of the expansion. The convergence
of solutions of the Dirac equation in the nonrelativistic limit is also considered in [92,330].

Section 6.2. For the complicated systems in atomic and molecular physics the calculation of
relativistic corrections is of great practical importance. Many-body analogue" of the Dirac
equation can be used to deduce formulas for the first-order relativistic corrections. It is
perhaps not meaningful to calculate higher-order corrections or the exact solution of the
many-particle Dirac equation, because in higher orders one expects contributions from QED
which cannot be described by the Dirac equation alone. More on the applications of Dirac
type equations in many-particle systems can be found, e.g., in the books [Das 73], [Ma 83],
[Py 86], or in [280]. As a review of the various methods used in the perturbation theory of
relativistic corrections we recommend [281,282].

The problem of finding relativistic corrections to bound state energies was solved rig
orously and for a large class of potentials by Gesztesy, Grosse and Thaller [166]. Formula
(6.73) was known before only in some special cases [417, 449]. The result is folklore in the
form of Eq. (6.79), although the derivation of (6.79) had been based on heuristic and formal
arguments [148] (see also the discussion of the Foldy-Wouthuysen method in the notes to
Sect. 6.1). The approach in [166] uses perturbation theory ofresolvents and the explicit l/c2
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expansion to obtain the result (6.73), but only in the case of nondegenerate eigenvalues. The
analyticity of eigenvalues had already been stated by Hunziker [225] without giving the proof
in the degenerate case. Theorem 6.8 for degenerate eigenvalues was proven first by Wiegner
[473]. Some essential simplifications of the method have been obtained by Grigore, Neneiu
and Purice [183], who independently gave a proof in the degenerate case. Our presentation
here follows closely their elegant exposition.

The method of finding relativistic corrections to nonrelativistic quantities by the resolvent
method is extended to the Breit-Fermi Hamiltonian for two-fermion systems in [165]. One
dimensional Dirac operators with a periodic potential are considered in [74]. In this case the
first order corrections of the energy band edges are again given by Eq. (6.72).

Relativistic corrections for the scattering matrix are derived in [75]; the scattering am
plitude is considered in [183]. For exponentially decaying potentials the holomorphy of the
scattering matrix at fixed energy is derived in [75] in the framework of Kuroda's stationary
scattering theory. Again, the first order correction to the nonrelativistic S-matrix can be ob
tained explicitly. Unfortunately the resulting expression is too complicated to be reproduced
here. Ref. [183] requires a weaker decay of the potential, which implies only differentiability
of the scattering amplitude instead of holomorphy. This is, however, sufficient to obtain first
order corrections of the scattering amplitude. The nonrelativistic limit of stationary scat
tering theory and the analyticity of resonances in l/e is investigated in [26]. Among earlier
results on the nonrelativistic limit of Dirac scattering theory we mention the proof of strong
convergence of wave operators as c ...... 00, in [493].

The explicit form of the correction terms arising from the FW method and given in
Eq. (6.79) has always been a strong argument in favor ofthe Dirac equation. A more detailed
discussion of their physical interpretation is given, e.g., in the book [Ro 61] (Sects. 1.7 and
IV. 22), which also contains a derivation of the Thomas precession (Appendix B).

Chapter 7

Section 7.1. For a review of recent results in the theory of Schrodinger operators with mag
netic fields we refer to [CFKS 87], Sect. 6.

The principle of minimal coupling is a straightforward and simple concept for the im
plementation of magnetic fields, but it requires the introduction of an unobservable and
nonunique vector potential. A formulation of quantum mechanics which does not make use
of vector potentials was given by Griimm [194].

We want to stress that our general assumption on the smoothness of the magnetic field
is certainly too strong. Many of the results presented in this and the following sections were
proven under more general conditions in the cited literature.

We solve the Dirac equation in a homogeneous magnetic field with a supersymmetric
method which is well known for harmonic oscillators [CFKS 87], Sect. 6.3, Example la. In
deed, the square of the Dirac operator gives a Schrodinger operator with a harmonic oscillator
potential. The reader is also referred to Sect. 7.4, where the Coulomb problem is solved by
similar methods.

An interesting example of an external magnetic field for which the Dirac equation can be
solved exactly is the (abelian) magnetic monopole. Dirac himself introduced the hypothesis
of a magnetic monopole in 1931 [115]. Since the magnetic field of a monopole (=magnetic
charge) is not divergence-free, it cannot be represented by a magnetic vector potential defined
everywhere and without singularities. Instead, the monopole vector potential has a singular
"string" extending from the location of the monopole to infinity along some path. This
corresponds to the image of a monopole as one end of an infinitely long and infinitely thin
solenoid. The infinite string of magnetic flux produces a phase shift in the wavefunction
when it is encircled (Aharonov-Bohm effect). In order to make it invisible in a scattering
experiment, Dirac had to assume the quantization condition eg/1ic = n/2, where n is some
integer, 9 is the charge of the monopole, and e is the electric charge of the particle in the
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field of the monopole. Hence, if at least one monopole exists, then all electric charges must be
integer multiples of an "elementary charge". Up to now there is no experimental evidence for
the existence of a magnetic monopole, but the possible explanation of charge quantization has
drawn some interest to the theoretical investigation of monopoles. Some early work on this
subject containing explicit solutions of the Dirac equation in the external field of a monopole
is [27, 202].

In 1975, Wu and Yang [488] proposed a singularity-free description of monopoles in the
mathematical framework of gauge theory. The main idea is to cover the Euclidean space by
two overlapping regions and to define for each region a vector potential with string situated
outside of its respective region. The conditions that (1) their curl equals the magnetic field
of the monopole in each region and that (2) in the overlapping region the vector potentials
are related by a smooth gauge transformation again implies Dirac's quantization condition.
For an abelian magnetic monopole this idea exactly describes a nontrivial connection on a
principal U(l) fiber bundle. The quantum mechanical wave functions are sections on this
fiber bundle. In [489] Wu and Yang carry out a partial wave analysis similar to the one
in Sect. 4.6. This is possible because, owing to the spherical symmetry of the problem, the
angular momentum operator J = z 1\ (p - (e/c)A) + S + (eglc)e r is conserved [177, 291].
Wu and Yang showed that only the angular part of the wavefunction has to be a section and
they called the angular momentum eigensections "monopole harmonics". The radial Dirac
operator for zero angular momentum (J = 0) is not essentially self-adjoint but admits a
one-parameter family of self-adjoint extensions [80, 81, 499]. In [260, 261, 262] the authors
add an infinitesimal anomalous magnetic moment in order to regularize the problem. In [100]
the abelian monopole is considered as the limit of a non-abelian SU(2) monopole. Depending
on the chosen regularization, the Dirac equation mayor may not have a bound state. For
higher partial waves the Dirac equation has only scattering solutions. The solution of the
Pauli equation with a monopole is constructed by a supersymmetric method in [101]. For a
review of further aspects of the monopole problem we refer the reader to [97]; see also [499]
and the references therein. More on the Dirac equation with non-abelian monopoles can be
found, e.g., in [81, 236, 306, 500]. See also the Notes to Sect. 5.1l.

Section 7.2. Theorem 7.3 and the method of its proof is due to Aharonov and Casher [6]; see
also [235] for related results, and Chap. 6.4 of [CFKS 87]. The result of Aharonov-Casher is
the explicit determination o( the £2 index of the Dirac operator on a noncompact manifold.

The ground state solution in three dimensions (Example 7.4) was found by Loss and
Yau [296]. Their goal was to investigate the stability of matter in the presence of magnetic
fields. By a result of Frohlich, Lieb and Loss [156], the existence of zero energy bound states
implies that nomelativistic single electron atoms collapse when the nuclear charge exceeds
some critical threshold.

The result of Theorem 7.5 is obtained in [264] using a path integral approach. The first
non-perturbative and rigorous treatment is contained in [56], Example 4.5. See [12] for a
differential geometric proof relating the difference between the £2 index and the Witten
index to the TJ invariant. Further references are [57, 160, 171]. In odd dimensions the index
is zero and one should consider instead spectral flows of families of Dirac operators [76].

Section 7.3. Infinitely degenerate ground states in two dimensions (Sect. 7.2.3) were also
found by Avron and Seiler [23]. They discuss this phenomenon in connection with the para
magnetic inequality (see [CFKS 87], Sect. 6.6) inf IT(H(A) +V) ::; inf IT(Ho +V), which they
prove for a polynomial B and arbitrary potentials V. The paramagnetic inequality is formu
lated in [221]. It is clear that it is not true for general fields A and V, because there are
counterexamples; see [24] and the discussion at the end of [209].

Theorem 7.6 is taken from [212]. The method of proof of Theorem 7.7 has been applied
by Leinfelder [289] to the Schrodinger equation (see also [CFKS 87], Theorem 6.1) and by
Miller and Simon to the Dirac equation (313, 314]. These papers also contain the results
related to cylindrical symmetry (Theorem 7.10). The proof of Theorem 7.8 is due to Helffer,
Nourrigat and Wang. It can be found, together with a discussion of the assumptions (Ar )

and various other interesting results in [212]. Schrodinger operators which have a compact
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resolvent under similar conditions on the magnetic field are treated in [211]. Some new results
on the number of eigenvalues were obtained by Ivrii [231, 232, 233]. Theorem 7.9 is due to
Kalf [253]. A more general result for a wide class of external fields is obtained in [49].

Section 7.4. The eigenvalues and eigenfunctions of the Dirac-Coulomb problem are of course
well known and can be found, e.g., in the textbooks [BS 59, Ro 61, LL 82]. The Dirac-Coulomb
problem has been of central importance ever since the invention of the Dirac equation, because
it provides the basis for relativistic atomic physics. Historically, the solutions of the radial
Dirac equation for the hydrogen atom were first worked out independently by Darwin [102]
and Gordon [181].

The solution of the Coulomb problem using supersymmetric methods is due to Sukumar
[435]. Similar methods are applied in [22, 52, 99, 432, 486]. The factorization technique
presented here is quite similar to a construction for second order differential equations due
to Schrodinger [409] and Infeld and Hull [230]. A review of the history of the factorization
method (which starts in fact with Darboux, Jacobi, and Frobenius) is contained in [429].

The supersymmetric relation between the solutions with positive and negative spin-orbit
quantum number K is just the action of the BJL operator, the relativistic analog of the
Pauli-Runge-Lenz vector [Th 79]. The BJL operator is considered in a short note by Johnson
and Lippmann [246] and discussed in detail by Biedenharn [52, 53]. In his investigation,
Biedenharn uses a transformation which brings Temple's operator r to a diagonal form.
Fbr the radial Dirac equation the Biedenharn transformation i~ essentially identical to the
transformation A defined in Sect. 7.4.1. The supersymmetric form of the Coulomb-Dirac
equation can also be found in [52]. The Biedenharn transformation has been interpreted as
the quantum analog of the Sommerfeld transformation. This is a Lorentz transformation to
a moving frame in which the classical relativistic orbits appear to be closed ellipses (in the
original reference frame the perihelion of the ellipse is advancing). In this sense the moving
frame is the "most nonrelativistic" frame for the Coulomb problem [53]. Temple's operator
appears in [Te 48] and [307].

The Coulomb scattering phases and continuum eigenfunctions were obtained by Mott
[322]. His result for the scattering cross section contains an error; the correct form appears
in [310]. Our presentation of the Coulomb scattering problem is motivated by [487] (see also
[430]), which contains a partially group theoretic derivation of the Coulomb scattering phase
shifts. In this work the operator B was used to derive the relation between 61< and 6_1<'

We also mention some other treatments of the Coulomb-Dirac problem, e.g., [25, 94, 222,
250,293,461]. Further investigations of the relativistic Coulomb scattering problem are [118,
122, 152, 248, 382, 484, 485].

Based on the results of Sukumar, H. Grosse [189] derived some results on the level order
for Dirac operators. He proved that the degenerate Dirac-Coulomb eigenvalues split under
a perturbation V(r) in such a way that the eigenvalue with negative K is above (or below)
the eigenvalue with positive Kif L1V(r) > 0 (or < 0). Similar results for a mixed scalar and
electrostatic potential are obtained in [349]. The applications of factorization methods to the
level ordering problem for Schrodinger operators are described in [36].

There are only a few other exactly solvable problems with spherical symmetry [BG 901.
Explicit solutions were obtained for a magnetic monopole field (see the Notes to Sect. 7.1)
and for the Coulomb field combined with a magnetic monopole [205]. A supersymmetric
solution of the Dirac oscillator equation (H = ca . p + (3mc2 + imcw{3a . z) is described
in [370] (see also the references therein). The Dirac equation can also be solved for a scalar
Coulomb potential V = -{39fr [428]; one obtains the eigenvalues

Concerning the definition ofthe Dirac operator and the behavior ofthe eigenvalues for 1,1 2': c
see, e.g., [79, 331, 365, 366], and Sects. 4.3.3 and 5.3.2.
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Chapter 8

Section 8.1. There are numerous mathematical books on scattering theory; See e.g. [AJS 77,
RS 79, BW 83, Pe 83], where the foundations of scattering theory and the various notions
of asymptotic completeness are treated in more detail. Tn particular, [Pe 83] contains more
information on the beautiful geometric characterization of bound and scattering states. The
quantum mechanical applications in these books deal almost exclusively with the Schrodinger
equation. In this chapter we describe the time-dependent geometric approach to the problem
of asymptotic completeness for the Dirac equation [129]. This approach was developed for
the Schrodinger equation by V. Enss [127]. The alternative approach of stationary scattering
theory is used, e.g., in [123, 124, 197, 328, 359, 446, 497] and, more recently, in [26]. While
the time-dependent scattering theory seems better suited to treating the existence and com
pleteness of a scattering theory, the technically more demanding stationary approach allows
one to obtain more precise results on the spectrum, the resolvent and, e.g., resonances [26].
Finally we note that a presentation of scattering theory which is useful for the practical
calculations of physicists can be found, for example, in the books [Pi 79, Sc 79].

Section 8.2. We describe in this section the theory of asymptotic observables as developed by
V. Enss for the Schrodinger equation [128] and adapted for the Dirac equation in [129] (an
independent but closely related investigation is contained in [327]). The results are proved
in this section under some convenient restrictions. The general proofs in the presence of
an additional singular short-range field can be found in [129]. This paper also contains the
results on invariant domains and Zitterbewegung; see the Notes to Sect. 1.6. The asymptotic
observable theory for the Schrodinger equation is described in [CFKS 87, Pe 83] and [127].
Our use of asymptotic observables aims at a proof of asymptotic completeness, but there
might well be practical applications. Tn fact, the algebraic solution of the nonrelativistic
Coulomb scattering problem [190] is essentially based on asymptotic observables.

Section 8.3 The asymptotic completeness of the Dirac scattering system with short-range
interactions was established for the first time in the framework of stationary scattering theory;
the time-dependent proof given here is contained as a special case in [129]. The existence of
wave operators in the case of Coulomb fields was proven for the first time in [118]. Asymptotic
completeness as stated in Theorem 8.21 is proven in [326] for a more general class of long
range electric fields. A comparatively simple proof for Coulomb-type potentials based on
the theory of asymptotic observables is given in [129, 327]. Long-range scalar potentials are
treated in [442], where the explicit form of the modification (8.113) was given for the first
time.

Section 8.4. Theorem 8.22 is taken from [444]; See also [443]. Tn order to appreciate the USe
of Theorem 8.22 in the proof of Theorem 8.23 let uS briefly discuss the direct proof given
in [295]. There is the following difficulty. In order to apply the Cook argument, Eq. (8.124),
which works well in the nonrelativistic case, one has to verify that II (l·A(x) exp( -iH(O)t) 'Ij; II
decays integrably in time for 'Ij; in a suitable dense subset of scattering states. But this is
wrong, because A(x) decays only like Ixl- 1/ 2 - 6 , at least if we choose the transversal gauge.
Usually it is impossible to make A(x) short-range by some other clever choice of gauge (see
the remark in Sect.7.1.2).

Tn the literature on this subject the Coulomb gauge div A = 0 is used almost exclu
sively instead of the transversal gauge, which is best adapted to scattering theory. Therefore,
previous results were obtained only by introducing modifications of the wave operators [46,
327].

Tn situations like the Aharonov-Bohm effect the free asymptotics (e.g., plane waves for the
asymptotic description of stationary scattering states) are used together with the Coulomb
gauge, although the vector potential is long-range. But in this case the calculations are
justified, because in two dimensions and for rotationally symmetric fields the Coulomb gauge
happens to coincide with the transversal gauge.
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Asymptotic completeness is also true in relativistic and nonrelativistic quantum mechan
ics if one adds a short-range electric potential to the magnetic field.

A discussion of classical scattering theory with magnetic fields is given in [294].

Section 8.5. Fbr more details on the scattering theory for Dirac operators under the convenient
assumptions made in this section, see [386]. Theorem 8.25 is proven in [416]; earlier proofs
under more restrictive conditions on the potentials are given in [350, 390]. In [308, 309],
Matsui calculates the index of the operator S+ under conditions ensuring that S+_ and S_+
are compact. The Fredholm index ind S+ (if S can be implemented in Fock space, Sect. 10.3)
describes the shift of the vacuum charge during scattering (vacuum polarization) [85]. More
precisely, the implemented scattering operator maps the charge-q sector of the fermionic
Fock space onto the charge-(q - ind S+) sector. For massive particles, Matsui found that
the index is always zero, whereas for massless particles, ind S+ equals the instanton number
(811"2)-1 JF 1\ F of the external field. See [78, 392] for some related work.

Chapter 9

Section 9.1. For the theory of solitons ofthe KdV equation and its relation to the Schrodinger
equation we refer the reader to one of the excellent textbooks on that topic, e.g., [AS 81,
DEGM 82, EvH 83, NMPZ 84, Ne 85, Ma 86, Le 87, Ma 88, BDT 88, DJ 89, LS 91]. The
idea of relating a (nonlinear) differential equation to the commutator of certain operators (a
Lax pair) appears in [288]. The Lax approach for the KdV/Schrodinger equation is described
in Chap. 3 of [EvH 83] in a way similar to our presentation in Sects. 9.1 and 9.2. In [316],
Miura shows that the solutions ofthe KdV and mKdV equations are related by "a remarkable
nonlinear transformation". The relation mKdV/Dirac became clear in [1], where it was shown
that for a potential which obeys the mKdV equation the eigenvalues of the Dirac operator
remain time independent. A Lax pair for mKdV equation (Theorem 9.2) was given by Tanaka
[438]. In Sect. 9.1.3 we gave a description of the Miura transformation showing its close
connection to supersymmetry. This was first exploited in [4, 106].

Section 9.2. Besides the mKdV equation discussed here, there is another mKdV equation,
referred to as the mKdV+ equation, ¢t + 6¢2 ¢'" - ¢"''''''' = 0, in which the nonlinear term has
the opposite sign. The mKdV+ equation is related to a non-self-adjoint Dirac operator with
a complex potential Q = -ilT28", + i(lT3Re ¢ + lT1Im ¢). (This operator is unitarily equivalent
to the operator considered in [346, 438]). It is obvious that the purely imaginary solutions
of the mKdV+ equation are related to the real solutions of Eq. (9.39). The connection with
the KdV equation is given by the complex Miura transformation V = ¢2 ± i¢",. The mKdV+
equation has real, nonsingular, "particle-like" soliton solutions which vanish as Ixl ---+ 00.

These solitons can be obtained with the help of inverse scattering theory from the imaginary
discrete eigenvalues of Q. In soliton theory, the mKdV+ solitons are much better known
than the kink-like solitons discussed in Sect. 9.5. The following is a short list of references
concerning the mKdV+-equation: [219, 256, 258, 276, 346, 437, 438, 451, 459].

The KdV and mKdV equations are special cases of the general AKNS-ZS evolution equa
tions [2, 502]. There is an entire hierarchy of higher order KdV- and mKdV-type equations
for which completely analogous results can be obtained [3, 136]. The hierarchies are related
by supersymmetry [169]. Moreover, one expects that the mKdV hierarchy reduces somehow
to the KdV hierarchy in the nonrelativistic limit [383].

For many results within the Lax approach and the AKNS-formalism it is not necessary
that the generator of the isospectral transformations is self-adjoint. An example is the hy
perbolic sine-Gordon equation where the Hamiltonian in the Lax pair is again the Dirac
operator Q, but where the operator B(t) is a non self-adjoint integral operator. There is also
an analog of the Miura transformation relating the hyperbolic sine-Gordon equation to a
KdV-type integro-differential equation [161].
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Section 9.3. The construction of solutions of the modified KdV equation given a solution of
the ordinary KdV equation is due to Gesztesy and Simon [172] (see also [161, 162, 169]). In
this section we closely follow their exposition. The paper [169] contains many references to
earlier work and related results. The proof of Theorem 9.4 requires some results on critical
and subcritical Schrodinger operators; see [174] for details. In [161, 169] it is shown that
Theorem 9.4 extends to the entire mKdV hierarchy. Related results on the construction of
mKdV solutions from KdV solutions are contained in [105, 460, 505], and [BDT 88], Sect. 38.

Section 9.4. The scattering theory for the Dirac equation with an electromagnetic step poten
tial is considered in [60]. General systems with different asymptotics to the right and left are
treated in [103]. One dimensional scattering theory for the Schrodinger equation is described
in [159]; the results pertaining to supersymmetry are also relevant for the Dirac equation.
Scattering theory for the Dirac equation with scalar potentials is treated in some detail in
[169] and [162]

In Sect. 9.4.2 we follow mainly [56, 159]; see also [339], p. 505. The result Eq. (9.116)
was first derived by Callias [82], and since then by many authors using various methods; see,
e.g., [7, 66, 217, 218, 229, 298, 343, 431].

Section 9.5. We refer to [107, 157, 259] and the textbooks on solitons and the inverse scat
tering transform cited above for more details on the material of Sect. 9.5.1 and possible
generalizations.

The n-soliton solutions of the Dirac equation were obtained for the first time by Ohmiya
[347] and later independently by Grosse [187], using the inverse scattering transform method
(Sect. 9.5.1), which can also be applied to the Dirac equation [154, 195]. In [188] solitons of a
coupled system of mKdV equations are derived by relating them to the Dirac equation with
a scalar and a pseudoscalar potential. Ref. [186] discusses applications of the mKdV equation
to physical models of polyacethylene.

In Sects. 9.5.2 and 9.5.3 we construct the soliton solutions ofthe mKdV equation using the
supersymmetric method developed in [169] and [162]. These authors apply this method also
to more general soliton-like solutions of the KdV equation as well as periodic solutions and
relate it to the corresponding solutions of the KdV equation. Refs. [4, 169] and in particular
[168] (see also the references therein) also discuss singular KdV and mKdV solutions.

Chapter 10

Section 10.1. The main physical ideas about the theory of the electron-positron field inter
acting with an external electromagnetic field are contained in papers of Feynman [142], Salam
and Matthews [394], and Schwinger [412], and are described, e.g., in the book [Th 58]. The ex
ternal field problem in QED has gained some interest in physics for its possible application to
laser physics [315] and to heavy ion collisions [372], [GMR 85]. During these processes strong
time-dependent electric fields occur which are assumed to "spontaneously" create electron
positron pairs out of the vacuum. The strength of the electromagnetic field excludes the
application of perturbation theory in QED. Neglecting the field created by the electron leads
to the external field problem, which is accessible to rigorous and nonperturbative methods.
More on the physics of strong external fields in QED can be found in [FGS 91]

There are several mathematical approaches to the external field problem. The method of
Capri [83] and Wightman [476] is based on the retarded and advanced Green functions and
the associated Yang-Feldman-Kii.llen integral equations, smeared out with a test function.
In this chapter we follow an approach by Friedrichs [Fr 52]. This method starts with an
operator of the one-particle Hilbert space and tries to obtain a physically meaningful operator
by implementing it into the Fock space, if possible. A related method is the C· algebraic
approach of I. E. Segal which is described in [58]. It was shown by Ruijsenaars [387] that the
Capri-Wightman approach and the Friedrichs-Segal approach lead to the same scattering
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operator. Another approach based on perturbation theory and renormalization is due to
Bellissard [43, 44]; see also [386].

Among the mathematical standard textbooks on quantum electrodynamics and field
theory we mention [Fr 52, Be 66, StW 64, Jo 65, Th 80, Sch 89, BLOT 90].

We want to note that in the physics literature the field operators are treated in a different
way, with second quantized fields depending on space-time or momentum coordinates, and the
CAR formally given by {a(x), a*(y)} = 6(x - y). The connection between the "unsmeared"
annihilation/creation operators a(x), a*(x), etc., and the operators a(f), a*(f) defined here,
is given for example by a(f) = J f(x)a(x)dx, etc. Hence the unsmeared field operators
are regarded as "operator valued distributions". But while the annihilation operator a(x)
is a densely defined operator in the Fock space, the domain of the adjoint a*(x) consists
only of the zero vector. In Fock space, a*(x) can only be interpreted as a quadratic form,
and products of unsmeared creation/annihilation operators usually have no clear meaning.
Therefore, these expressions can only be used in formal calculations; from a mathematical
point of view we prefer the "smeared" field operators. This also gives a more satisfying
physical interpretation: While a*(x) creates an "electron at the point x" (which is an ill
defined concept), a*(f) creates an electron in the state f (which has a clear meaning).

Section 10.2. This section contains mainly standard results. We want to mention that the
relativistic covariance of the theory is not quite clear at this point. If H is the Dirac operator
with an external field, then a Poincare transformation would not commute with sgn H and the
question of implementability is nontrivial (see the next section). Moreover, the transformed
Dirac operator has a different potential; hence the splitting of the one-particle Hilbert space in
positive/negative energy subspaces will be different. But then the whole Poincare transformed
theory has to be defined in a different Fock space.

One might think of describing everything in the same Fock space, for example, in the
Fock space of free particles. Here the one-particle Hilbert space is split into the eigenspaces
of sgn H 0, which are left invariant under proper Poincare transformations. Hence we can
implement the Poincare group in the same way as described in this section for the time
evolution exp(iHot). However, the interacting time evolution does not commute with sgnHO
and hence the implementability implies restrictions on the external field (see the next section).
In particular, the interacting time evolution cannot be implemented in the free Fock space
if the field contains a magnetic vector potential. Hence the implementability of the time
evolution has no covariant meaning. It is concluded in [143] that a particle interpretation in
the Fock space has only an asymptotic meaning for particles which asymptotically become
free.

Section 10.3. A fundamental result for the theory presented here is the Hilbert-Schmidt
criterion for the implementability of a unitary transformation in Fock space. This result is
due to Shale and Stinespring [418]; proofs can be also found in [Be 66], [20, 220, 284, 388,
389, 414, 415], [Sch 89]; see also [151, 268].

The Shale-Stinespring theorem can be used to investigate the implementability of the
time evolution in the free particle Fock space [58, 284, 285, 414]. In [220] it is shown for
spin-O particles in a static external field that the time evolution cannot be implemented
in the free particle Fock space if the external field contains a magnetic vector potential.
Ruijsenaars [386] showed this result also in the spin-1/2 case. In addition, he proves that
the interacting time evolution is not implementable for any type of interaction which is not
electric or pseudoelectric. In these cases no interaction Hamiltonian can be defined in the
free particle Fock space.

An explicit construction of the implementable unitary transformation (Bogoliubov trans
formation) in Fbck space is given by Ruijsenaars [388]. Our Theorem 10.6 is a special case of
this result. Further generalizations, suitable for treating spin-O and spin-1/2 particles with
the same formalism, are given in [389]. In [387] these results are used to establish the connec
tion between the formal Feynman-Dyson expansion and the unitarily implemented scattering
operator.
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In [269], regular external fields are considered, defined by the property that the "inter
acting" creation and annihilation operators realize a representation of the CAR in the free
particle Fock space. A field is regular if P+ - pf is a Hilbert-Schmidt operator. In [269],
conditions for static regular fields satisfying this assumption are given, and in [338] it is
shown that no static magnetic field is regular. Also Klaus and Scharf [269] give an explicit
construction of the implemented unitary operator, and they use a normal form similar to that
of Ruijsenaars to investigate the vacuum polarization [268]. This implies the possibility that
the vacuum defined by the interacting creation and annihilation operators corresponds to a
charged state in the free particle Fock space. This phenomenon occurs for (static) external
fields which are strong enough to cause transitions from electron to positron states (e.g., if
the lowest bound state reaches the negative energy subspace). The physical effect is that the
vacuum in the neighborhood of the strong field becomes charged thereby partially screening
the field ("vacuum polarization").

Meanwhile there are several rigorous investigations of this effect. In [84, 85] the charge
q(U) of the unitarily transformed vacuum is related to the index of U+. Matsui [308, 309]
showed that the index of the scattering operator S+ for massless Dirac particles in a time
dependent external field (such that Sodd is compact) is given by the instanton number of
the field. The implementation of (chiral) gauge transformations of the 2 and 2n-dimensional
Dirac theory is investigated in [86, 392], where index formulas for chiral transformations are
derived (in particular for "kink-like" transformations with nonzero winding number). A very
readable introduction to the connections ofthese problems with the axial (or chiral) anomaly
in quantum field theory is given in [393].

We also mention that external fields with nontrivial topology lead to models with frac
tional charges [236]; see, e.g., [343] for a review ofthe applications to physics. Consider, e.g.,
a one-dimensional kink-like scalar potential with different asymptotics ±m to the right and
left (like the soliton fields of Chap. 9). It can be shown [191] that the regularized charge oper
ator in the corresponding Fock space has half-integer eigenvalues. Moreover, the CAR in this
Fock space cannot be represented in the Fock space of particles in a constant scalar potential.
Hence this model provides an example of nonequivalent representations of the CAR. Further
investigations dealing with related problems and the implementability of gauge, axial gauge
and chiral transformations are [192, 193]. Dirac particles in one dimension on an interval
with boundary conditions (point interactions) are considered in [137, 138]. Time-dependent
problems are discussed, e.g.; in [139, 345].

Theorem 10.8 and the related results are taken mainly from the corresponding sections
in [86], see also the references therein. Some earlier related work on related problems is, e.g.,
[151, 301].

Section 10.4. The implementability of the scattering operator [43, 44] was shown for a class
of smooth electric and pseudo-electric fields with small coupling constants. A wider class of
time-dependent fields, for which the scattering operator of the Dirac equation is unitarily
implementable, was found in [350]. A simpler proof is given in [390] for external fields which
are smooth test functions decaying rapidly in all space and time variables. In [416] the H-S
criterion for the external field in Theorem 8.23 is proven (even under slightly more general
assumptions); see also [Sch 89], Sect. 2.5. Attempts to generalize these results to external
fields decaying more slowly in time are made in [356]. The possibilities of implementing the
whole time evolution of a system in a time-dependent external field are discussed by Fierz and
Scharf [143]. For regular fields the equivalence of various representations is shown. However,
magnetic fields are again excluded; only time-dependent electric fields are regular. Hence this
formalism cannot be covariant, and the authors conclude that a particle interpretation has
only an asymptotic meaning.

One would expect that the Klein paradox has a resolution in quantum electrodynamics.
However, the external field theory described here is not the appropriate framework for the
description of this problem because it turns out that the scattering operator for a high
potential step (> 2mc2

) cannot be implemented in the Fock space [59]. It seems as if in a
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complete treatment of the Klein paradox the interaction of electrons and positrons should not
be neglected, but I am not aware of any mathematically rigorous solution to this problem.

The proof of the analytic dependence of the scattering operator on the coupling constant,
Theorem 10.11, is due to Ruijsenaars [387J and Seipp [416]. Theorem 10.11 follows from
Theorems 2.3 and 2.4 of [387] and the observation that no branch point can arise on the
real axis [416]. The stronger version stated as Theorem 6 in [416] (see also [399]) is not
proven there, since it is not clear whether the implemented scattering operator is bounded
for complex ).. in a neighborhood of the real axis. Let us finally mention [400], where the
probability of pair creation is described in the limit of large coupling constants.

The notion of spontaneous pair creation was developed to explain the phenomena during
heavy ion collisions. It is expected to occur if a superheavy nucleus (modeled by a uniformly
charged sphere) is formed with nuclear charge so large, that the 2Pl/2-state has dived into the
lower continuum. Zel'dovich and Popov [504] have interpreted this resonance phenomenon
in terms of a creation process. This point of view has gained much interest in the physics
literature, see [GMR 85] for a fairly complete presentation including the earlier literature on
that subject and a comparison with the experiments.

The possible description of a spontaneous pair creation in the adiabatic limit was pro
posed by Nenciu [336]. A review of these ideas is also given in [335]. The proof of Theo
rem 10.12 can be found in [336]. Parts of the conjectures of the first papers are proven by
Nenciu in [337]. The intuition behind this is the following. If a strong attractive (overcritical)
potential is slowly switched on, the lowest bound state emerges from the positive spectral
subspace, is transported through the spectral gap, and finally dives into the lower continuum.
Here it becomes a positron scattering state in the absolutely continuous negative energy sub
space. Adiabatically this scattering state has enough time to spread and hence only a small
portion of it will be transported back through the gap when the potential is finally turned off.
Thus the scattering operator belonging to the adiabatically time dependent potential maps
a state from the positive to the negative energy subspace. Thus we expect a nonvanishing
probability for pair creation in the adiabatic limit, despite the fact that for a static external
potential there is no pair creation at all. No pair creation occurs, if the field is undercrit
ical and the ground state does not reach the lower continuum during adiabatic switching.
Hence in the adiabatic limit we expect a discontinuity of the probability of pair creation as
a function of the coupling strength of the potential.
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Symbol Description First occurrence

1.3.1
5.2.3

1.1
1.3.1, 2.1.5

2.1.5
1.3.1
1.3.3

1.2.1
1.2.1, 1.4.5, 10.1.1

1.1, 2.1.5
1.4.4

LA, 5.1.2
LA, 5.1.2

2.4.1,3.1.1
2.1.1

2.2.2
1.1
1.1
1.1
1.1

element of, not element of, subset, superset of
union, intersection, difference of sets
definition of a new symbol
isomorphic
(superscript) adjoint of an operator A
complex conjugation
(superscript) transposed of a matrix or vector
(superscript) orthogonal complement of a set
scalar product in ]R3,

direct product, tensor product
semidirect product
orthogonal direct sum
exterior product of vectors
modulus of a complex number z, length of a vector x
norm of a state, of an operator
scalar product (in Hilbert space Sj)

pair of elements, n-tupel
intervals of real numbers
commutator (= AB - BA)
anticommutator (= AB + BA)
factor set
metric in Minkowski space
transition probability
unit operator, unit matrix in n dimensions
zero operator
nabla operator
Laplace operator

E,¢,C,::>
U, n, \

*
Z
T
1..
. (dot)
o
8
EB
/\

Izl,lxl
II~II, IIAII
(-, .), (., .);,
(.,.), C" .. ·)
(a, b), [a, b), etc.
[A,B]
{A,B}
9/7t
(y, x) = yl-'xl-'
(q" $)
1, In
o
'V
D. = 'V.'V

A
A(x)
A(Q)
A
A, A pv

A
A
a

operator for reI. kinematics
electromagnetic 4-vector potential
axial anomaly
part of an observable leaving Sjpos invariant
vector potential, pseudovector potential
transformation matrix
operator in Fock space
4-vector of translations in Minkowski space

I.e, 8.2.1
4.2.2
5.8.2
1.7.1

4.2
7.4.1

10.3.4
2.1.5
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C
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C
CO'
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D
Do(E)
1>, 1>(H)
:Dc
D'Y
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dg, dj.L, dj.L(g)
dEA ()..)

det
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E
E
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EA()..)
e
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er , et9, e",
F

FI'''
Fik

FI'''
FW
F
F

J'
J'~)
J'~m)

J'(n,m)
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vector for translations in ]R3 1.3.2
needed for FW-transformation 1.4.1, 5.6.1
annihilation, creation of particle in state f 10.1.2
Fock space operators 10.2.4
magnetic field strength 4.2.2
free BJL operator 1.C
BJL operator 7.4.4
operator belonging to a Lax-pair 9.1.2
annihilation, creation of antiparticle in state 9 10.1.2
charge conjugation 1.4.6, 10.1.1
Cayley tranform 5.6.3
(subscript) Cini Touschek 5.6.2
complex numbers 1.1
infinitely differentiable functions with compact support 1.3.3
Hilbert space of covariant states 3.3.1
velocity oflight 1.1
normalization constants 9.5.1
closed operator, component of a supercharge 5.2.2
Coulomb ladder operator 7.4.1
dense set, domain of an operator H 1.2.2
Garding domain 2.3.1
differential operator 8.4.2
Volume element 1.3.1
invariant measure on group or factor set 2.3.1, 3.1.1
spectral measure 1.2.3
determinant of an operator 5.10
partial differentiation 1.1
energy 1.1
electric field strength 4.2.2
localization operator 1.7.3
spectral family of A 1.2.3
Euler's number, neutral element of a group 2.2.3
elementary charge 1.4.6
unit vectors for polar coordinates 4.6.2
flux of a magnetic field 7.2.1
electromagnetic field tensor 4.2.3
components of magnetic field 2-form 7.1.1
Hodge dual of F 4.2.4
(subscript) Foldy Wouthuysen 1.4.3, 1.7.2
Fourier transformation 1.4.1
operator for Zitterbewegung 1.6.1
Fockspace 10.1.1
n-particle Fockspace 10.1.1

m-antiparticle Fockspace 10.1.1
nparticle/m antiparticle subspace of Fock space 10.1.1
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G
9
gq
9
g

9
9
H
H
H(2)
Ho
Ho, fIo
Hoc
Hodd,even

H(e)
H(A)
Hp

Hs
HI (IRn )

HP,2)

H(p, X)
H
7t
S)cont, S)PP, etc.
S)

S)pos,neg

S)±

S)±
1HI
h(p)
h, hm ; ,K;' hI<
h
h, i h

i=A
i,j, k
ind, indz , ind t

Jv

J = (JI , J2 , J3 )

Jj

j
K
K
K(A)
Kv

K(t,x)

operator for Zitterbewegung 1.6.5
Lie group 2.2.3
isotropy group of q 3.1.5
covering group of a Lie group 9 2.3.3
metric tensor 2.1.1
gauge transformation 4.4.3
coset glC = {gk IkE lC} c 9 /lC 3.1.1
Dirac operator in an external field 4.1.1
abstract Dirac operator 5.1.2
hermitian 2 x 2 matrices 2.5.1
free Dirac operator 1.1
free Dirac operator on a smaller domain 1.4.4
nonrelativistic limit of Dirac operator 6.1.3
odd and even part of an abstract Dirac operator 5.1.2
Dirac operator for charged particle 1.4.6, 10.1.1
Dirac operator with magnetic field 7.1.1
Pauli operator 5.3.2, 6.1.4
Schrodinger operator 7.1.1
first Sobolev space 1.4.4

Hankel functions 1.5
Hamilton function 8.3.2
generator of Xo translation 2.1.6
closed subgroup, little group 2.4.1, 3.1.2
spectral subspaces 8.1.1
Hilbert space 1.2.1
subspaces with positive/negative energy 1.4.2
bosonic and fermionic subspaces 5.1.1
particle-antiparticle subspaces 10.1.1
Dirac operator in Fock space 10.2.2
Dirac operator in momentum space 1.4.1
radial Dirac operator 4.6.5, 7.4.1
Planck's constant, usually = 1 1.1
inner automorphism, dual action 3.1.4
imaginary unit 1.1
3-indices (from 1 to 3) or spinor indices (from 1 to 4) 1.1
index of an operator 5.7
Bessel function 1.5
angular momentum operator 1.3.3
generators of rotations 2.1.6
angular momentum quantum number 4.6.4
complex conjugation 2.6.1
spin orbit operator I.e, 4.6.5
phase shift operator 8.1.3
modified Bessel function 1.5
evolution kernel in FW representation 1.5
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Ker
JC
JC
.it

R.rnj lKj

L9
L,Lx
Lp

L 1 (IR3)
L2(IR3 )
L2(IR3)4
L
I:- = 0(3,1)
I:-~, etc.
f)
l~ = 8L(2)
M
Mpos

9Jl
m
mj

mtr
N
Nj

N
n
Oq
o
p
p
pcont

Ppos,neg

P±
P±
p/m

P
P~, etc.
- -r -r
P,P ,P+
p

P
Pj
Q
Q
Q±

Q'

kernel of an operator
unitary transformation
closed subgroup, isotropy group
spectral representation space of H o
angular momentum eigenspaces in L 2 (8 2

)

Lie algebra of a Lie group 9
Lorentz transformations in spinor space
4 x 4 matrix for the boost qo ---> P
Lebesgue integrable functions
Hilbert space of quantum mechanics
Hilbert space of relativistic quantum mechanics
orbital angular momentum operator
Lorentz group

subgroups of the Lorentz group

Lorentz covering group
covering group of I:-~
supermass
mass shell
Hilbert space of Mackey states
mass of a particle
angular momentum quantum number
matrix trace
number operator in Fock space
boost generators
center of energy operator
unit vector in IR3

orbit of q
origin in IR3
parity transformation
projection onto eigenspace
projector on continuous spectral subspace
projectors on positive/negative energy
projectors on bosonic/fermionic subspaces
projectors on particle/antiparticle subspaces
associated Legendre polynomials
Poincare group
subgroups of the Poincare group

Poincare covering group
momentum 4-vector
momentum variable, operator
generators of translations
supercharge
charge operator in Fock space
projectors onto irreducible subspaces
associated supercharge

5.2.3
1.4.5
3.1.1
1.4.5
4.6.4
2.4.2
2.5.4
3.2.2
1.4.1
1.3.1
1.3.1
1.3.3
2.1.2
2.1.4

2.5.4
2.5.1
5.1.3
2.1.3
3.1.1

1.1
4.6.4
5.7.2

10.2.3
2.1.6
1.3.3
2.1.3
3.1.5
1.4.4
2.1.3
6.2.1
8.2.3
1.4.2
5.1.2

10.1.3
4.6.4
2.1.5
2.1.5

2.5.8
2.1.3
1.3.2
2.1.6
5.1.2

10.2.3
3.1.7
5.1.3-
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q=(m,O,O,O)
R, R ik

R l , Rr
Roo
R
JR, JR3
]FR4

Ran
8
8
8(A)
S = (811 82 , 83 )

8(t,x)
82

8L(2)
80(3)
8U(2)
S(JR3 )

§

s
sgn
str
supp
sup
T
T
T
t
to
tr
U
U(t,s)
UfJ
UFW

U(l)
Usp

1U
1Ut

U+, U+_, etc.
u(p)
u(p)
V
V(x)
v;,ov
Vi" "Vsr
v

momentum in rest system 2.1.3
rotation matrix 2.1.3
reflection coefficients 4.5
resolvent in the nonrelativistic limit 6.1.3
Pauli-Runge-Lenz vector 7.4.4
real numbers, Euclidean space 1.1
Minkowski space 2.1.1
range of an operator 5.2.3
unitary operator occurring in polar decomposition 5.2.3
scattering operator 8.1.3
on-shell scattering operator 8.1.3
spin angular momentum operator 1.3.3
time evolution kernel 1.5
two dimensional unit sphere in JR3 1.4.5
special linear group 2.5.1
rotation group 2.1.3
special unitary group 2.5.2
rapidly decreasing functions (Schwartz functions) 1.4.4
scattering operator in Fock space 10.3.1
eigenvalue of Temple's operator 7.4.1
sign function 1.4.5, 5.1.1
supertrace 5.7.2
support of a function 1.8.3
supremum 4.3.2
time reversal 2.1.3
reflection coefficient 5.4
unitary right shift 10.3.5
time parameter 1.1
initial time 1.2.1
trace of an operator 1.1,5.7.2
unitary transformation, abstract FW-transformation 5.6.1
time evolution, propagator 4.4.1
dilation operator 4.7.2
Foldy-Wouthuysen transformation 1.4.3
one-dimensional unitary group 2.2.4
spectral transformation 1.4.5
unitary transformation in Fock space 10.1.4, 10.2.1
time evolution in Fock space 10.2.2
matrix elements of U in standard representation 10.2.4
FW transformation in momentum space 1.4.1
classical velocity on positive energies 8.2.6
Cini Touschek transformation 5.6.2
potential matrix 4.1.1
potential in covariant Dirac equation 4.1.2
long-range and short-range part of V 8.2
velocity vector 2.1.3



w
w
W(Q)
W±,.
W(t,p)
W
oX
x
x = (Xl, X2, X3)

X

potential matrix
related to spectral transformation of H o
Witten index
Coulomb-Jost solution
classical action
Hilbert space of Wigner states
Hilbert space for group representation
coordinate of an event in IR4

coordinates in IR3 , position operator
restricted position operator
Newton Wigner operator
spherical harmonics
integers
Zitterbewegung
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5.3.1
1.4.1
5.8.2
7.4.6
8.3.2
3.2.1
3.1.1
2.1.1
1.3.2
1.7.1
1.7.2
4.6.4

10.3.4
1.6.3

0, ai
(3
r
r n

I
I(X)
IV, l/ = 0,1,2,3
15
D.
D.(t,·), D.±, etc.
8ik

8a

8,.

A
Ap

AL

,\

,\(p), ,\(p)
j.t,l/

j.ta

l/

~
II
7r,7r(g)
p(H)

Dirac matrices
Dirac matrix
Temple's operator
Gamma matrices
coupling constant
Dirac matrix
Gamma matrices
Dirac matrix
Laplace operator
distributions associated to evolution kernel
Kronecker delta
anomalous electric moment
scattering phase shift
antisymmetric tensor
Wigner state
Heaviside step function
polar angle
eigenvalue of spin-orbit operator K
eigenvalue parameter
Lorentz transformation
transformation from a rest frame
Lorentz transformation corresponding to LEi
spectral parameter, eigenvalue
relativistic energy as function of the momentum
4-indizes (ranging from 0 to 3)
anomalous magnetic moment
Coulomb distortion factor
Krein's spectral shift function
Poincare transformation
the number 7r, or representation of a group
resolvent set of H (= C \a(H))

1.1
1.1

7.4.4
2.A

4.7.3, 7.4.1
2.5.5
2.5.6

1.A,2.A
1.1

1.5, 1.D
1.1

4.2.4
7.4.6
1.3.3
3.2.1

1.5
4.6.2
4.6.4
9.5.1
2.1.2
2.1.3
2.5.5
1.2.3
1.4.1
2.1.1
4.2.3
7.4.6
5.8.1
2.1.5
2.2.4
4.4.1
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p
a

a(A)
aess(A)
aa.e.(A)
IT = (a., a2, a3)
aI'''

T

T

Pmj ,,,,,;

¢J
¢Jse, ¢Jell ¢Jps
'P

'"X(AEB)
X(A E B)
X(g)
tit
ljI (I), ljI* (I)
ljIreg

I<

'ljJ,¢J
'ljJ

{J
'ljJ(n)
'ljJ(n,m)

D
D±
w
w

projective representation
representation of the little group
spectrum of a self-adjoint operator A
essential spectrum
absolutely continuous spectrum
Pauli matrices
Dirac matrices
representation of isotropy group
unitary involution
angular momentum eigenspinors
Mackey state
potential functions
polar angle
rotation vector
characteristic function
spectral measure of an operator A
group character
ray in a Hilbert space
field operators in Fock space
regular Coulomb wavefunction
state, vector in a Hilbert space
wavefunction
covariant state
n-particle state
state in J{n,m)

vacuum vector in Fock space
wave operators
boost vector
Thomas precession
generalized eigenfunctions

2.2.3
3.1.2
1.2.3
4.3.4
9.4.1

1.1, LA
2.A

3.1.1
5.1.1
4.6.4
3.1.1

4.2
4.6.2
2.1.3
1.2.3
1.2.3
3.1.3
2.2.1

10.1.3
7.4.6
1.2.1

1.1
3.3.1

10.1.1
10.1.1
10.1.1
8.1.2
2.1.3
6.2.5

4.5
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Absolutely continuous spectrum 130, 225
Abstract Dirac operator 139

- c-dependence 177
- self-adjointness 145

Acausality 28
Active transformation 45, 57, 304
Adiabatic switching 299
Aharanov-Casher theorem 198
Aharonov-Bohm effect 312, 315
AKNS-ZS evolution equations 316
Analytic perturbation theory 183
Angular momentum 8, 22, 124

- orbital 8
- spectrum 126
- spin 8

Annihilation operator 277
Anomalous moment 182, 305

- electric 111, 123, 152
- magnetic 1l0, 123, 147, 153, 218, 309

Anti-unitary operator 51, 102, 104
Antiparticle 14, 275
Asymptotic completeness 224

- Coulomb 241
- magnetic fields 247
- short-range 239

Asymptotic configurations 224
Asymptotic freedom 224
Asymptotic observable 315
Atiyah-Singer index theorem 310
Axial anomaly 166, 319
Biedenharn transformation 314
BJL operator 214, 217, 220, 314
Bogoliubov transformation 287
Bohr-magneton 110
Boost 45, 70, 74
Born's statistical interpretation 5
Bound state 131, 189, 218, 223, 268, 272,

275
Breit-Fermi Hamiltonian 312
Callias index formula 174
Canonical anticommutation relations 278
Carleman inequalities 308
Cauchy problem 5

Cauchy-Riemann equations 197, 198
Cayley transform 157
Center of energy 8, 49, 57
Characteristic function 5
Character 84
Charge conjugation 14, 36, 275
Charge conservation 298
Charge operator 283
Charge quantization 313
Charge sector 284
Chiral transformation 319
Chirality 41
Cini-Touschek transformation 156, 310
Classical limit 308
Classical velocity 19. 227
Classically allowed region 34, 131
Classically forbidden region 34
Closure of an operator 142
Cohomology 64, 65
Collapse to the center 306
Commutation methods 308
Compact operator 229
Continuous spectral subspace 223
Coset 82
Coulomb gauge 245
Coulomb potential 114, 130, 136, 148, 208,

240, 306, 309. 314, 315
Coulomb singularity 218
Coupling constant 114
Covariant Dirac equation 97
Covariant states 94

- scalar product 96
Covering group 59, 62

- Lorentz group 69, 76
- Poincare group 60, 76, 99

Covering homomorphism 73
Creation operator 277
Cylindrical symmetry 206
Darwin term 190
Decay at infinity 116
Defining representation 93
Determinant 170
Dilation generator 227
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Dirac equation 3
- covariant form 97
- invariance 100
- one-dimensional 120
- Poincare transformation 108

Dirac matrices 2, 73, 77
Dirac operator 7, 107

- abstract 139
- nonrelativistic limit 179
- partial wave decomposition 128
- resolvent 179
- second quantization 283
- self-adjointness 112
- spectral theory 129, 131, 308

Dirac operator with supersymmetry 149,
209

Dirac sea 279, 302
Dirac-Pauli representation 36
Discrete transformations 46, 102
Double well 308
Dual action 85
Dual group 84
Eigenvalues 130

- number 136
Einstein causality 30
Electric potential 109
Electromagnetic field tensor 110
Electromagnetic potentials 109
Embedded eigenvalues 130, 135
Energy operator 5
Energy-momentum relation 2
Essential spectrum 114, 202
Even operator 139
Even parity spinors 88
Event 43
Evolution kernel 15
Evolution kernel 38
Evolution operator 5, 251
Exited states 211
Expectation value 6, 21
External field 107, 275
External field problem 317
Factor set 82, 86
Factorization 308, 314
Fermion-vortex system 311
Feynman propagator 39
Field - electromagnetic 109, 110

- operator 280
- pseudoscalar 111
- pseudovector 111
- scalar 108

First-order correction 188
Fock space 276
Foldy-Wouthuysen representation 25

Foldy-Wouthuysen transformation 11, 102,
154, 196, 209, 302, 305, 309

Fourier transformation 9
Fractional charge 319
Fredholm determinant 171, 264, 310
Fredholm index 158, 294, 316
Fredholm operator 158
Free Dirac operator 7, 9
Gamma matrices 72

- commutators 79
- products 79
- standard representation 77
- traces 80

Gauge invariance 119
Gauge transformation 119
Grading operator 139
Ground state 210
Garding domain 55
Haar measure 55
Haar measure 82
Hamilton function 241
Hamiltonian 5

- with supersymmetry 140, 156
Hardy's inequality 112, 149
Helicity operator 40
Hilbert-Schmidt condition 249
Hodge dual 110
Hole theory 279, 302
Hopf tori 200
Hyperbolic sine-Gordon equation 316
Index 158, 200, 264

- Callias formula 174
- heat kernel regularization 160
- resolvent regularization 160
- topological invariance 167
- Witten index 165

Induced representation 83, 305
- irreducibility 92

Inertial frame 43
Infinitesimal generators 48, 100
Inner automorphism 85
Instantaneous spreading 30
Instanton 311
Intertwining relations 225
Invariance of the Dirac equation 100
Invariance of the domain 20
Invariance of the essential spectrum 114
Invariance principle 242
Invariant domain 21, 228, 303, 304
Invariant measure 88
Inverse scattering 267, 317
Involution 139
Irreducible 53
Isotropy group 86
Jost solution 220, 261



Kato-Rellich theorem 61, 112, 251
KdV equation 255
Kinetic energy correction 190
Klein's operator 139
Klein's paradox 120, 131, 307
Klein-Gordon equation 2, 38, 153, 302
Konrady's trick 61
Korteweg-de Vries equation 255
Krein's spectral shift 161, 226, 310
Kronecker symbol 3
Laplace operator 2
Lax pair 256
Left action 82
Level crossing 219
Level order 314
Lie algebra of the Poincare group 48
Lie bracket 49
Lifting 53, 63
Limiting absorption principle 308
Little group 87, 88
Local compactness 115
Local compactness 223
Localization 26, 28, 303
Long-range potential 240
Lorentz covering group 69, 76
Lorentz group 44
Lorentz metric 43
Lorentz transformation 44, 304
Mackey decomposition theorem 89
Mackey states 83
Magnetic field 113, 119, 142, 152, 174,

190, 194, 244, 310, 312
Magnetic monopole 123, 307, 312, 314
Majorana representation 36
Mass shell 46, 91
Matrix trace 160
Minimal coupling 109, 177, 302
Minkowsky space 43
Miura transformation 253
MKdV equation 316
Modified Korteweg-deVries equation 255
Modified time evolution 240, 244
Modified wave operators 241
Momentum operator 8
Momentum space 9
Monopole harmonics 313
Monopole 312
Ml'llier wave operators 224
Negative energies 14, 120, 283
Negative energy subspace 10
Nelson's theorem 58, 304
Nelson's trick 143, 151
Neutrinos 4
Neutron 153
Newton Wigner operator 25, 303

Index 355

Non-stationary phase 33, 245
Nonrelativistic limit 179

_ eigenvalues 188
Normalordering 285, 300
Number of eigenvalues 136
Number operator 283
Observable 4

- Foldy-Wouthuysen representation 25
- restricted 24

Odd operator 139
Odd parity spinors 88
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